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INTRODUCTION 


Let J be a finite or infinite interval on the z-axis. Let a(x) be a monotone- 
increasing function defined on J. We shall denote by Lz the space of all 
complex-valued functions, f(x), defined on J, which are Lebesgue-Stieltjes- 
measurable with respect to a(x) and for which 


exists; two such functions shall be considered identical if they differ at most 
on a null-set with respect to a(x). 

In a previous paper’ we have considered the following problem: Given 
a subset § of Hilbert space , what necessary and sufficient structural condi- 
tions must be satisfied by § in order that a realization of by an Le exist which 
carries into the set of all characteristic functions in I» (i.e., into the set of all 
functions assuming only the values 0 or 1). A realization of by an Lz is a 
mapping § < Ls» which is linear and isometric (that is, if fi < fi(x) and 
fo < fo(x) are corresponding pairs, f; in , fi(x) in Le, then mfi + refeo 
+ Kefo(x) and 


fale) fala) daz), 


where (f,, fe) denotes the inner product of the elements f; and f2).” 

In the present paper we are going to give a similar structural characterization 
of the subset of L: formed by all positive functions, i.e., by all real fune- 
tions f(x) = 0. 

The author is indebted to Prof. F. Riesz for having called his attention to 
the problem as well as for the simplifications he suggested when reading a 
first draft of the manuscript. In particular the form of the condition III 
below was suggested to the author by a paper of Prof. Riesz on the general 
theory of linear operations; in addition. the method of proving 5.1 (viz. differ- 


1B. v. Sz. Nagy, Uber die Gesamtheit der charakteristischen Funktionen im Hilbertschen 
Funktionenraum, Acta Szeged, 8 (1937), p. 166-176. 

* 2 denotes the complex-conjugate of the complex number z. For the notion and funda- 
mental properties of abstract Hilbert space see e.g. the book of M. H. Stone, Linear trans- 
formations in Hilbert Space (New York, 1932), Chapt. I. 
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entiation of certain convex functionals) is modelled on a similar argument 
in that paper.’ 

In the meantime the problem has also been considered in a paper by H. 
Freudenthal dealing with the general theory of partially-ordered moduli.* 

Our conditions I-III below, less dependent on the general theory just men- 
tioned, seem to be simpler than Freudenthal’s and more adequate to the special 
needs of our problem. 


1. THe ConpiTions, THEIR NECESSITY AND INDEPENDENCE 


The purpose of this paper is to prove the following 

TuroreM. Let be a Hilbert space or an n-dimensional unitary space and 
let B be a subset of S. In order that there exist a realization of by an Lz which 
carries $3 into the set of all positive functions in Le , it is necessary and sufficient 
that the following conditions be satisfied: 

I. (u, v) = O for every pair of elements in §, 

II. (u, f) = 0, for a fixed f in $ and for every u in f, implies f € f, 

III. if wi, ue, v1, v2 are in B and if uy + U2 = v1 + v% then there exist elements 
Wu, Wie, We, , Wee in B such that us = Do, we, ve = Do: we (i, k = 1, 2). 

Necessity. The necessity of the conditions I-II is obvious. To prove the 
necessity of III let us be given four positive functions u(x), we(x), v(x), ve(x) 
in Ly such that >>; ui(z) = v(x). The functions = inf {w(x), (z)}, 
= w(x) — wul(x), wa(x) = — are evidently also positive, 
belong to Le and = 0. As wie(x) + w(x) = + w(x), we 
have S + w(x) and therefore also S ue(x). The function 
Wee(x) = Ue(x) — we(x) is thus positive and it is easily seen that u(x) = 

INDEPENDENCE. In order to prove the independence of our three conditions 
we shall give subsets of § which satisfy only two of them. itself satisfies e.g. 
only the conditions II-III (put wi. = $(ui + vo.) — 4(u1 + ue). On the other 
hand, the subset consisting of 0 alone satisfies only the conditions I and III. 

It is a little more complicated to construct a subset which satisfies conditions 
I-II without satisfying condition III. We shall suppose that the dimension 
of His > 2. Let fy be a fixed element in §, |fo] = 1. Let ’ be the (at 
least 2-dimensional) linear manifold consisting of all elements orthogonal to fo . 
Choose a complete orthogonal set in $’ and denote by §” the totality of all 
elements in §>’ having real Fourier-coefficients with respect to this orthogonal set. 

It is easily seen that a) (hi, he) is real for hy, he in §’’, b) if (f, h) is real 
for an f in §’ and for every h in §”’, then f belongs to §” also. 


3 F. Riesz, A linedris operdciék dltalénos elméletének néhdny alapveté fogalomalkotdsér6l, 
paper to appear in the Matematikai és Természettudoményi Ertesité, Budapest. See also 
Prof. Riesz’s lecture at the Bologna Congress (1928), Atti del Congresso, Vol. III, p. 143-148. 

*H. Freudenthal, Teilweise geordnete Moduln, Proc. Acad. Amsterdam, 39 (1936), p. 
641-651. 
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Let us consider now the set & of all elements representable in the form 
+ wh) 


withk 20, -1 S80 S1,he H” and{lh| = 1. 
R satisfies condition I: 


(i(fo + ko(fo + + de(hi, he)) = 0, 


since 3:02(/1, he) is real and of absolute value < | hi |-| he] = 1. 

R also satisfies condition II. For let f be an element in § which has real 
non-negative inner products with all elements in &. We can always write 
f =oft+gwithagin 9’. Nowas foand fy — harein& for h |h| = 1, 
obtain 


(f, fo) =a 20 and (f,fo-—h) =a—(g,h) 20, 


hence (g, h) is real and (g, h) S a. Each element in §” being representable 
in the form h X real number, we derive from b) that g belongs to ©”. Ifg = 0, 
then f = afy belongs clearly to R. In case g ¥ 0 we can put g/|g| for h 


and get 
lal = (0,747) 
that is 
lg] = da, 0<8<1. 
We thus obtain 
f = a(fo + dh), (h = g/Iol 


and so f belongs to R, as we wished to prove. 

We show finally that & does not satisfy condition III. Choose two linearly 
independent elements, h; and hz, in such that | = | he] = 1 and put 
=fo th, = fo hy, = fo + he, = fo — he. We then have 
U + U = v+ 0. Let us assume that & satisfies condition III, that is, that 
we can find four elements 

Wi = Kit(fo + (i, k = 1, 2) 
in & so that 


t 


We may assume without loss of generality that wn ¥ 0, thus m, # 0. Hence 
we have 


(1) w=fth = (ku + k12)fo + (ku + 


with Ky > 0. 
(2) = fo + he = (Ku + + (Ku + 821 her) 


| 

| | 
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From (1) we deduce 
ku + ke = 1 and + = hi. 


Applying Minkowski’s inequality to the latter equation, we obtain (since 
au | = = [ml = 


+ 2 1. 


Since Ky Ky = 1, Kik = 0, Bix we must have Ky = Ky and => Kp. 
But the sign = can occur in Minkowski’s inequality only when kuduhn = yhi 
with Y = 0. Now Ky Oy = Ky > 0 yields hu = hi . 

From (2) we could deduce similarly that hn = he, contrary to our initial 


assumption that h; and he were linearly independent. 


2. Some CoNSEQUENCES OF ConpiITIONS I anp II 


In order to prove the sufficiency of our conditions we shall suppose from 
now on that the subset $ satisfies them. The letters wu, v, w will always denote 
elements of $. 

In the present section we shall derive some properties of $ using only the 
fact that it satisfies the conditions I-II. Two immediate consequences are the 
following: 

2.1 B contains all linear combinations >> x;u; with real non-negative coeffi- 
cients K; . 

2.2. B is closed. 

Derinition. If u = v + w, we agree to write v S uworu 2». 

Clearly S and ue S imply ws wuz (use 2.1). The simultaneous rela- 
tions u S$ vandv S whold only for u = v. For these relations mean that both 
v — uand u — v belong to $ and so we must have, according to condition I, 
(vo —uyu-—v) = 20. Thusu=v. 

2.3. uw S wand y S vw imply (uw, 1) S (ue, v2). In particular if uz L ve 
then uw L also. 

Since vw. — uw and ve — v, are in $, we have, by condition I, 


(u2—wW,%) 20 and (uw, v2 — 1) = 0. 


Adding these together, we obtain the desired result: (ue, v2) — (uw, v1) = 0. 
2.4. A “monotone-decreasing”’ sequence: 


U1 2 Ue 


is always convergent. More generally, let u, be a “monotone-decreasing’’ function 
of the continuously variable parameter v, then lim,.,,,-0 u, exists. 

The numerical function | u, |’ being = 0 and monotone-decreasing in view 
of 2.3, lim,..,,-0 | w |? exists. If € is a given positive number, then we have 


0<|ufP—|uf <e. for N(e) Su <vcm. 
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Using 2.3 again, we obtain 
| — u, =|u, — + | u, | uw, ig 2] u, |’ + | |’ 

| uw, —|uli<e« 
This proves 2.4. 

Notation. Let denote the set of all elements r in § which have real 
inner products with all elements of §. 

§ is obviously closed and contains with two elements all their linear combina- 
tions with real coefficients. 

2.5. Every element f in § is representable in the form f = 1, + ire with r,, 12 
ink, i = 

Let f be such an element. St being closed and convex (i.e., containing with 
r’, r’’ also 3(r’ + r”)), the function ¥(r) = | f —r |’ attains its minimum on ®, 
at say.> 

Let wu be an arbitrarily chosen element of $ and let \ be a real parameter. 
Since r; + Au also belongs to ®, it follows that 


0 < + — Wn) = w+ w) + Jul’. 


If u ¥ 0, let us put (fam, . aT — My 4) for \. Then there follows the 


inequality 


5 This can be proved along the lines of an argument first used by B. Levi in a paper on 
Dirichlet’s problem, Rendiconti del Circolo Matematico di Palermo, 22 (1906), p. 293-360, 
(see particularly §7). Cf. also H. Weyl, Die Idee der Riemannschen Flache (Leipzig and 
Berlin, 1913), p. 101. This argument has been adapted for Hilbert space (and also simpli- 
fied) by F. Riesz, Acta Szeged, 7 (1934), p. 34-38. 

The proof runs as follows. Let r) be a sequence of elements of R for which ¥(r™) — 6, 
where 6 denotes the minimum of ¥(r) on R. It is easily seen that the following identity 
holds: 


[rm (0. 


being convez, }(r™) +r) belongs to it and therefore | f — +r™) 2 + 
r™))) > 6. Hence 


— [2 4+ Ww(r™) — 46 26 + 26 — 46 = 0 


form,n— ©. Thuslim r™ = r, exists and, since & is closed, it is an element of R. We 
have, using also Minkowski’s inequality, 


that is, 


W(ri) = 6. 


(Observe that ® could mean here an arbitrary closed and convex subset in §.) 


| 

' 
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Hence (f — 7, wu) is purely imaginary and thus ((f — 7)/7, u) is real. As 
this remains true also for u = 0, we have 


. 
roe R, f=nt+i. 


2.6. Every element r of R is representable in a uniquely determined manner in 
the form r = uw — U2, where wy L ue. 

Let r be an element of #. The set $ being, by 2.1 and 2.2, closed and convex, 
the function ¥(u) = |r — uJ? attains on $ its minimum, at w say. 

Let wu be an arbitrarily chosen element in § and let « be a positive parameter. 
Then u; + xu belongs also to %, so that 

0 < + xu) — = —2k(r — w, u) + 
Hence 
— m, u) «Jul, 
thus, if « — 0, 
(r — wm, u) S 0. 


This implies, by condition II, that wu; — r belongs to $, that is, r = wu. — uw. 
The function 


= |r — cum = |r — w) + 
of the positive parameter x must take its minimal value at « = 1, thus 
dV (ku) 


dk x=1 


= —2-(7,m)+ 2| uf? = 2-(m, — r) = Au, uw) = 0, 


hence uw, L we. 


The uniqueness of the representation r = u; — ue with uw, 1 ue can be proved 
as follows. If 


r= — = Uj — UW with Ur L Ue, L ue, 
then 
, 
U— Uy = Ue — Ue, 
hence (using condition I) 
Jur — + | — wf = — wi, we — we) 


—2(ur, U2) — 2(m, uz) 0. 
Thus 


WwW = and te = Ue. 


3. GREATEST MINORANTS AND LEAST MAJORANTS 


3.1. If us, Ue, v1, v2 are such that uy + ue = + veand uw, L v,, thenu S ve. 
By condition III, there exist elements w: in $ such that 


Y= Wik Wik (i, k= 1, 2). 
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Hence 


Wn Su, Wu 


IIA 


From 2.3 it follows that 
| wn = (wm, v1) = 0, 


thus we have wy, = 0. Hence we have 
U = We S We + We = de. 


DeFINITION. Let u and v be two arbitrary elements in $8. As u — v belongs 
to #, we may represent it, according to 2.6, in the form u’ — v’ with u’ 1 v’. 
Denote u — u’ (which is equal to v — v’) by inf {u, v} and u + v — inf {u, v} 
(or, what is the same, u’ + v’ + inf {u, v}) by sup {u,v}. The uniqueness of 
the above representation implies that inf {u, v} and sup {u, v} are uniquely 
determined by u and v, without respect to their order. 

3.2. The elements inf {u, v} and sup {u, v} belong to $B and enjoy properties 
similar to those of the greatest minorants and least majorants (or envelopes) of two 
positive functions, that is 

1. inf {u, v} + sup {u,v} =ut+y, 


2. sup {u,v} = “\ = inf {u, v}, 


3. off w 2 uand w 2 v simultaneously then w = sup {u, v}, 

4. if w S wand w v simultaneously then w inf {u, v}, 

5. v — inf {u,v} = sup {u,v} — uw sup {u,v} — v = u — inf {u, v}. 

Write u — vin the form wu’ — v’ with uw’ 1 v’. Applying 3.1 to the equation 
u+v’ = uw’ +», we obtain the result that v’ < v. Now inf {u, v} being equal 
to v — v’ and sup {u, v} being equal to u’ + v’ + inf {u, v}, both belong to 8. 

Clearly 1 and 5 are immediate consequences of the definition. 

Since u — u’ = v — v’ belongs to §, it follows that inf {u,v} = u— wu’ S u. 
Similarly inf {u, v} < v. On the other hand, 


sup {u,v} = u + [v — inf {u, v}] 2u 
and similarly sup {u, v} = v; thus 2 is also verified. 


Assume that w = u, w = v simultaneously. We have then also 


u — inf {u,v} = w’ 


U 


w — inf {u,v} = 
v — inf {u,v} =v’. 


This means that there exist two elements, wu” and v”’ say, such that 
w — inf {u,v} =u tu” +0". 


As u’ 1 v’, we derive from 3.1 that u’ S v’’. Thus 


w — inf {u,v} =v +0” + Vv’, 
hence 
+o’ + inf {u,v} = sup {u, 


So we have proved 8 also. 
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Assume now that w < wu and w S v hold ,simultaneously. Then 


| u<ut(v — w) andv Sv + (u — w) and this implies, by 3, that 
u+v—w {u,v} = ut+v — inf {u, v}. 
Hence 
w & inf {u, v}, 


as we asserted in 4. 
3.3. If w = uand w 2 v hold simultaneously then 


w — sup {w — u, w — v} = inf {u, v}. 


First, we have w = w — u, w = w — v and therefore, by 3.2.3, also w 2 


sup {w — u, w — v}. Furthermore, as 

sup {w — u,w —v} 2 
— 0, 


we obtain that 


v 
Thus, by 3.2.4, 
(3) w — sup {w — u, w — v} S inf fu, v}. 
Next, since 


w — inf {u, v} =| 

(use 3.2.2), it follows from 3.2.3 again that 

w — inf {u,v} = sup {w — u, w — v}, 
hence 

w — sup {w — u, w — v} 2 inf {u, v}. 


This, together with (3), implies indeed: 


w — sup {w — u, w — v} = inf {u, v}. 


4. DEFINITION AND SOME PROPERTIES OF THE SET 5 


We have introduced in the cited paper (see footnote 1) the notation f; < fe 
for two elements in § connected by the relation 


; 1 2 3 k 
0, sequence of elements everywhere 
| dense in $ and let us put 
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ee... 


From 2.1 and 2.2 we deduce that h* belongs to §. 
Noration. Let § be the set of all elements u of $8 such that 


u h* and u < h*. 


Plainly h* itself belongs to §. If h belongs to it, then h* — h does also. 
Elements denoted by the letter h will be always supposed belonging by b. 
4.1. If the difference of hz and h, , that is hz — h, , belongs also to b, then hy < he. 
From the assumed relation 


he — hy L h* — (he — bi) = (h* — he) +h, 
it follows, since hi S (h* — he) + hi, that indeed 


Lh 


(use 2.3). 

4.2. Both inf {hi, he} and sup {hi, he} belong to b and inf {hy, he} < hh, 
inf {hy , he} < he. 

It follows from 3.2.3 that h* = sup {hi , he}. Moreover, we have 


h* — sup {hi, he} S A* — hy and h* — sup {hi, he} S h* — he. 
But 
hy LA*—h and ht h* —he 
imply, then, according to 2.3, that 
hy, L h* — sup {hi , he} and he L h* — sup {hi, he}. 

Hence 

hy + he L h* — sup {hi, he}. 
But as sup {hi, he} = hi + he — inf {hi, he} S hi + he, we obtain, using 
2.3 again: 

sup {hi, he} L h* — sup {hi, he}, 
that is 
sup {hi, he} < h*. 

We have thus proved that sup {hi , he} belongs to b. 


Applying this result to h* — h, and h* — he instead of h; and he , we obtain 
that sup {h* — h, , h* — he} and therefore 


h* — sup {h* — hi, h* — he} 


also belong to. The latter being equal to inf {h; , he} in view of 3.3, inf {hi , he} 
also belongs to b. 
The relations 


inf {hy LA*— inf {hy,ho} and h* — inf {hy, he} hi — inf {hi , he} 


fe 
re 
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imply, again by 2.3, that 

inf {hi , he} < 
Changing the rdle of h; and he, we get 

inf {hi , he} < he. 


So we have verified all statements of 4.2. 
4.3. If hi < he, then he — h, also belongs to b. 
We have seen just now, that hs = inf {h:, he} belongs to § and that 


(4) hs L hi — hs, 
(5) hs L he — hs. 
On the other hand, 3.2.5 gives 
hy — hs L he — hs. 
This and (5) imply 
hi = (hy — hs) + hs L he — hs. 
| This and the assumed relation: hi < he, that is, 
| hy L In — Is 
imply further 
hy L (he — hs) — (he — x) = hy — hs. 
This and (4) yield finally 
hi — hs hy — 
that is to say, 
hy = hs = inf {hy , he}. 
It follows that h, — h, belongs to 8. We have also 
he — hy S hy S h*. 
In order to complete the proof of 4.3, we need still to show that 
he — hy < h*. 
Now, we have by supposition h; < hz and hz < h*, that is, 
he —hy L hy and he L h* — he. 


We may replace hz on the left-hand side of the second relation by he — hy, 

since he — hy S he (use 2.3). The left-hand sides thus becoming equal, we can 
add the right-hand sides together. So we obtain the desired result: 


he — hy L hi + (h* — he) = h* — (tg — hy). 
4.4. The set } is closed. 


i 
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This follows easily from the closure of the set 8 and from the continuity of 
the inner product. 
5. THE COMPLETENESS OF § IN 


Let wu be an arbitrarily chosen element in § and let \ be a real non-negative 
parameter. Then 


8. = sup {Ah*, u} 
is a monotone-increasing function of the parameter, while 
= 


being equal to wu — inf {Ah*, wu}, is monotone-decreasing. 
For 0 S « S 1 we obtain the inequalities: 
(1 — + = [(1 — + 
(1 — x)s, + xs, 2 
(l—x«u+nu=u 
Hence, by 3.2.3, 
(1 + KSy S(1—«)A+Ku » 


$, is thus a convex function of X. 

Sup — 
u—dX 
implies further that this quotient decreases monotonely when 4 approaches 
from the right to the fixed \. So we may apply 2.4, which assures us that 


The monotoneity of s, implies that belongs to $. The convexity of s, 


& 
h, = lim 


exists (and belongs to 8 because of the closure of $8). We shall show that it 
belongs also to § and so the notation with the letter A will be justified. 
If vy > 0 then s,,, — s, belongs to $ and plainly 
(6) — US — 
The function s, — \h* being monotone-decreasing, we have also 
(7) — (A + = — (A + — — (A + 2v)h*) 
= — + vh*. 


The right-hand sides of (6) and (7) are orthogonal in view of 3.2.5. Applying 
2.3, we have thus 
Sie — & L vh* — = 


and therefore 


Sr+v — vh* — (8,42 — Sr4») — 8 4 — Sr 
v 2v v 


an 
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For v > 0 this becomes 
hy L h* — 2h, + hy = h* — hy. 


We have thus the following double result: h* — hy belongs to $ and hy < h*. 


Thus h, belongs to § indeed. 
From the convexity of s, it follows easily that h, is monotone-increasing and, 


| moreover, that 
(8) (u Ah — HS A, for 2». 


Suppose now that wu is one of the elements of the sequénce u” used in the 
definition of h*, then there exists plainly a number A for which u S Ah* (if 
u = u™, then A = 2*|u™ J). 

We have then obviously 


S = sup {0, u} = u, 
8s = sup {Ah*, u} = 
h, = h* 
| Let ¢ be a given positive number and let n be an integer such that 
n = (A/e) | h* — hol. 


=A. 


Put 


(m) ) 
himina = h™, S(m/n)a = form = 0,1, ---,n. 


It then follows from (8) that 


A al A 
= h™ < gt) ) < m= 0, 1, 1, 
n n 
and so 
A n—1 n—1 A n—1 
nN m=0 m=0 nN m=0 
Thus 


n—l 


n m=0 m=0 m=0 


The left-hand side is equal to 


n—1 
nN m=0 n 


while the right-hand side is equal to 


n—1 


nN m=0 


| 
| 


We have therefore 


n—1 
| u—2 — oA — hy. 
n m=0 n 


| 
| 4 
| 
| 
| & 
| 
4 ir 
b 
| 
| 
| Ww 
> fu 
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Hence, by 2.3, 


A 2 
su = (h* < | h* ho |’ < 
nN m=0 


n2 


Since h°"*” and therefore h* — h‘"*” belong to b, we have shown that every 


1 2) 3 
element of the sequence u”, u®, wu, .-. may be approximated, as closely as 
desired, by linear combinations of h’s with positive coefficients. 
The sequence u™, u®, u®, ..- being everywhere dense in Y, we have more 


generally: 

5.1. Every element in may be approximated, as closely as desired, by linear 
combinations of elements of } with positive coefficients. 

This result and 2.5, 2.6 imply also the following: 

5.2. h is a complete subset of §, 7.¢., the linear combinations formed of elements 
of 6 with complex coefficients are everywhere dense in §. 


6. REALIZATION BY AN Ly 


The properties of § established in 4.1, 4.2 (see also 3.2.1), 4.3, 4.4 and 5.2 
imply, by a previous theorem of ours,’ that there exists a realization of © 
by an Le which carries § into the set of all characteristic functions in Le . 

We shall show that this realization carries { into the set of all positive 
functions in 

Let u be an arbitrary element of $. Suppose this is carried into the function 
f(z) in Lz. Since (u, h) = 0 for every h in b, it follows from the isometrical 
property of the realization that f(z) also has real non-negative product-integrals 
with every characteristic function belonging to L,. Hence f(x) must be 2 0. 

Conversely, let f be such an element of § which is carried into a positive 
function u(x) in Le. Since the product of u(x) by an arbitrary characteristic 
function in Lz has plainly a real non-negative integral, it follows again from the 
isometrical property of the realization that (f, h) = 0 for every h in b. We 
have then, in view of 5.1, also (f, u) = 0 for every u in §, thus, by condition II, 
f belongs to § itself. 

Thus we have also proved the part of our theorem asserting the sufficiency 
of conditions I-III. 


Szecep, Huneary. 


° Cf. the cited paper. This theorem establishes conditions for a subset € of § in order 
that there exist a realization of § by an Lz which carries € into the set of all characteristic 
functions in They are the following: a) €is a complete subset of ;b) the difference 
f — g of two elements of € belongs also to C if and only if g < f;¢) if fi, fz are in © then 
there are other two elements gi , g2 in © such that fi + f2 = gi + g2andgi < fi, gi < f2; 
d) Cis closed. 


4 
1 
> 


{ 


ANNALS OF MATHEMATICS 
Vol. 39. No. 1, January, 1938 


A THEOREM ON ANALYTIC CONTINUATION OF FUNCTIONS IN 
SEVERAL VARIABLES 


By S. BocHNER 
(Received July 23, 1937) 


Introduction. As in a previous paper’ we shall consider the k-dimensional 
Euclidean space of the real points x = (a, --- , 2) and its complex extension 
consisting of the complex points z = (a, +--+ , 2); 2% = %& + ty. Any point 
set S of the real space is the basis of a tube T = T's of the complex space. The 
latter is the point set of the complex space consisting of all k-dimensional planes 


where (z}, --- , x) is an arbitrary point of S. A tube is an (open) domain if 
and only if its basis is a domain. We shall say that a tube T” lies within a 
tube T if the closure of T’ is part of the interior of 7. The convex closure (in 
the usual sense) of the tube 7 will be denoted by 7. Obviously T is again a 
tube and its base S is the convex closure of S. 

In the paper loc. cit. it was shown that if a function f(z) = f(a, --+ , Ze) is 
analytic and bounded within T it also exists and is bounded within 7. In the 
present paper we shall establish the theorem omitting the property of 
boundedness. 

THEOREM. Any function which is analytic in a tube T is analytic in its con- 
vex closure T. 

On the other hand, any convex tube 7 is the natural domain of analyticity 
for some function. In fact, there exists functions of this kind which have the 
period 277 in each variable z,. Combining this fact with our theorem we are 
led to the following statement: the envelope of regularity (Regularitdtshille)’ 


of T is T. 
From the viewpoint of the theory of analytic functions of real variables our 
theorem may be formulated as follows. A function f(x, --- , 2%) which is 


analytic over a domain S has, by definition, an extension 
f(a + , + tyr) 


into a complex neighborhood of S. If, now, the extended neighborhood is the 
whole tube 7's , then f(z, - + zx) has an analytic continuation into the convex 
closure S of S (and its tube 7’). 


1 Bounded analytic functions in several variables and multiple Laplace integrals. Ameri- 
can Jour. of Math., vol. 59 (1937), pp. 732-738. 

2H. Behnke und P. Thullen, Theorie der Funktionen mehrerer komplexer Verdnderlichen, 
Ergebnisse der Mathematik, vol. 3 (1934), p. 70. 
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Our method of proof seems to be new. We shall approximate to the infinite 
tube T by finite regions with elliptic cross-sections and expand f(z) in multiple 
series of Legendre polynomials. In this way we shall prove the analyticity of 
f(z) in_a tube 7T* containing T and, finally, we shall show that 7* is identical 
with 7’. 


Expansions in multiple Legendre series. Denoting by C(r,) = C(n, --- , r) 
the circular polycylinder 
(1) jni <r ew 


if f(z) is analytic in a neighborhood of the origin containing the polyeylinders 
C(r.), C(rZ), it also is analytic in each polycylinder C(r,), where 


(2) log r, = a log + (1 — a) log ry, fe @ 


This statement on the analyticity of f(z) follows immediately from the corre- 
sponding statement on the absolute convergence of its power series,” 


Replacing (1) by 


we obtain a polycylinder E(r,) whose components are ellipses with foci at the 
points z = +1, —1, the quantity r, being the sum of the two semi-axes of the 


x-th ellipse. 
Lemma. [f f(z) is analytic in a neighborhood of the rectangle 


-lsz,s +l, c=1,---,k 
containing the polycylinders E(r,), E(r.), it also is analytic in each polycylinder 
E(r,) whose radii belong to the family (2). 


Proor. We consider the Legendre polynomials P,,(z) and the Legendre func- 
tions of the second kind Q,(¢), and we write 


w=2+ (¢ wo =¢+ — 
It is known that* for fixed 5 > 0, M > 0, 


+ 


uniformly in 
|w| S|wo| —6 S M, 


’ Behnke-Thullen, |. c., p. 37, pp. 74-75. 
* EE. W. Hobson, Spherical and ellipsoidal harmonics, Cambridge (1931), pp. 60-62. 
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and that 
(5) | P»(z)| S | w|" 
1 


If f(z) is analytic in the closure of E(p,), we can apply Cauchy’s formula 


fle = gin 


in which the integrations extend over the boundaries of the ellipses. The 
substitution 


1 _ Sen + 


— n=0 


leads to an expansion 
(7) f(2) = On, Pry (21) Pa, (2) 


which is absolutely and uniformly convergent in every closed subset of E(p,); 
and, on account of (6), the coefficients satisfy an inequality 


in which the constant K is independent of the indices n,, --- , m . 

As in the case of power series (3), an expansion of the form (7) which con- 
verges absolutely and uniformly in an elliptic polycylinder is unique. Hence, 
under the assumptions of our lemma, there exists an expansion (7) such that, 
for fixed « > 0, 


If a system of coefficients satisfies these two inequalities simultaneously, the 
series 


converges for any system of radii for which 


log < a log (r, — + (1 — a) log (r, — 


5H. Tietze, Uber den Bereich absoluter Konvergenz von Potenzreihen mehrerer Verdnder- 
lichen, Math. Annalen, vol. 99 (1928), pp. 181-182. 
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Letting « — 0, the assertion of our lemma becomes an immediate consequence 
of property (5). 

In the following section we shall replace the polycylinder E(r,) by the poly- 
cylinder E;(r,) whose components are ellipses with foci at the points z, = +il, 
—il, the quantity r, being again the sum of the two semi-axes of the k-th ellipse. 
The quantity / is a fixed positive number. It is easily seen that the lemma 
remains valid. 


A special case. We shall first prove our theorem for a tube whose basis S 
is the sum of two (k-dimensional) rectangles 


(8) | < a 
(9) |u| <a k=1,---,k. 


Since a linear transformation of the z-coordinates can be interpreted as a linear 
transformation of the z-coordinates and carries tubes into tubes we are actually 
dealing with the case of a basis S being the sum of two rectangles which are 
concentric and coaxial. 

The tubes (8), (9) contain the polycylinders E,(r,), E,(r.) for which 


m= a+ (ao + 
By our lemma f(z) is analytic also in the polycylinders E,(r,) whose small semi- 
axes a, satisfy the relations 
log (a, + (a2 + = a log (a, + (a? + + (1 — @) log (av + (a0? + 


or, what is the same, 


” 


(10) aresinh “ = a aresinh + + (1 — a) aresinh =. 


i T? 0Sasl. 


Letting 1 — ~, relation (10) goes over into 
a, = aa, + (1 — a)ay, 
and the polycylinder E,(r,) converges to the corresponding tube 
|e | << @&. 


The totality of these tubes for all values a is the convex closure of the tubes 
(8), (9) and our theorem is proved in this case. 

For general tubes we easily conclude that if f(z) is analytic in the tube T it 
also exists and is analytic in the tube 7* whose basis S* is the smallest (con- 
nected) neighborhood of S having the following property: if a subdomain ¢ 
of S* is the sum of two rectangles which are concentric and coaxial, then the 
convex closure & of o is likewise a subdomain of S. 
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A characterization of convex domains. Finally we have to show that the 
domain S* is convex in the usual sense. Any two points A, A, of S can be 
connected by a (rectilinear) polygon AA; Az --- A» and we have to prove that 
the polygon can be replaced by the segment AA, . Applying induction it will 
be sufficient to prove that the segment AA: lies in S. We shall assume the 
contrary and derive a contradiction.’ In order to simplify the argument we 
shall first treat the two-dimensional case k = 2. Let X be a point of A; Ae 
moving from A, to Ag and let Xo be the first value of X for which the segment 
AX, is not contained in S*. Let P be the first point of AX» , counting from A, 
which is a boundary point of S*, and let B be any point of AX» beyond P such 
that PB is shorter than AP. We can now construct in S* (compare the figure) 
two rectangles ABCD, abcd, which are concentric and coaxial. Their convex 


closure is the octagon A a b B Ddc C, of which P is an interior point. There- 
fore P cannot be a boundary point of S*. 

If k = 3 we draw the same two-dimensional figure as before and rotate it 
around A by a small angle which moves the line AX into a new position AX¢ 
nearer the point A,;. The two rectangles go over into new rectangles which are 
lying within S* together with their boundaries, and, provided, the angle of 
rotation is small enough, the enclosing octagon will again contain the point P, 
although P is no longer located on the boundary of the rectangle ABCD. The 
two rectangles can be made the cross-sections of two k-dimensional rectangles 
whose remaining k — 2 dimensions are sufficiently small. In this way we can 
construct in S* two k-dimensional rectangles which are concentric and coaxial 
and whose convex closure again contains the boundary point P. 

Remark. Our convex tube 7 is a star region with respect to any of its 
points. In fact if it contains the points ¢ , 2, , then, for any positive exponents 


o, , the segment 
S« = Cx + (2. = a", 0 < t < 1, 


is likewise contained in 7. Hence, by a theorem of B. Almer,’ if 


* Compare H. Tietze, Uber Konvezheit im kleinen und im grossen und tiber gewisse den 
Punkten einer Menge zugeordnete Dimensionszahlen, Math. Zeitschrift, vol. 28 (1928), pp. 
704-707. 

7 Sur quelques problémes de la théorie des fonctions analytiques de deux variables complezes. 
Ark. Mat. Astron. Fys. vol. 17 (1922). 
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is the power series expansion of our function around the point ¢, , then for all 
points in 7, 


In particular, since the point c, can be chosen as a point in S, we obtain a 
formula giving in one step the extension of our function f(z) from the original 
domain S into its convex closure 8S. 


PRINCETON UNIVERSITY. 
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EXTENSIONS OF LINEAR FUNCTIONALS, WITH APPLICATIONS TO 
LIMITS, INTEGRALS, MEASURES, AND DENSITIES’ 


By R. P. AGNEw anp A. P. Morsz 
(Received May 25, 1937) 


1. Introduction. It is our intention to prove and give applications of a 
theorem (Theorem 2 below) related to Banach’s theorem (Theorem 1) on ex- 
tensions of linear functionals. The following definitions and conventions will 
materially shorten our work. 

A function (or transformation) F with domain and range in vector spaces is 
called linear if 


(1.1) F(ax + by) = aF(x) + bF(y) 


for all x and y in the domain of F and all reala and b. A function whose range 
is in the real number system is called a functional. 

We shall use the symbol [G, p, f, E] as an equivalent of the following 
statement: 

E is a vector space; f is a linear functional defined over a linear manifold 
E, in E; G is a group of linear transformations which univalently map E into 
itself and E) into itself; p is a functional with domain E such that 


+ y) S p(x) + pty) x, 
(1.2) p(tx) = tp(z) 
p(g(x)) = p(x) geG, 

and finally f and p are such that 
(1.3) f(x) = 
F(g(z)) = f(z) geG, xe Ky. 


If [G, p, f, E], then we use {G, p, f, E} to denote the set of linear functionals 
F with domain E which satisfy 


F(z) S p(z) 
(1.4) F(x) = f(z) 
F(g(x)) = F(z) g¢eG,zeE. 


Thus if F ¢ {G, p, f, EZ}, then F(z) is an extension with domain E of f(z) which 
preserves for all x « E the properties ascribed by (1.3) to f. 


1 Presented to the American Mathematical Society September 7, 1937. 


ey gi, 92 €G, we use gig2 to denote the product h ¢« G defined by h(x) = gi(g2(x)) for 


20 


| 
| 
j 
i 
| : 
q 
q 
| | 
4q 
| | 
| 4 
= 


r 


EXTENSIONS OF LINEAR FUNCTIONALS 21 


We can now state Banach’s theorem® (Theorem 1) in a manner which evi- 
dences the relation between it and our modification (Theorem 2) of it. 
TueorEM 1. [f [I, p, f, E], where I is the group of transformations of E into 
itself whose sole element is the identity transformation, then there exists a func- 
tional F ¢ {I, p, f, E}. 
TuEorem 2. If [G, p, f, E] and if there is a functional F, « {G*, p, f, E} 
where G* is some derived group of G, then there exists a functional F « {G, p, f, E}. 


2. Proof of Theorem 2. If we denote the v derived group of G by G°”, 
it becomes clear that Theorem 2 is implied by the following lemma. 

Lemma 2.01. Let n be a positive integer. If |G, p, f, E| and if there exists 
F,«{G™, p, f, E} then there exists F e{G"”, p, f, E}. 

To prove this lemma, let H = G‘"””, and define for each z ¢ E 


(2.1) = inf sup 2 Fy(hh;(2)), 

where the inf is taken over all positive integers N and all sequences {h;} in 
which h; « H for j = 1, 2,---. Since the elements of G are linear transforma- 
tions, i.e. 


g(ax + by) = ag(x) + bg(y), 
it is clear that 


(2.2) piltx) = tp,(z) t20. 
To show 
(2.3) + y) S + rily) 
let € > 0. Choose elements hy, he, ---, hy and hi, ho, ---, hy of H such that 
SUP Fy(hhi(xz)) S pilz) + 
sup F,(hhj(y)) ply) + «. 


Then 


px + y) sup P + 


i,j=1 


< sup Fy (hhh; + sup aN Fi(hh:h;(y)) 


* Banach, Théorie des opérations linéaires, Warsaw (1932), pp. 27-29. 

‘ The introduction of the general group G which appears here was suggested in part by 
J. von Neumann’s paper: Zur allgemeinen Theorie des Masses, Funda. Math. Vol. 13 
(1929) pp. 73-116. 
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Now if ge then 
Fi(gige(x)) = Filgige(g29:) 9291(2)] = Fi(gegi(z)) 


since the commutator gi9291 92. = 9:92(g2g1) is an element of the derived (or 
commutator) subgroup H’ = Gg ” of H = G”” and under our hypotheses 
Fi(g(x)) = F,(x) for each g eG”. Hence Fi(hh; shj(2)) = F,(hh;hi(x)). More- 
over if F* is any functional with domain E and g « H, then, since H is a group, 


sup F*(hg(x)) = sup F*(h(z)). 


Hence we can continue the above estimate for p(x + y) to obtain 
N 1 M 


N j= hen M i=1 M ix heH 


pi(x) + pily) + 2e. 


Arbitrariness of « > 0 establishes (2.3). 
Now for z in the domain E) of f and h e H we have F,(h(x)) = f(h(x)) = f(x) 
so that 


(2.4) = inf — Fy(hj(x)) = f(a), 
the inf being taken as in (2.1). The properties (2.2), (2.3) and (2.4) enable us 


to apply Theorem 1 of Banach to show existence of a linear functional F with 
domain E for which 


F(z) S pi(z) S 
F(x) = f(a). 
If we show that F has also the property that 
(2.5) F(ho(x)) = F(x) heH,zek, 


then we shall have F ¢ {G‘"”, p, f, E} and Lemma (2.01) will be proved. 
Since F is linear, it is sufficient to show that 


(2.6) Flho(x) — x] = 0 h¢eH,xeEk. 
For each N = 1, 2, 3, --- and ze E, we find 


F [ho(x) — x] S pilho(x) — x] S sup Fy {hhi[ho(x) — 


= sup [Fi(hhi*(x)) — Fi(hhi(x))] 


j=1 


= sup | (x)) — Fy(hho(x))] 
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IIA 


sup + plhho(—2))] 
heH 


hence F [ho(x) — x] S$ 0. Since a similar argument shows that —F[ho(x) — x] = 
Flx — ho(x)] S 0, we conclude validity of (2.6) and the proof of Lemma 2.01 
is complete. 


3. Corollaries of Theorems 1 and 2. As a corollary of Theorems | and 2, 
we have 

TueorEM 3. [f [G, p, f, E] with G a solvable group, then there exists a func- 
tional F ¢ {G, p, f, E}. 

We define IG, P, E| [G, fo, E| and 1G, P; E} ng {G, P, fo, E} where 
the domain Ey of the linear functional fy is the “zero” element 6 of E. Observe 
that, for every linear functional f, f(@) = 0 and {G, p, f, E} C {G, p, E}. Iden- 
tifying f with fo in Theorem 3 gives 

TueoreM 4. If [G, p, E] with G a solvable group, then there exists a functional 
F {G, p, E}. 


4. Generalized limits. Let EH be the vector space of real-valued functions 
x = 2x(s), defined over < s < for which lim,.« | 2(s)| < «©. Let 
p(t) = lim...2(s). Let G be the group of transformations g from E to E 
such that for each g « G, 


(4.1) {g(x)}(s) = x(us + dA) zreE, —~ <8 < a, 


for some » > O and some real ); for each x « EH and each number s we employ 
the notation {g(x)}(s) to denote the result of the function g(x) operating on 
the number s. Clearly [G, p, E]. The commutator or derived group of G 
is the subgroup H of G for which » = 1; thus if he H, then 


(4.2) {h(x)}(s) = + A) reE, <8< 


The group H being abelian, G is solvable and Theorem 4 assures existence of a 
functional F « {G, p, E}. 

Let E* denote the set of functions z for which x(s) is defined, real, and bounded 
for s sufficiently large. With each x ¢ E*, associate a function z* « E such that 
z*(s) = 2(s) for all sufficiently large s. Upon defining Lim,..2(s) = F(2*), 
it may be seen that 
(4.3) lim z(s) < Lim 2(s) S lim 2(s), 


(4.4) Lim [az(s) + by(s)] = a Lim a(s) +b Lim y(s), 


(4.5) Lim z(us + d) = Lim 2(s), 


for every xz, y « E* and set of real numbers a, b, u, \ with u > 0. 
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It is easy to give bounded functions 2;(s) and 22(s) for which’ 
Lim 2;(s)xo(s) Lim 2,(s) Lim 2:(s); 


however 
(4.6) Lim 2;(s)zo(s) = lim 2;(s) Lim 22(s) 


whenever lim 2;(s) exists. To prove (4.6) write 
= [ai(s) — lim + [lim xi(s)] x2(s) 


and apply (4.4) and (4.3). 


5. Generalized Lebesgue integrals. Let H be the vector space of real-valued 
* 
functions = defined over < s < for which J | x(s)|ds < 


* 
where / x(s) ds denotes the upper Lebesgue integral over —» < s < = of 


x(s). Observe that H contains as a vector sub-space the class of all functions 
x = 2x(s) each of which is real and bounded over —~ < s < © and van- 


* 
ishes outside some finite interval of values of s. Define p(x) = x(s) ds for 
xeH. Let Gbe the group of transformations g from E to E for which 
(5.1) {g(x)}(s) = |u| <8< a, 


for some real uw and A with » ~ 0. Again, [G, p, E]; and the commutator or 
derived group of G is the abelian subgroup H consisting of the elements of G 
for which » = 1. Hence Theorem 4 furnishes F ¢ {G, p, E}. 


Upon defining 


(1) 
(5.2) | i x(s)ds = F(z), 
we have an integral, defined for each x « E, having the following properties: 
(1) fe * 
(5.3) [ x(s)ds < x(s)ds x(s) ds, 


(5.4) [ . [ax(s) + by(s)]ds = a E x(s)ds + b / y(s) ds, 


() () 
(5.5) | + ds = 


5 For example, let 2:(s) = z2(s) = cos s. Then 
Lim 2,(s) = } Lim [z:(s) + 2:(s + +)] = } Lim 0 = 0 while 
Lim [z,(s)]}* = Lim + 2:(2s)] = 3. 


4 
| 
| 
| 
i 4 
| 
i 
‘ 
ty 


EXTENSIONS OF LINEAR FUNCTIONALS 25 


* 
where | and / represent lower and upper Lebesgue integrals; 7, y « E; and 
* 


a, b, wu, are real constants with ¥ 0. 
Letting ga(s) represent the characteristic function of a set A, we complete 


our definition of by defining 


(5.6) x(s)ds = x(s) ga(s) ds 


whenever the right member exists. If A is an interval (a, b), we write the 
integral in the conventional form 


(5.7) x(s) ds. 


It is easy to modify formulas (5.3), (5.4), and (5.5) to obtain properties of the 
more general integral (5.6). We observe that if x(s) is integrable over A, 
then it is integrable over any subset of A; and that if A = A; + As and the 
intersection A; Ag is null (i.e. A; Az has Lebesgue measure | A; A2| = 0) then 


(5.8) x(s)ds + x(s) ds = “| x(s) ds. 


We point out finally that if A; is a measurable set containing A, and 2;(s) 
is a function for which | x(s) | S 2:(s) for s ¢ A and the Lebesgue integral 


(L) (1) 
ai(s)ds exists, then x(s) ds 
Aj A 


exists; in particular, every bounded function is integrable over every bounded set. 


6. Generalized Lebesgue measure. Let D be the class of point sets in the 
space — < s < having finite upper Lebesgue measure. For each A D, 
let ga(s) be the characteristic function of A, and let 


(ye 
(6.1) m,(A) = / ga(s) ds = | 1 ds. 
We now have a measure-function (or set-function) m,(A) defined for all A « D 
and having the following properties: for each A « D, 
(6.2) mx(A) S m (A) S m*(A) 


where mx and m* denote lower and upper Lebesgue measures; if A, B « D and 
the intersection AB is empty, then 


(6.3) m (A + B) = m (A) + m(B); 


and if A e D, u and ) are real constants, and A, is the set of points s’ repre- 
sentable in the form us + with s « A, then 


(6.4) mi(Aya) = | # | m(A). 


a 
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(R) fb 
7. Generalized Riemann integrals. Let £(s) ds denote the upper Dar- P 
boux (sometimes called upper Riemann) integral of a real bounded function cl] 
£(s) over a finite interval a S s S b. A real function 2(s) being given, let es 
La,3(8) denote the ‘‘chopped-off”’ function defined by 2a,s(s) = x(s), or B fc 
according as S a, a < 2(s) < B,orB S x(s). Let 
(R) fb 
(7.1) | za(s)ds lim La,3(8) ds 
a 
when the limit exists. Similarly, let 
b 
(7.2) z(s)ds = lim La,g(8) ds 
(R) J (R) Ja A 
b U 
when the limit exists and | is a lower Darboux integral. 
(R) Ja 
Let E be the vector space of real functions x = x(s), defined over —2 < 
s < o, for which 
(R) 
(7.3) +|x(s)|ds < ~, 
and let 
(R)* 
(7.4) p(x) = / x(s) ds zeL. ( 
With the solvable group G defined precisely as in §5, we verify that [G, p, E]. 
Hence we can use Theorem 4 to obtain existence (but not uniqueness) of (’ 
F ¢ {G, p, E} which yields an integral 
(2) 
(7.5) ds = F(2) reE 
which might or might not be consistent® with the integral of §5. Properties ; 
(2) (1) 
of | can be developed as properties of / were developed in §5. p 
(3) 
We now proceed to define an integral, / , which belongs to a special class of (’ 
(1) 
generalized Riemann integrals which are necessarily inconsistent with and v 
(3) J 
the Lebesgue integral. The range of application of / will be larger than the . 


(2) 
range for / , and will include functions not in the range for . Wecalla 


a) (2) a) 
6 We say that two integrals / and | are consistent if existence of both / x(s) ds 


(2) 
and / x(s) ds implies their equality. 
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set C of real numbers essentially non-dense if C = A + B where A is non- 
dense in one-space and B has Lebesgue measure |B} = 0. Let K be the 
class of functions k = k(s) each of which vanishes for all s except those of an 
essentially non-dense set. Let E be the linear space of functions r = x(s) 
for which 

(R)* 


in |a(s) — k(s)|ds < a. 


keK 


For each z ¢ E, let 
(R) 
p(x) = inf | [z(s) — k(s)] ds. 
eK 


Again using the group G of §5, we verify that [G, p, E] and obtain F « {G, p, E}. 
Upon defining 


ds = F(z), 


we have an integral with the following properties: for each x, y « E and set of 
teal constants a, b, uw, A, with 0, 


7.6) sup [x(s) + k(s)]ds < x(s) ds inf k(s)] ds; 


(3) (3) 
(7.62) + ds = 


(3) 


(7.63) xo(s) ds = 0, 


_ The property (7.6) is merely an expression of the inequality —p(—zx) S 
F(x) S p(x). Proof of (7.63) consists in noting that if x « K, then —p(—2) = 
P(t) = 0. It follows from (7.6) that if x « E, then 


(7.64) | x(s)ds < x(s)ds < x(s) ds 
Jy 


whenever the extreme integrals exist. The space E of this section is a sub- 
(3) 

space of E, so (7.64) holds in particular for each z ¢ E; thus is a generalized 

Riemann integral. 


(3) 
We complete the definition of / by defining 


(7.65) x(s) ds = ga(s) ds 


and can obtain properties of this more general integral by paralleling work of §5 


= 
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We notice that if x(s) vanishes for all s except those of a null set (set of 
(3) 
Lebesgue measure 0) then z(s) ds = 0. However there exist many 


Lebesgue integrable functions x(s) (in fact, many which are bounded and 
vanish outside a finite interval) for which 


(3) (1) (L) 
x(s) ds i z(s)ds = x(s) ds. 


For example, let xo(s) be the characteristic function of a bounded Lebesgue 


measurable essentially non-dense set Ao of measure | Ay| = 1. Then ae K 
and 

(3) (ye 
(7.7) 0 = / Xo(s) ds #F / Xo(s) ds = | Ao! = 1. 


This set Ay may be taken to be the complement in the interval 0 < s S 2 of 
the union By = I, + I, + --- of a countable set of mutually exclusive open 
subintervals J, of (0, 2). If we put B, = + JI, +.--- + J, and let y,(t) 
be the characteristic function of B, , then 

(3) f2 n 


(7.8) lim | y,(s)ds = lim |I,| = 1; 
0 k=] 


no 


however yo(s) = limy.« Yn(s) is the characteristic function of By and 


(3) 72 (3) f2 (3) f2 


(3) 
Formulas (7.7), (7.8), and (7.9) show that the special extension / of the 


Riemann integral is not only inconsistent with the Lebesgue integral but also 
fails to possess certain fundamental properties of the Lebesgue integral. 


8. Generalized Jordan Content. Let D be the class of point sets A in one- 
space having finite upper Jordan content M*(A). For each A ¢D let ga(s) 
be the characteristic function of A and let 


(2) 7 (2) 
(8.1) m(A) = / ga(s) ds = / 1 ds. 


Leaving discussion of the measure function (or set function) m:(A) to the 
(3) 


reader, we proceed to use to define a measure function m3(A) which belongs 


to a special class of generalized Jordan contents which are necessarily incon- 
sistent with m, and Lebesgue measure. The range of application of ms will 
be larger than the range for me. 
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Let 91 be the class of essentially non-dense sets N, and let D be the class of 
sets A for which 


(8.2) inf M*(A — N) < ~. 
Ne 
For each A ¢ D, the integrals in (8.3) exist and we define m;(A) by 
(3) (3) 
6.3) mA) = AeD. 
A 


Using M,(A) amd M*(A) to denote lower and upper Jordan contents of A, 
we see that m;(A) has the following properties: if A « D, then 


sup M*(A + N) m(A) S inf — N); 


(8.4) Ne Ne 
if A, Be D and AB is empty, then 
(8.41) ms(A + B) = m;(A) + m;(B); 


if A « D, u and } are real constants, and A, is the set of points s’ representable 
in the form us + A with s e A, then 


(8.42) ms(Ayr») = | ms(A); 
and if N is essentially non-dense, then 
(8.43) m;(N) = 0. 
In particular if A e D, then A e D; hence we see from (8.4) that 
(8.44) Mx(A) S m;(A) S M*(A) 


whenever the upper Jordan content of A is finite and m;(A) is a generalized 
Jordan content. 
With the mutually exclusive open intervals I, , Jz , -- - defined in §7, we have 


(8.5) 2 = + Ie + --- ) + + --- = 1; 
hence ms; is not a completely additive set function and 
(8.6) + Ip + ) + Ie + cee ) | I, + In + |. 


This measure function settles the interesting question whether a measure 
function m(A) can satisfy (8.44), (8.41), (8.42), and the condition that m(A) = 0 
for each null set A, and nevertheless fail to be completely additive. 


9. Generalized density of point sets. Let A be a set and s a point in the 
interval _«o <s < w. Let A,(t) be the subset of A in the interval I(s, t) 
with center at s and length f". Then m,(A,(é))/t” is a generalized average 
density of A over the interval I(s, ¢) and 


D(A, 8) = Lim 


q 


28 R. P. AGNEW AND A. P. MORSE 


We notice that if z(s) vanishes for all s except those of a null set (set of 
(3) 
Lebesgue measure 0) then a(s) ds = 0. However there exist many 


Lebesgue integrable functions zx(s) (in fact, many which are bounded and 
vanish outside a finite interval) for which 


For example, let 20(s) be the characteristic function of a bounded Lebesgue 


measurable essentially non-dense set Ao of measure | Ao| = 1. Then a eK 
and 
(3) (re 


This set Ay may be taken to be the complement in the interval 0 S s S 2 of 
the union By = J; + Iz + --- of a countable set of mutually exclusive open 
subintervals J, of (0, 2). If we put B, = I, + I, +--- + J, and let y,(t) 
be the characteristic function of B, , then 

(3) 


2 n 
(7.8) lim yn(s)ds = lim = 1; 
0 k=] 


however yo(s) = limy4« Yn(s) is the characteristic function of By and 


(3) f2 (3) f2 3) 


(3) 
Formulas (7.7), (7.8), and (7.9) show that the special extension | of the 


Riemann integral is not only inconsistent with the Lebesgue integral but also 
fails to possess certain fundamental properties of the Lebesgue integral. 


8. Generalized Jordan Content. Let D be the class of point sets A in one- 
space having finite upper Jordan content M*(A). For each A ¢«D let ga(s) 
be the characteristic function of A and let 


(8.1) m(A) = “f. ga(s) ds = “| 1 ds. 


Leaving discussion of the measure function (or set function) m2(A) to the 
(3) 


reader, we proceed to use to define a measure function m3(A) which belongs 


to a special class of generalized Jordan contents which are necessarily incon- 
sistent with m, and Lebesgue measure. The range of application of ms will 
be larger than the range for me. 
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Let Dl be the class of essentially non-dense sets N, and let D be the class of 
sets A for which 


(8.2) inf M*(A — N) < ~. 
Ne yl 
For each A ¢ D, the integrals in (8.3) exist and we define m;(A) by 
(3) (3) 
(8.3) m3(A) = / ga(s) ds = | 1 ds, AcD. 
A 


Using M,(A) amd M*(A) to denote lower and upper Jordan contents of A, 
we see that m;3(A) has the following properties: if A « D, then 


sup M*(A + N) inf Ms(A — N); 


(8.4) 
if A, Be D and AB is empty, then 
(8.41) m3(A + B) = m3(A) + m;(B); 


if A e D, » and } are real constants, and A,, is the set of points s’ representable 
in the form us + A with se A, then 


(8.42) ms(A,) = | ms(A); 
and if N is essentially non-dense, then 
(8.43) m(N) = 0. 
In particular if A ¢ D, then A ¢ D; hence we see from (8.4) that 
(8.44) M,(A) = = M*(A) 


whenever the upper Jordan content of A is finite and m;(A) is a generalized 
Jordan content. 
With the mutually exclusive open intervals J; , J: , -- - defined in §7, we have 


(8.5) 2 = + ms(li) + m(I2) + --- = 1 
hence mg; is not a completely additive set function and 
(8.6) |. 


This measure function settles the interesting question whether a measure 
function m(A) can satisfy (8.44), (8.41), (8.42), and the condition that m(A) = 0 
for each null set A, and nevertheless fail to be completely additive. 


9. Generalized density of point sets. Let A be a set and s a point in the 
interval < s < o. Let A,(¢) be the subset of A in the interval I(s, ¢) 
with center at s and length f’. Then m,(A,(t))/t” is a generalized average 
density of A over the interval I(s, t) and 


D(A, s) = Lim mi(A,(t))/t* 
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is a generalized density of A at the point s. Formulation of properties of 
this density is left to the reader. We can form other density functions by 
using m2 or ms instead of m. In any of these cases, every set has a density 
at every point. 


10. Densities of sets of positive integers. Let A be aset of positive integers, 
and let N(A, s) be the number of integers in the set A which are less than or 
equal to s. We define the density D(A) of the set A by the formula 


D(A) = Lim N(A, s)/s. 


The inequality 0 < N(A, s)/s < 1, which holds for each s > 0, insures that 
each set A of positive integers has a density. For example, the set EF of even 
integers has density D(Z) = 3, the set P of primes has density D(P) = 0, and 
the set C of composite numbers has density D(C) = 1. This density has the 


property that 0 < D(A) S 1 for each set A of positive integers; that 
D(A + B) = D(A) + D(B) 


when A and B are sets without common elements; and that if the elements 
of A are represented as the elements of a sequence {a,}, then 


D({uan + X}) = D({an})/u 
for each pair » and X of integers with » > 0, A = 0. 


CornELL University, ITHaca, N. Y. 
Brown UNIvERsITY, PROVIDENCE, R. I. 


j 
q 
a 
a 
I 
i f 
i q 1 
3 I 
| 
C 
p 
| 
4 


ANNALS OF MATHEMATICS 
Vol. 39, No. 1, January, 1938 


GREEN’S FORMULAS FOR ANALYTIC FUNCTIONS’ 
By Porirsxy 


(Received May 25, 1937) 


1. Introduction. In the complex plane one can express an analytic function 
over a region in terms of its boundary values by means of Cauchy’s integral. 
In a similar way Green’s formula furnishes a way of expressing a harmonic 
function in terms of the function and its normal derivative on the boundary. 
The latter formula for three dimensions runs 


—Up = (u a(1/r) ds. 


on onr 


A similar result holds for n dimensions if 47 is replaced by K, , the (n — 1)- 
dimensional area of a unit sphere in m dimensions, and 1/r by r"/(n — 2) 
ifn > 2, or by —log r if n = 2. 

In this paper is established a generalized Green’s formula which expresses 
any analytic function u in terms of boundary values of the function and certain 
of its derivatives. For n = 3 this formula is as follows: 


an on rT an én 2! 
3 ! 4 3 


For harmonic functions u this reduces to the Green’s formula. 

The method of proof is analogous to the method of establishing Taylor’s 
expansion by successive integration by parts, and for one dimension (n = 1) 
actually yields a result equivalent to Taylor’s expansion. A finite series with 
a remainder is derived (§2), and the latter is shown to approach zero under 
proper conditions. For arbitrary analytic functions the result is established 
for a sufficiently small region (§4). For certain functions, however, the result 
is valid for arbitrary regions (§5); this is particularly the case for functions 
satisfying the differential equation . 


II (13) > =0, 


i=0 


' Presented to the Society December 1928 under the title ‘“(Cauchy-Green Expansions.”’ 
This paper constitutes essentially the second chapter of the Author’s Ph.D. dissertation, 
Cornell, 1927, ‘‘Topics in Potential Theory.” The material of the first chapter has ap- 
peared in somewhat expanded form in the papers cited as I and II below. 
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in which case the sum of the infinite series is given in finite form. Various 
interesting applications of the above results are given in §6. The expansions 
in question are used to show the analyticity of solutions of IT (13). 

The notation “II (13)” pertains to eq. (13) in a paper “Generalizations of the 
Gauss Law of the Mean’” to which we shall refer briefly as II. The present 
paper is essentially independent of II; it has, however, several points of contact 
with it, and to save space references are made to II freely. In particular the 
symmetric solutions of II (13), that is the solutions depending on r, the distance 
from a fixed point, are taken from II (II, §2) without any further discussion, 
while the solution 


II (36) W,(r, = Visalr) 


of the special case of II (13): 
II (1) Vu — du = 0, = const., 


which is singular at r = 0 is utilized extensively in the present paper. 

In the same manner as Green’s formula leads to the expansions here considered, 
the expression of a harmonic function in terms of its boundary values only, by 
means of Green’s function, suggests a similar expression of an arbitrary analytic 
function u in terms of boundary values of u, V’u, V*u, --- (without bringing 
in the normal derivatives of u, V’u,---). This can be done by introducing 
proper Green’s functions. The resulting expansion has been treated briefly 
in the last section of the paper “On Certain Polynomial and Other Approxima- 
tions to Analytic Functions.’ The convergence of the resulting series is, how- 
ever, of an entirely different nature from the one considered below. 


2. The Generalized Green’s Formulas with and without the Remainder. Con- 
sider Green’s theorem applied successively to pairs of functions 


Uy, U2, V25 Um, Vm: 
— 19? dt == f(war,/an — v,au,/an) dS, 
(1) S(u2 v2 — v2 dt == S(u2dve/an — v2du2/an) dS, 


Sim 0m — Um Um) dt = f(Umdm/IN — VmdUm/an) AS. 


Here S is a closed (n — 1)-dimensional surface in n dimensions bounding the 
volume ¢t; u;, v; are to possess continuous second derivatives. Now choose 
an arbitrary analytic function wu and let 


(2) m= = Vu, Um = 


*To appear soon in the Transactions of the American Mathematical Society. The 
paper II is a sequel to I: “On Operations Permutable with the Laplacian,’ American 
Journal of Mathematics, vol. 54, (1932), p. 667. 

* Transactions of the American Mathematical Society, vol. 34, pp. 274-331. 
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also choose v; so as to satisfy the relations 


Adding equations (1) we get 
(4) Um dt = (u; dv;/an — v; du,/an) ds. 


Let P be an arbitrary point inside S, r the distance from it. We choose 
= Vir) 


where V,(r) are the functions referred to in the preceding section. These func- 
tions depend on r only; in particular, 


log r if n = 2, 


1 Vi(r) = 
— n) ifn 2, 


while in general 
Vir) = (ani + log r), 


where @,,;, b»,; are proper constants. For odd n, b,,; vanish. As explained 
in §1, the functions V; were introduced in II by means of the expansion 
Viwa(r), which converges for all and r ¥ 0 to a function W,(r, d) 
satisfying II (1) except at r = 0. That the functions V;,(r) will then satisfy 
(3) except at r = 0 is shown in II, §2. 

In view of the singular nature of P(r = 0) we exclude the neighborhood of the 
point P in applying (4), by restricting the volume ¢ to the volume ?’ inside S 
and outside a small sphere 2 whose radius is e and whose center is at P. The 
surface integrations have to be extended over both S and 2; along the latter 
d/an may be replaced by —4@/ér or by the negative of the derivative along the 
radius. We proceed to show that the surface integrals along 2 approach zero 
with ¢« except for fu 4v;/an dz, and that the latter approaches K,up . 


From (5) follows that as ¢ approaches zero the behavior of V;(r) over = may 
be described by 


Vile) = log 1). 
Since u; , du;/an are bounded (for any one 1), 
J Vidu;/an d= = O(e** log 8); 
there integrals, consequently, all approach zero with «. Again, 


aV;/ar = log 6); 
hence 


Ju; aVi/an d= = O(e" log €) = o(1), ifi > 1. 
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For i = 1 aV;/ar = r' ", and the last integral is equal to 
"fu, = —fus dw, 


where dw is the area of the projection of d2 from the center P on the unit con- 
centric sphere, but where uw is evaluated over the original 2: Therefore 


lim | = —urK,. 


e—0 


Carrying these results back to (4), there follows 


= | (u:aVi/an — V;au;/an) ds + / Vin Um at 
i=1 
(6) | 
=> | — Via(V"~u)/an] ds + Vn udt. 
i=1 
Denote the volume integral above by R,,. If R» approaches zero as m becomes 
infinite, then 


(7) K,up = | — Via(V™ °u)/an] dS. 
i=1 


If the point P is taken outside of the surface S we may apply (4) at once 
(without introducing the sphere 2) and find that the last member of (6) is equal 
to zero. Finally, if P is on S, its neighborhood has to be excluded again; we 
now obtain as a coefficient of up in (6) (under proper restrictions on S) K,,/2. 


3. Interpretation of (6) and (7) from Point of View of Potential Theory. 
The formulas derived in last section enable one to regard the function wu as the 
potential of certain central forces emanating from elements spread over S and t. 
Thus, if, to take a concrete example, we put n = 3, then Vi(r) = —1/r, V2(r) = 
—r/2!, V3(r) = —r°/4!,---. Now Vi(r) becomes the (Newtonian) potential 
of a central force that varies according to the inverse square law; 


J (waVi/an — V, du/an) dS = —f (ua(1/r)/an — (1/r)au/an] dS 


consequently represents the potential of the familiar Green double layer con- 
sisting of a layer of poles over S of density —@u/dn and of a layer of normal 
doublets or dipoles of moment wu. 

In a similar way we may interpret the term f [V’udV2/an — V2 a(V*u)/an] dS 
of (6) or (7) as the potential of a layer of poles and doublets over S of densities 
—a(V*u)/an and Y*u, respectively, where the elements exert central forces of 
magnitude dV2(r)/dr. If n = 3, this magnitude is constant. Similar con- 
siderations apply to the other surface integrals of (6) or (7). As to the volume 
integral of (6), it represents the potential of elements spread over the volume t 
of volume density V°"w and exerting central forces possessing the potential 
V,,(r). Thus any analytic function can be considered as the potential of the 
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fields just described, barring for the moment questions of the convergence of 
the remainder in (7) to zero. Equation (6) with its above interpretation ob- 
viously applies to functions u that are not analytic, but merely possess a proper 
number of continuous derivatives. 

It is readily seen that V(r) is i-harmonic;' more precisely, if r = PP’, V;(r) 
is i-harmonic in the coordinates of P except at P’. It follows from this that the 
several surface integrals of (6) represent functions that are respectively har- 
monic, bi-harmonic, --- , m-harmonic everywhere except possibly on S. If u 
itself is m-harmonic, the volume integral in (6) vanishes. In general, by taking 
v7" of both sides of (6), we see that = V"Rn . 

If P is outside S, as pointed out at the end of last section, the right hand 
member of (6) is equal to zero. Hence the forces of the surface and volume 
charges always balance out to a null-field outside of S. 

It may be remarked that the problem of expanding an analytic function u 
in a series p Mey Um such that u, is m-harmonic admits of an infinite number of 
solutions: u» , for instance, might be taken as the sum of the terms of degrees 
2m — 2, 2m — 1 of a Taylor expansion for u about any point. 


4. Proof of (7) for Analytic Functions. We shail now show that if wu is 
analytic, (7) will hold if the region bounded by S is properly restricted; more 
precisely, we shall prove: 

TuroremM. If the Taylor series for u about a point O = (a;) converges abso- 
lutely for |x; — a;| = p;, then (7) will hold provided S lies within a sphere with 
center at O and of radius p/3, where p ts the smallest of p; ; moreover, the integrand 
of (7) converges absolutely and the order of summation and integration may be 
interchanged. 

The point O, for convenience, will be taken at the origin. First we shall 
prove the lemma: 

Lemma. If the Taylor series for u about O converges absolutely for |x;| S pi, 
the series about P = (x,) will converge at P’ = (x; + yi) to u, the convergence 
will be absolute and the sum of the absolute values will be bounded for all P and P’, 
provided that |x;| +|yi| S 

Indeed, if the Taylor expansion of u about O, 2; is replaced by x; + y; andthe 
powers of the latter expanded and the terms rearranged in powers of y; , there 
results the Taylor series about P = (z;) evaluated at P’ = (x; + yi). The 
rearrangement of terms is justifiable if | z;| + | y:| S p:. The convergence 
at P’, moreover, is uniform, by Weierstrass’s M-test if | 2; | + | yi| S pi - 

It follows from this lemma that if a sphere 2 be constructed with center at 
(z:), |ti| < ps, tangent to the nearest of the planes 7; = +p;, the Taylor 
series about the center (z;) will converge absolutely at all the points of that 
spherical surface, the sum of the absolute values being less than or equal to a 
constant C. The radius of this sphere we shall denote by ¢; it is equal to the 
smallest of p; + 2;. 


‘ That is, satisfying the equation A?‘ = 0. 


x 
‘ 
3 
f 
e 
e @ 


HILLEL PORITSKY 


36 


If we write the Taylor series in the form 


k k 
ulti + y) = 
k=0 


then it will still be true that this series converges absolutely to a value less 
than C: 


Dd | | o*/k! < C 
k=0 
for all points of 2. Averaging this inequality’ term by term over 2, we get 
> A(| a*u/ar* |) o*/k! < C, 
k=0 


and hence 
A(a*u/ar")o*/k! < A(| d*u/ar* |)o"/k! C. 


Replacing k above by 2k and recalling 
II (19) A(a™*u/ar®) = 2k-n(n + 2) (n + 2k — 2), 
one obtains 


(8) | Vu le, S$ Co 2k-n(n + 2) --- (n + 2k — 2). 


The value of o in (8) is equal to the smallest of p; + x; and depends on 2;. 
If, however, S be restricted so that x; are to be numerically less than p;/3, then 
pi & 2; = pi — (p;/3) = 2p;/3 = 2p/3, where p is the smallest of p; , and the 
inequality (8) will hold with o replaced by 2p/3, a value independent of 2; : 


| C2-4--- 2k-n(n + 2) (nm + 2k — 2)/(2p/3)™ 
if | S 


Now recall the remainder Rn = [Vm(r) V’"udt. If the surface S lies in a 
sphere with center at the origin and radius less than p/3, (8’) applies to the 
iterated Laplacian in the integrand. As regards the other factor, Vm(r), if we 
consider the case of odd n first, it varies as r°"~”, and, since r is the distance 
between two points inside S (if P is inside S), | Vn(r)| < | VnlZe(1 — ©] | 
for properly small ¢, provided m > n/2. Hence, using the explicit form for 
Vn(II, §2, eqs. (35), (36)): 


= (2m — 2)[(2 — n)(4 — n)--- (2m — 


5 By the average or arithmetic mean, A(u), of a function u over = is understood, as usual, 
the quotient of the integral of the function over the surface divided by the surface: 
Jud =/f dz. The averaging operator A is used extensively in II. In the present case 
the mean A is taken with respect to the solid angle at r = 0. 
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and if m > n/2, 


.- 2m-n(n + 2) --- (n + 2m — 2) 
(2p/3)™ 


[2o(1 — 
(2m — 2)|(2—n) --- (2m—n)| 


< 


— 1)(2n + 1) --- (n + 2m — 2)-2m 


1-3 --+ (2m — n) 9", 


where C, C’ are constants independent of m. Using Stirling’s formula, we may 
write 


(2n — 1)(2n + 1) 2) _ r(3)r(% + m) 


in the form 


n 


{1.+0(4)} 


Therefore | Rn | < Const. m"(1 — 6°” and R,, approaches zero as m becomes 
infinite. Formula (7) is thus proved for odd n under the conditions stated at 
the beginning of this section. 

The case of even n is handled in asimilar way. If m > 1 + (n/2) (see II (35)) 


Vin(r) 


1 1 1 1 )] 
2-4--- (2m — 2)[(2 — n) --- (2m — 
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Break up V,, into an algebraic sum of two terms, the first one consisting of a 
r°"—" log r over the same denominator as above, and effect the corresponding 
division in R»:R,» = f + Indt. Now, 
log r| = |rlogr-r'™ | < C[2p(1 — 
if m > 1 + (n/2) and S is restricted to lie in | z;| < p/3. Hence, wf 
ei 2m — 2)2 
—n) 
su 
thus the first integral is seen to approach zero as m becomes infinite. As regards i 
the second integral, a 
1 1 1 1 1 we 
at tat +3) un 
1 su 
+o <1 + logm; Tt 
sio 
hence, proceeding as above, we obtain poi 
br 
f In dt = O[m"(log m + 1)(1 — = o(1). for 
To complete the proof of the theorem of this section it remains to show that anc 
the order of summation and integration in (7) may be interchanged. Under I 
the same conditions as above for the convergence of the Taylor series for rest 
|2;| < p;, and for S lying in a sphere of radius p/3 we may establish the uni- tha 
form convergence of the infinite series in (7). Indeed, from the above proof of é 
follows that, even for points of S m > 
(9) |V"uVir)| $C (1 + C’ log i(1 — 
thus >> V"uV,(r) is dominated by a convergent series of positive constants. 
Making use of the inequality it wi 
equa 


ou 
OXn 


< | au 
Ox, 

nll for u in (9) the partial derivatives du/dz, , du/dz, and adding, 

we see that }>i-o Via(V"'u)/an converges absolutely and uniformly over the 


points of S. On the other hand, 


since lim;..,, [Vi(r)/ med = 0, (this is readily shown, from the explicit forms 
for V;) 


Cl ia(r) |, 
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and hence 


Applying (9) with wu replaced by V*u one proves that this part of the integrand 
of (7) also converges uniformly over the points of S. 


5. Extending the Range of Validity of (7). The proof just given shows the 
sufficiency of certain conditions for the validity of (7) but gives no indication 
as to their necessity. One can show that they are actually necessary in some 
cases by letting n = 1 and choosing u(r) = 1/(2 — C), C>0. The preceding 
work may be applied to the case when the number of dimensions is reduced to 
unity if familiar interpretations are made of the ideas of a region, its bounding 
surface S, uuie area of a unit sphere, etc., as an interval, its end points, 2, etc. 
The right hand member of (7) turns out to be half the sum of the Taylor expan- 
sions cf the function at the end points of the interval (a, b) evaluated at a 
point P inside the interval (the interval (a, b) replaces the region t; the points a, 
b replace S). One readily shows that the series in question converges to up 
for all points in (a, b) where a, b are subject to an inequality | a |, | b| < d when 
and only when d = C/3. 

For special classes of functions, however, one may prove (7) under far less 
restrictive conditions. Thus, if u is k-harmonic, (7) holds for any S provided 
that wu possesses continuous derivatives of order 2k within and on the boundary 
of S and satisfies there the equation Vu = 0, since the remainder vanishes for 
m > k and (7) thus reduces to the finite sum (6). 

More generally, let u be a solution of 


Pp 
II (13): eV" u = 0; 
i=0 


it will be shown that (7) holds for any S within and on which the differential 
equation is satisfied. 

Indeed, from II, §3 follows that the mean A(u) of u over concentric spheres 
lying in a region in which u satisfies II (13) is an integral function of r’, that is, 
expansible in a power series in r’ convergent for all r. We may now identify 
this series with II (17) by applying the argument following II (54); to this end 
knowledge of the existence of V”u for any k is required. This existence is 
readily deduced from the differential equation by writing it in the form 


p—-l 


vu = (ci/ep) u, 


thus expressing V”” in terms of lower order repeated Laplacians. It now follows 
that V* is applicable to the above equation; similarly it may be applied to the 
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resulting equation, and so forth. Now, if cio | Czr* | converges for r = o 
to the value C, | C;, | satisfy the inequalities 


C 
oF 


Hence this inequality with an arbitrarily large o will apply to the coefficients of 
the power series II (17): 


Il (17) A(u) = + + (Viu)or*/2-4-n(n + 2) + --- 


Now as shown i in II §3, A(u) is a linear combination of certain P pane func- 
tions of with coefficients which are linear in the values of u, V?u, --- 
at the center of the concentric spheres. Thus a single dominating series can be 
obtained for A(u) for any position of the center O in the region R in which the 
differential equation is satisfied and hence the inequality obtained on the coeffi- 
cients of II (17) applies with a constant C which depends only on o but is 
independent of the position of Oin R. The proof of the preceding section thus 
applied to all of R. 

The differential equation enables us to eliminate V u, --- from the 
right hand member of (7) and obtain an expression for u in terms of 
u, Vu, ---, VY” *u and their normal derivatives at the surface S. By apply- 
ing V ,& = 0,1,2 to the differential equation as above, there result 
what may be regarded as a system of linear algebraic recurrence equations in 
the values of u, Vou at a point. This system obviously admits of a p- 
parameter family of solutions. If }*?-oc;2* has simple roots, \1, Ap, the 
solutions are given by 


(10) = Ai + +--- + AA; i=0,1,2 


where the A’s are (so far) arbitrary constants at each point. They may be 
solved for from the equations obtained by putting 7 = 0, 1 p—1 


u= A, + + A,, 


2p 2p+2 
u, V 


and expressed in terms of u, , Vu. Substituting in (7) there results 
(since the integration may be carried out last) 


an 


where A) = and is a solution of V?u — Au = 0; and, elim- 
inating A; , 


(11) 


| 
a 
| 
1 
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(Vv? 
choo: 
| 
| 
where 
on 
| 


GREEN’S FORMULAS FOR ANALYTIC FUNCTIONS 41 


0 ay(r, di) ay(r, 


1 1 1 on on 
de Ap u 1 1 | 
| 
| 


(12) 
ou 
= 1 1 
2 
+ Mos dS. 


If has repeated roots, thus, if \; is a k;-fold root, a ke-fold root, 
-++,As a k,-fold root, (ki + ke + --- + k, = p), the solutions of the above 
system of linear algebraic equations are given by° 


i 
= Ain)! + + de, 


+ + + Age, 


d* 

Hence we obtain an equation for up that differs from (12) by having certain 
columns in the determinants replaced by their \-derivatives. The determinant 
that multiplies up does not vanish. 

Equation (12) and its indicated modifications could also be established with- 
out the use of (7) as follows. Consider the case of simple roots; A; , Az, --- , Ap 
whose sum is equal to wu satisfy respectively the differential equations 
(Vv? — ADA: = 0. By applying to each one of them Green’s theorem in the 
form 

flu(v*o — div) — o(V?u — dt = f(u dv/an — v du/an) dS, 
choosing u = A;, v = ¥(r, 3), one obtains, as in §2, 


K,(Ai)p = — ds) AA; dS, 


+ + + Ap 


° This representation leads to the inequality | V2*u | < Const. k(k — 1) --- (k —p+1)A*, 
a A is the largest absolute value of the roots \;. This inequality is an improvement 
on (8). 


‘ 
4 | 
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and, eliminating A; from the sum of these integrals, one is led to (12). In case 
of multiple roots, however, the direct proof along these lines is complicated. 
An alternative method that would apply in all cases consists in properly modi- 
fying the scheme used in §2 by replacing in equations (1) Vv’ by (VY? — Ay) 
and carrying out similar modifications in (2) and (3). 

If all the p roots are equal to zero there results the multiharmonic case which 
was mentioned at the beginning of this section; (12) or rather, its indicated 
modification, reduces to 


(13) Knup = flu aVi/an — du/an] + dV2/an — V2 a(V*u)/an] 
+... aV,/an — V, *u)/an] dS. 


More generally, if all the roots are equal to \, one obtains 


a ») _ N) | 


1 
+ ii | — du) 


an av an 
1 2 pa, d) 
+ 


The integrals in the brackets above satisfy respectively the differential equa- 
tions — A) = 0, (V? — = ---. 

The last result at once suggests an infinite series for analytic functions 
analogous to (7) with Vv — \ taking the place of the Laplacian and V; replaced 
by 2° ‘y(r, \)/a* "(i — 1)!. Without at present attempting a proof of such 
expansions along the lines of §2 and §4, we point out that the integrand in the 
resulting expansion 


i=0 
is equal to the integrand of (7) provided that certain rearranging of terms is 
permissible. 
By Taylor’s expansion, if x is any number, 


a! ant 2! on’ 


From this identity in z follows the (formal) identity in u 


by grouping together terms with the same 4@( Vu) /an; the coefficients of 
a( V"'u)/dn are the same as the coefficients of x’ in the above identity. If, 
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again, similar grouping of terms be permissible in the former part of the inte- 
grand of (11), it will be equal to the sum 2V*" *u @V;/an of the integrand of (7). 

Further generalizations of such type may be attempted by replacing VY’ in 
the equations (1) by (V* — Ax) with A, varying from one equation to the other. 
It is intended to treat some of these generalizations at a future date. 


6. Examples. We shall now give a few applications of the preceding for- 


mulas. 
A. Choose u = V(r’), where r’ is the distance from a fixed point P’. If P’ 
is outside S while P is inside we obtain from (6) (since V’u = Vi_,(r’), 


Viu = Vi-a(r’), 


(16) Up = V.(PP’) = ’) 


n i=1 


0 
on 


vir) | ds. 


If P and P’ are both outside S, the surface integral above vanishes. Such is 
also the case when both points are inside S._ For, returning to the proof of (6) 
in Section 2, we see that both v; and w; possess singularities inside S (at P and P’, 
respectively); consequently, the neighborhoods of both points have to be ex- 
cluded in applying Green’s theorem, say, by small spheres 2, L’ with centers 
at P and P’. If the radii of the latter be made equal, the integrals over will 
cancel in reverse order the integrals over 2’. Thus the above surface integral 
is equal to V,(PP’) or to zero depending upon whether or not the two points 
are separated by S. Should one of the points fall on S the integral will give 
(under proper restrictions on S) V;(PP’)/2; finally, if both points fall on S the 
value of the integral is, again, equal to zero. 

Similar integrals could be obtained from (14). Thus, putting u = y(7’, d), 
where 7’ has the same meaning as above, we obtain 


a7) / _ »| ds = 


V(PP’) 
¥(PP’)/2> as above. 
0 


B. As an application of (13), (14) we consider the evaluation of the spherical 
means of functions such as V,(r), ¥(r, A), -- - over spheres enclosing the singular 
point P:r = 0. We shall indicate the derivation of the following equations: 


dS/S = V,(r) + 


(18) 
Vi(r)a? 


(2p — 2)n--- (n+ 2p — 4)’ 


a” d) a” ‘y(r, d) g(a, d) 
(19) = g(a, 4) + --- + d) 


forr > a. Here the left hand integration is over a sphere S of radius r and 
center O; S is also used for the area K,r” of this sphere; 7: is the distance 
from a fixed point P, inside S;a = OP, is the radius of the sphere concentric 


| 
of 
f, a 
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with S and passing through P; , while (7, A) is the symmetric solution of II (1) 
which is analytic at r = 0 (see I, Sections 1, 2). The integrands in (18), (19) 
are solutions of II (11), II (8) respectively except at P;, and application of 
II (12), II (9) toward the evaluation of their spherical means over spheres S not 
enclosing P; shows that for r < a, a and r should be interchanged on the right- 
hand sides of (18), (19). The treatment of the case r > a by the method 
briefly indicated at the end of II (II, concluding paragraph section 9) and 
based on spreading the singularity at P; will be given in a forthcoming paper 
“On Integral Representations of Bessel and Related Functions.’’ We proceed 
with the present proof. 
First consider (19) for the case p = 1: 


(19’) dS/S = A)o(a, d). 


Expanding both sides in powers of \ leads to (18) when the coefficients of )’ 
on both sides are equated. 

Apply (14) for p = 1 ever the sphere S of radius 7 to the function ¢(r, A): 
There results 


(20) Knd(r, = (70, ») ay (ri, d) ds — d) 


v(ri, d) dS. 


Next apply (17) with P’ at O, over the same wae (replacing 7’ by 71). Since 
P and P’ are both inside S, there results 


T=To 


20) = via) gg 


[ves d) ds. 


By solving (20) (20’) for f(r, \) dS and replacing 7 by r one obtains (19’), 
provided the determinant of the coefficients of the two integrals be simplified 
by means of 


U(r, 


To obtain the latter allow r to approach O in (20); the integrands become 
constant over S and f dS may be replaced by multiplication by S = Karo. 
Another way of viewing the above derivation is by applying (14) with p = 1 
to the symmetric solution of (V* — \)u = 0 which vanishes along S. Simi- 
larly (19) may be derived for any p by applying (14) to that symmetric solu- 
tion of (V* — A)?u = 0 for which u = du/ar = = --- = VP = 0 
at r = 7; of course, the singularity of u at r = 0 has to be attended to. 
The integral f ay(r: , \)/an dS whose value may be found from (20), (20’) 


7 This reduction is also apparent from the fact that the determinant is the Wronskian 
of the two solutions ¢, y of II (1): 


(V2 — r)u = [d2/dr? + (n — 1) d/dr — dJu = 0. 
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may also be found by differentiating (19’) with respect to the radius of S; 
it is convenient to replace the surface integrations and means by integrations 
with respect to the solid angle dw at the center before differentiation. Similarly, 


differentiation of (18), (19) with respect to r evaluate / vi = dw/(f dw = K,), 


ete. 

C. Let u(r) be an even analytic function of the complex variable r, non- 
singular at the originr = 0. Interpret r as the distance from a fixed point in a 
space on n dimensions, and apply (7) to u(r) choosing for the surface S the 
sphere r = a. If P is now any point inside this sphere at a distance r from the 
center and 7; is the distance from P, there results the series 


(21) u(r) = | (Wa) dS — Vary) as 


where Y™ are to be replaced by [d’/dr’ + {(n — 1)/r} d/dr}*. The convergence 
of this series to u(r) for small enough r follows at once from the validity of (7). 


The integrals in (21) are precisely the integrals considered in (18) (but with 
a, r interchanged) and their derivatives. The expansion is thus of the form 


aPi(r, a) d(v™ u) 
r=a or dr 


(21’) u(r) = 


P(r, a) 


where P; are polynomials in r*. These polynomials may be proved to satisfy 
the recurrence relations 
2 d 

(22) vipa) = 

For n = 1 the expansion reduces to the Taylor series about a evaluated at r. 

It is of interest to note that by applying (15) in a similar manner to an even 
analytic function of r one is led to an expansion in terms of the functions appear- 
ing in (19); these functions, it will be recalled, are expressible in terms of Bessel 
functions. It is intended to treat these expansions elsewhere. 

D. As another application we shall indicate the evaluation over sphere S of 
integrals 


a” *y(r, 

(23) [ halos’) des’, ---, 
where Ax(w’) is a surface spherical harmonic over S of degree k, dS = r”* dw’ 
being the element of area of S. These integrals generalize (18), (19) and are of 
interest in connection with expansions (to be considered elsewhere) resembling 
the Neumann expansions. Again the case where 7; is measured from a point 
outside S can be treated by the methods indicated in II (§9, modification of 
(98) to the case of equal d). 

To evaluate (23) we proceed as in case of (19) by applying (14) to a proper 
function u. The latter is now chosen to be of the form 


u = h@’)I(r) 


) Po) = P(r). 


| 4 ia 
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and so as to satisfy (V* — A)” = 0. As shown in II, §9, I(r) satisfies the 
differential equation II (93) and consists of linear combinations of the func- 
| tions II (94); this combination is picked again so that wu = du/dr = Vu = 
... = Vy? = 0 along S. The singularity at the center requires special 


treatment, and an application of II (89) is found very useful in evaluating the 
limits of the integrals over a sphere excluding the center. 


7. Analyticity of Solutions of >?) c,V"'u = 0 and Their Taylor Expan- 
sions. We shall now utilize the expressions of the solutions of the differential 
equation II (13) in terms of boundary values given in §5 to show the analyticity 
of such solutions and examine the range of convergence of their Taylor ex- 


pansions. ‘ 
Let the differential equation be satisfied within and on a sphere S of radius a P 
and center O. Let Il = (¢;) be any point on S, P = (a;) any point within P 
S and let \ 
r=OP,  6= angle IOP, = angle PIO. hi 
Consider r™ = [a? + — 2ar cos = a™[(1 — re“/a)(1 — re~”/a)]* where k 
is any (real) constant. Since (1 — z)* can be expanded as a power series in z 
that converges for | z | < 1 — e, e > 0 uniformly and absolutely, we may expand 
(1 — re‘6/a)* as well as (1 — re-“/a)* in powers of r/a; the two series may be in 
multiplied and the product arranged in powers of r, and the resulting series will pe 
converge absolutely and uniformly to r™ for @ real and for |r| <a—e’. A ge 
similar conclusion applies to the expansion of log r’ in powers of r. Now ec 
= r?-"Py(r”) + log r’ Po(r”), where P,, are certain power series 
representing entire functions of their argument. If in these power series we m 
replace r” by [a’ + 1° — 2ar cos 6] and expand the powers of the bracket in 
powers of r, the resulting series is dominated by the series of absolute values of po 
the terms that result when a’ + 7° + 2ar is substituted for r”. We may there- 
fore expand P,(r”), P2(r””) in powers of r and the resulting series will converge - 
absolutely and uniformly for |r| < a — e’ and @ real. From this it follows 
that ¥(r’, \) may be expanded in powers of r, the series converging uniformly 
for all the triangles OPII, where II is on S and P within a concentric S, of Ex 
radius a — e’. Similar expansions, it can be shown, hold for ap(r’A)/@ which ex] 
may occur in the integrand of (12). This also involves the functions is ¢ 
ay(r’, X)/an = (Ar’/An) aYp(r’, d)/ar’ 
y’ 
=> ~ d) a 
= [r’ "Pi(r”) + log r’ Ps(r”)] (a — r cos 8), 
tha 


where P,, Pz, as above, represent power series in the argument r” (though not 
the same series as before) converging for all values of the argument. These 


| 
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parts of the integrand may be expanded in powers of r, and the series will con- 
verge uniformly for the same range as above. We may thus expand the inte- 
grand of (12) in such a series and integrate term by term over S, since the 
integrand consists of a bilinear combination with constant coefficients of 
A)/n, --- and continuous functions over S. The result will 
converge uniformly to up at all P within (and on) a sphere S, of radius less 
than a. 

The expansion of r’ in powers of r may also be carried out by applying the 
binomial theorem to 


[a’ + — 2ar cos 


and arranging terms. This is permissible for small enough r but the resulting 
series must be identical (for each fixed 6) with the series formerly obtained, since 
an element of an analytic function admits of only one power series expansion. 
We thus see that any term in the expansion of r™ in powers of r is given by a 
linear combination with constant coefficients of products of r° and r cos 6, and 
is therefore a homogeneous polynomial (for a fixed II) in z;, the coordinates 
of P. The same thing is true of the terms of the expansion of 


¥(r', V(r’, d)/an, d)/AD, 


in powers of r. Hence the terms of the expansion found for u are homogeneous 
polynomials in z;. Solutions of II (13) are thus expansible in series of homo- 
geneous polynomials that converge in the largest sphere in which they possess 
continuous derivatives of order 2p and satisfy the differential equation. A 
special case of these is the expansion of a harmonic function in spherical har- 
monics. 

Turning to the question of a Taylor series for u consider the expansion in 
powers of 2; of 


= [a — + --- + + + 


Expand this in powers of [2(ai¢: + --- + — (ti + further 
expand these powers and collect terms in a multiple series in z;. This series 
is dominated by the similar expansion for 


[a* — + | + + | angel) — 
a series of positive terms that converges if 


that is, if 


(lal + lal? + (anal + < 20°. 
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The left hand member of this inequality represents the square of the distance 
from | z;| to | ¢;| and cannot exceed (a + r)’. The inequality will thus be 
satisfied if 


atr< 
or if 
r< (2 — la = p. 


If P lies within a sphere of radius p the convergence of the power series for 
r”* is uniform in P and II. We can now complete the proof that u can be 
expanded in a Taylor series that converges uniformly and absolutely within a 
sphere of proper size. First one would show that the Taylor series for log r 
converges uniformly and absolutely in P and II for r < p — e; then, utilizing 
the everywhere absolutely convergent Taylor series for P;(r”), Pe(r”), one could 
prove that the integrand of (12) may be expanded in such a series, which may 
be integrated term by term. The solutions of the differential equation IT (13) 
are thus analytic in a region in which they satisfy the equation. 

The former expansions in homogeneous polynomials are the same as the 
Taylor expansions if the latter are summed in groups of homogeneous terms. 
The terms of any one degree will be k-harmonic if u is k-harmonic; except for 
the p-harmonic case, however, these polynomials will not satisfy the differential 
equation satisfied by wu. 

By considering the expansions of 1’, (r’)*, ¥(r’, \,) --- in positive powers of a 
(rather than of r), one obtains expansions proceeding in decreasing powers of r 
and valid for |r| > |a|. This follows from the fact that r’ is symmetric in 
r anda. From these one can obtain expansions of certain solutions of II (13) 
in regions outside a spherical surface, and by combining with the preceding 
expansions, of solutions in spherical shells. 
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THE ASYMPTOTIC WARING PROBLEM FOR HOMOGENEOUS 
POLYNOMIAL SUMMANDS 


By H. Cuatianp 
(Received June 19, 1937; revised September 14, 1937) 


1. Introduction. In this paper, by using homogeneous polynomials as sum- 
mands, the number required to represent all sufficiently large integers is reduced 
to approximately two-thirds of that for n‘" powers. The asymptotic Waring 
Problem for sums of n“ powers given by I. Vinogradow' was generalized and 
the result improved by L. E. Dickson,” who considered sums of the type 


s—3 k k 
(1) Az” + + aw? + Wi) + y”, 
j= i= i= 


where the coefficients are given positive integers. 
If s = 4n, the congruence 


(2) Az" + + a,(w" + W") = G(mod p’) 
= 


is known to have integral solutions such that not every term on the left is 
divisible by p, for every integer G and prime p and y defined to be 6 + 1 if 
p > 2,0+ 2if p = 2, p’ denoting the highest power of the prime p which 
divides n. 
In this paper we treat the problem for sums of values of a homogeneous 
polynomial 
s—3 k+1 


kt+1 

Aja} + ws) + YI} + wo), 
= i= 

where the coefficients are given positive integers and 


(4) y) = 


b=bh=b=1, 056) (i 23). 
The congruence corresponding to (2) is 


(5) 4+ > + Yer) + Yess) = G(mod p’), 


‘I. Vinogradow, On Waring’s problem, Annals of Mathematics, vol. 36 (1935), pp. 395- 
405 


* L. E. Dickson, On Waring’s problem and its generalization, Annals of Mathematics, 
vol. 37 (1936), pp. 293-316. 
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which reduces to (2) when yxi1, Yey1 are zero. Hence (5) has solutions of the 
type described for (2) when s 2 4n. Apart from constants, the argument is 
the same and the result holds when the coefficients a; are put into the third 
and fourth sums of (3). We obtain the 

Turorem. Every sufficiently large integer is a sum of 4n — 2 + 3kp values 
of a homogeneous polynomial of the type described, where ky is the least integer k 
satisfying 

log r 
—log (1 — 3/2)’ 
with v = 1/n, r = n'(6n — 7 + »)/(n — d), d = 1 + 2n’z and z is about 
y°/24,n = 4. 

The notations given by Vinogradow and Dickson are used in this paper. 
After several new steps in the theory we are able to use a part of Dickson’s 
paper, with his notations having the new meaning given them for this problem. 

Section 4 has no analogue in the problem for n‘” powers and notations used 
there pertain only to that part. 


k> 


2. Notations and definitions. Write 
(6) v= I1/n, o = (n — 1)(1 — 3n/2)*. 


Let c;, h, and f denote positive numbers depending only upon n. Given a 
large integer No, we take 


(7) R=([P™], m= max(3""A, A, ---, Ass), 

8) R= = 2mnP™"?, 

(9) Y = C = (3/2)"". 

Then 

(10) 7+ < P" if P = (2mn)’, 220. 

The latter will be true when No (and hence P) is sufficiently large and 
(n — If < }. 


When z is real, (z] denotes the distance from z to the nearest integer. When 
x is complicated, we denote e* by Exp x. The largest integer S x is denoted 
4 by [z]. 


3. Five lemmas.’ 
Lemma A. [If a, q, t are positive integers, (a, q) = 1, then 


—1 
r=0 


< cq”, c(n, t) > 0. 


3L. E. Dickson, ibid. 
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Lemma B. When s = 4n, t; = 1, n = 4, there exist positive constants b = / 
b(N, n, 8), es(n, 8), a= s), such that 


(11) 


Aq, N) Sou”, b > ce, 
q=1 
where for positive integers q, 8, t; , 


q-1 
Aq, N) => Exp 11: ¥ Exp ri 


j=1 r=0 


Lemma B’. For every prime p and every integer G, let 
tir? = (mod p”) 
7=1 


have a special solution. Lets > 2n,s 25. Let t be the maximum of t:, --- , ts. 
Then there exist positive constants b = b(N, n, s, t), ci = c:(n, s, t), satisfying (11). 

Lemma C. Let 0 S f’(y) S 3,f’’(y) = 0 in the interval g S y S h, where g 
and h need not be integers. Then 


h 
— [ Exp 2rif(y) ay < 5. 


o<ush 
Lemma D. Let X be real, but not integral. Let G and H be integers, G < H. 
Then 
H 
| > Exp < 
z=G+1 


4. Some inequalities. We shall determine a rectangle in the zy-plane which 
is such that when the coérdinates of certain points in it are substituted in the 
polynomial 


(12) o(z,y) = 
r=0 


with bo = = = 1,0 S (n+ 1)**(n — (38 Si S the values 
of the polynomial will be distinct and the minimum difference between any 
two of them will be greater than a certain fixed quantity depending upon n 
and the least value P, of x in the rectangle considered. The following in- 


equalities are necessary. 


(Pi, A(n — 1)) > (Pi +n — 1, (A — n)(n — 1)) 
(n< A S Pi/(n + 1)(n — 1)’, 


(I) 


in which A is a multiple of n. Compare i” terms of the polynomials (I). 
We find that 


(13) b(n — > b(n — 1)'(A — n)'(Pi +n — 
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This written as a difference is 
(14) b(n — 1)'{A'P?* — (A — n)'(Pi + n — > 0, 


which is true if (-4,)er > (Pi +n—1)"*. Now A/(A — 2) is mini- 
mum for A maximum and hence for A = P,/(n + 1)(n — 1)*.. Then 
A/(A —n) =14+n/(A —n) >14+7/A =14 n(n + 1)(n 1)°/Pr. 
Thus (14) holds if 
(1+ n(n + 1)(m — 1)°/P,)'PI* > + (n — 
+ (terms in lower powers of P;). 


This is true since on expanding the left side and dropping P}‘ we find that 
the second term on the left is greater than the remaining part on the right. 
That is 


in(n + 1)(n — 1)9P?*" > (n — d(n — 1)P?** + the remaining terms. 


Hence in (I) set b; = 0 (¢ 2 3). Subtracting the right side from the left we 
find the difference to be greater than 


(A(n + 1) — n(n + 1)/2) P? — (terms in lower powers of P). 
Hence for P, large the difference between the right and left sides of (I) exceeds 


(15) a(” pr 


2 
forn <S A S P,/(n + 1)(n — 1). When A = Q, where Q is the greatest 
multiple of in [Pi/(n — 1)(n(n + 1)/2)4] + n, the difference (15) is 
When A = n, (15) is 1) pe? 


2(n(n + 1)/2)* 
The next inequality necessary is 


¢(Pi, An(n — 1) < + 2D), 


where L, denotes [n'Pi/(n — 1)(n(n + 1)/2)']. The left side of (II) does 
not exceed 


(16) Pi + An(n — 1)P?* + A’n'(n — + (w+ 1)(n — +9, 


where \ denotes a sum of terms in lower powers of P; with b; (¢ = 4) having 
their maximum values given below (12). Replace the left side of (II) by (16) 
and subtract from the right side of (II). The difference exceeds 


(17) — — 1)°(A’n(n + 1)/2 — An) — A®n®(n + 1)(n — 


This follows since the fourth term on the right side, which contains a higher 
power of P, than does \, has been discarded along with the terms following it. 


q 
| 
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The difference (17) is minimum when A takes its maximum value L, — 1. 
When A = L, — 1, (17) is greater than (n — n(" +1) pr? 


Let y take the values 0, n(n — 1), 2n(n — 1), 3n(m — 1),---. Let 
Let ®(P:, 7) = (Pi, in(n — 1)). Let A in (I) be denoted by A,. If y takes 
the value jn(n — 1) then A; must be a multiple jn of n. Thus (I) becomes 


&(Pi,j) > (3 = 1,2,-.- ‘wt -- 
Since in (II) the y-coérdinates are multiples of n, we may write (II) as 

&(P;, A) < &(P; + A(n — 1) + 1,0) 
By (1’) 


+ A(n — 1) + 1,0) < + (A — I)(m 1) +1, 1) 
< < + (A — — 1) +1,2). 
By (II’) and this 
A) < &(P, + (A — 1)(nm — 1) + 1,2) (¢ = 0, ---, A). 
In the proof of (II) we found that the difference between the right and left 
sides exceeds (n — 1)n(” + ere Hence the difference between the two 


2 


sides of the last inequality is greater than (n — 1yin(” as ') P}*” for all 


values of 7. By (I’) 
#(P,, A) > + (n— 1), A —1)>.--- > + k(n — 1), A — by), 
which becomes, when k = A — 1, 
@(P;, A) > + (A —i)(n—1),1) (@ = Q/n, Q/n +1, --- , A). 


We restrict 7 to begin at Q/n (where Q as we have stated above is the greatest 
multiple of n in [P}/(n — 1)(n(n + 1)/2)'] + n) in order that the difference 
between the two sides of the last inequality exceed 


(n — ) 
\(n(n + 1)/2)(n — 1) 
for the values of i given. Thus 
+ (A — i)(n — 1), < ®(Pi, A) 
and in which A S L,; — 1. Hence the values of ¢(x, y) at the points 
(P, + k, in(n — 1)) 
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will all be distinct. For, by (III) the value of $(z, y) at any point in this rec- He 
tangle lies between the values at two successive points in the same horizontal 
line determined by i, for every 7. Also, in any horizontal line ¢(z, y) is strictly 
j increasing with z. TI 
The number of points (and hence of distinct ir of ¢) in this rectangle is 
(L, — Q/n)P; > — 1)Pi?/(n . The difference between an 
any two values of ¢(z, y) in the rectangle exceeds P?~*”/(2n(n + 1))' = 
for 
5. The numbers £ and wu. In the last part we determined for P; a set of 
points (x, y) at which ¢(z, y) takes on distinct values. These points lie in if 
the rectangle 
Pi < y < Th 
where cP} = [(1/n)[Pi/(n(n + 1)/2)*(n — 1] + 1m — D, 
= [n' Pi/(n(n + 1)/2)*(n — 1)]n(m — 1). If 
Let P; = fy = 1,---, where y = 1 if >1, 
otherwise y = (cs = 2” + 1), whence is independent of i and P,. 
For each P;, as for P;, a rectangle A; can be determined containing a set ] 
of points (x, y) at which ¢(2, y) takes on distinct values. As before, for each 
such set the difference between any two distinct values of ¢(x2, y) exceeds wu 
cP? Also ] 
y) ¢(2P;, P}) c3P;. N 
Let (x;, yi) and (z;, w;) be in A; and distinct. We shall prove wit 
k 
Her 
where (x;, y;) lie in A; (j > 2). T 
The first inequality in (18) follows from the minimum difference. The rec- vali 
tangles are such that the maximum ¢(z, y) with (z, y) in A;,; is greater than last 
the maximum of ¢(z, y) with (z, y) chosen from any succeeding set A. More- aris 


over the A; (¢ = 1,---,k) are such that the second inequality holds. Note 
that the maximum value of ¢(z;, y;) (j = i + 1) is attained at (2P;, ¢ P}) 
and there 


yi) < < Pia < (l > t + 1). 


Then 


k 


kes > o(x;, Yi), 


and 


ko(2P , < kes 


whe 
| 
| : whic 
4 (19) 
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Hence the second inequality in (18) holds if 

Piss < 
This will follow if 

< 
and 

P; > 
for P; large. Now 

< 


That is, if 

< (c,/kes)’ 2°"? (i 1, k). 
If the inequality is true when 7 = 1, it will hold for i > 1 provided y < 1. 
When i = 1, it is satisfied as follows. If (c,/kes)’2""?* < 1, y < (c,/kes)’2”?*, 
ie. y = If > 1, y = 1. 

Lemma.’ If we have an integer N such that 

N= yi) + $(22 , Yy2) +.:-- + yi) + ’ Yr), 

with x; , y; in A; then this representation of N is unique. 

For, if also 

O(m1, + yr) + Oi, YD + 
with x; , y; in A: but distinct from z;, y;, then by (18) 


yi) > yi) + + Yi). 


Hence we reach a contradiction. 

To form the numbers £, take all possible sums of k values of ¢(z, y), one 
value chosen from each rectangle of sets (x, y). These are distinct by the 
last lemma. The number of ¢’s will be the product of the number of values 
arising from each rectangle. Hence if X is the number of £’s, 


k 
3 1—(1—3y/2)* 


= xP, ) = 
where x is a product of constants. Hence by (8) 

which by (6) is 

(19) X > x(n 


* Proved in a special case by H. Davenport and H. Heilbronn, On Waring’s theorem for 
fourth powers, Proceedings of the London Mathematical Society, vol. 41 (1936), p. 143. 
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The integers u defined by 

(20) u=ttv” (v=P,P+1,---,2P —1) 
will be proved to be distinct. By (8) 

(21) > P?(2"*"). 

Also 


(P + j)” > P” + forj = 1. 


Now £ maximum does not exceed $(2P:, oP} + k2"*'P?*”), and hence is 
less than 2"*’P?. Hence since 


(P + j)" > (P* + 2 P" + 
and 
-(P+5- 1" j>1, 
the w’s are all distinct. The maximum w is less than 
(2P — 1)" + 2°" Pt < (2P — 1)* + < (2P)". 
The minimum uw is greater than P”. Hence 
(22) P™ <u < (2P)". 


Just as we defined the numbers £ and u by use of P, P, , we now define & and 
uw by use of R, R,. Under these replacements let x become x,. Thus if 
is the number of &’s, Xi > Hence 


m= hi +7 (vy, = R,--- , 2R — 1), 
(24) Xi > x(n 
(25) < Uy (2R)”. 


6. The fundamental integral. Take N = N, and consider 


Y 
y 


T 


As in Dickson we obtain 
(89) Ty, = H, + Hp, A, = Ay > 
y 


(96) | H2| < DP** PX(X,RYP*">)} D = 3(8mn)', 


with his k replaced by k + 1. The constants arise in the same way as in his 
paper with values appropriate to this paper. The formulas are numbered as 
in his paper. By (7), (9), (19), (24), 


(97) R> Vt Y> 
X > 


4 wh 
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while X, exceeds the last products with P replaced by R and x replaced by x: . 
Note that 

(98) o = (n — 1)(1 — 3/2)", uw =1— (1 — 

Multiply and divide (96) by X(X1 RY)’ and apply (97). Thus 


| C 
(100) 2J = g=}—z-—nf + (1 — of, 


The Waring theorem is true for every integer = No if the integral Jy, > 0. 
By the above and (89), this is true if 


(101) PY > Ci/e. 
For P large, this holds if J < 0. This is true by (98:) if 
(102) r(1 — 3v/2)* <1, r= (n — 1)(3 — f)/g. 


But r increases with f since 


dr 

CH can — 7/2 + 2+ 
Since (102;) is equivalent to 

log r 


—log (1 — 3v/2)’ 


k will be minimum if r and hence f is. But f = v/2. Hence we employ the 
minimum f, viz., 


(104) f = »/2. 
The resulting value of r in (102) is 
(105) r = n(6n — 7 + )/(n — a), d = 1+ 2n’z. 


For a small z, say v*/24, let ko be the least integer k satisfying (103). Then all 
sufficiently large integers are sums of 4n — 2 + 3k values of a homogeneous 
polynomial of the type previously described. 
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ON A CERTAIN CLASS OF NON-LINEAR EXPANSIONS OF AN 
ARBITRARY ANALYTIC FUNCTION 


By Gertrupe Kercuum aAnp P. W. Kercuum 
(Received April 3, 1937) 


1. Introduction. In these Annals, vol. 33 (1932) pp. 139-42, J. M. Feld 
proved the following theorem: 
Let b; , bo, --- be a given sequence of complex numbers such that 


(a) 2 2 1, 
(b) |b, |” is bounded for all n. 


Then every function f(z) = 2c,x", analytic at the origin, can be expanded 
uniquely in some neighborhood of the origin in an absolutely and uniformly 
convergent series of the form 


(1) f(x) = f(0) + bn 


In the present note we generalize this theorem to include expansions of the 
form 


(2) fla) = f0) 


The F,,(w) are given functions, each of which has a simple zero at the origin 
and is, after a certain normalization, analytic and bounded in some fixed circular 
region as follows: 


(3) F,(w) = OnsW, for|w| <a, 


(4) | F,(w)| S$ M, for|w| <p, where M, = 0(n’) for some a. 


Also, condition (a) may be replaced by the more general condition that there 
exist constants C, a, and o so large that 


(a’) 0 < |b,,| S Cn*o"™ |b, | 


for all positive integers n and all integers n,; which are divisors of n less than n. 
Finally, we obtain an estimate for the region of validity of (2) which for the 
particular case (1) is superior to Feld’s estimate. This is accomplished by 
replacing the bound in (b) by 


(b’) lim sup |b, |"" = K < o, 
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by using a better estimate than Feld’s for the number of divisors of an integer, 
and by making use of a table of values of the a’s for small values of n. 
Problems similar to the above in which the a’s rather than the b’s are given 
have received considerable attention in the literature.’ In any case, regardless 
of whether the a’s or the b’s are given, the expansion problem can be related 
to an associated problem on the solution of an infinite system of recurrence 
relations on the unknown 6’s or a’s respectively. This system is obtained by 
formally expanding f(x) and F,,(w) in powers of x in (2) and equating coeffi- 
cients of like powers of z. The distinguishing feature of the present problem 
is that these recurrence relations are non-linear. Thus one cannot obtain the 
expansion (of the form (2)) of f(z) + g(x) by simply adding the expansions of 
f(x) and g(x), nor can one obtain the expansion of this form for 2f(x) by doubling 
the expansion of f(z). 

As a corollary to our general theorem, we prove that if b;, be, are given 
satisfying conditions (a’) and (b), and if g,(w) are given functions such that 
the ratios wg,,(w)/(1 + gn(w)) satisfy the conditions imposed on F,,(w) in (3) 
and (4), then any function analytic and non-vanishing at the origin can be 
expanded in the infinite product 


(5) = 70) (1 + (g.(0) = 0). 


Particular cases have been studied previously by Feld and by Ritt.” 


2. Certain Number-Theoretic Lemmas. We first introduce certain nu- 
merical functions on which the subsequent work depends. Let v be a given 
positive integer or zero. Let ¢(p, s) be a function of the positive integers 
p and s where s is a divisor of plessthan p. Let 


where the least upper bound is taken over all permissible values of 
n,m, Nk41 


with n, = 2’. It is understood that there may be only one factor inside the 
brackets, under the convention that m = n. We are only interested in those 
functions ¢(n, m) for which y,{@} is finite. A sufficient condition for this is 
contained in the following lemma. 

Lemma I. If $(n, m) is such that for sufficiently large positive constants 
C, a, and o, 


(7) | | 


then Y,\o} is finite. On the other hand, if in this condition C, « 2 1 and the 
factor n* is replaced by e”* or o”!™ by n*"'™, € > 0, then, no matter how small ¢ 


‘See Gertrude S. Ketchum, Trans. Am. Math. Soc., 40 (1936), pp. 208-24. 
* J. F.Ritt, Math. Zeit., 32 (1930), pp. 1-3. 


il 
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may be, the condition so modified will be satisfied by some $(n, m) for which y,{¢} wall 
is infinite. ana 

We have the following three relationships: al 

(9) = if a 2 0, as 
(10) < whenever | < |¢ |. 

The first part of the lemma follows from these three relations and the fol- Het 
lowing inequalities: mag 

n[ny < valt 
(13) } Yolo}. of 
Of these, (11) and (13) are elementary and (12) may be obtained by a slight to 1 
modification of Feld’s proof of a corresponding result. 1, 2 

The second part of the lemma follows from consideration of the functions We 
and y,{n™/™"}. 

Lemna II. Jf Fi(w), F2(w), --- is a sequence of functions satisfying condi- 
tions (3) and (4), then W,{an,.n/n,} 18 finite. (16) 

Proof: By Cauchy’s inequality, 

Hence by (8), (9), and (10), dy = 
a n/n d(n) 

(14) Vrlannim} wt 

3. Proof of Main Theorem. Let Fi(w), F2(w), --- be given functions satis- (17) 
fying (3) which are such that Y,{an, n/n,} is finite. (If the given functions If 
F,,(w) do not satisfy the condition a,,, = 1, we may replace them by a new 
set of functions F’,(w) = F,(w)/an, and the given constants b, by a new set (18) 


bn = bran. Having found an expansion of f(x) in terms of these new functions 
and constants in a certain region S, there will be determined an expansion of 
f(x) in the original set valid in the same region S.) Let b; , be, --- be given 
constants satisfying (b) and 


(a’’) bn 0, Wr {bn,/dn} bi = 1 


(The last condition b; = 1 is introduced for convenience of notation. If bh: 
is not equal to unity we may replace f(x) by the new function f(z) = f(z)/b 
and the given constants by the new set 6, = b,/b,. Having found an expan- 
sion in S for f(x) with the new set of b’s, on multiplying the terms of the expan- 
sion by b; there will be obtained an expansion of f(x) with the original b’s, 


q 

(19) 
| If, 0 
| (20) 
| 4 If (2 
| Proc 
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valid in the same region S.) Consider the formal equality (2) where f(z) is j 
analytic at = 0, so that for n = 2”, | c, |” is bounded by some constant r, ; 
and where the a’s are defined by the recurrence relations 


(15) 
Cn = Dy baz + (n = 2,3, ---) 


Here dy) , di , , d, are all the _ of n less than n, arranged in order of 
magnitude with dy = 

We seek a bound for | a, |”” re is desired to make this bound as small as is 
practicable in order to insure a good estimate of the region of validity of (2) 
Since the bound which we obtain is affected to a considerable extent by the 
values of | a, | for small values of n, and since it is possible to compute a table 
of such values for small n, our results are stated in such a way as to enable one 
to utilize such a table. Thus, let L, denote a bound for |a, |” for n = 
1,2 2” — 1 where v may be 1 or any other positive integer as desired 
We will now obtain a bound for | a, |" for n = 2”. We have 


[ai] = 


(16) b 
| bs | | bs | 
In the term under the summation whose absolute value is largest, let us write 
d, = m. There can be at most d(n) — 1 terms under the summation, where 
d(n) is the number of divisors of n. Hence 


b 


(17) + 1) 


If 


Cc Day 


8) bn 


2 | @n, | 


then 


(19) [an < Cn 


If, on the other hand, the sign of inequality in (18) is reversed, then 


bn, 
b 


If (20) holds and m = 2”, we treat | an, |"! just as we have treated |a,| 
Proceeding in this way until the process stops of itself or until after k + 1 


(20) | an [d(n)]"” | 


4 

= 

| 

| 

| 

| On 

q 
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steps nix: < 2” while n, = 2’, we find that | a, |" is bounded as in (19) or by K 
one of the two following expressions [. 
(21) be, | | 
Ce 
“ 
These three expressions in (19), (21), and (22) may then be replaced by their 
least upper bounds. After so doing, the number 1 in the numerator of wl 
| 1/b,, | may be replaced by b,,,,. Hence, nc 
< N, th 
(23) Dnt th 
N= ¥»{d(n)} Max (1, Max L,). 
sid 
We proceed now to the convergence of the series (2). By Schwarz’ lemma, 
if the functions F,,(w) satisfy (4), then | 
| | S An*|a,||x|"/p for |anx"| Sp, tic 
He 
and hence certainly for |x| < p’"/N. For|z| < 1/N and n 2 m, where m lx 
is sufficiently large, the series in (2) is dominated by lar 
a n n n ap] 
An'N\(K + 6)" |2|"/p. we 
n=m 
Thus (2) converges absolutely and uniformly for beg 
1 | Cn 
(24) |a| $ R < Min NR’ NJ’ suc 
Moreover, by virtue of the recurrence relations (15) it follows from the Weier- 
strass double series theorem that the series converges in this region to f(z). 6 
We have, therefore, proved | 
TurorrM I. If F\(w), F2(w), --- are given functions satisfying (3) and (4) | w 
and if b, , be, --- are given constants satisfying (b) and (a’’), then any function 
; f(x) which is analytic at the origin has a unique expansion of the form (2) in an 
| absolutely and uniformly convergent series in the region (24). In particular, ~ 
sufficient condition for (a’’) is (a’) with b; = 1, in which case an estimate for N for’ 
may be computed by means of formulas (8)-—(14). cone 
anal 
4. Application to Feld’s Theorem. Feld’s theorem, stated in the Intro- expe 


duction, is obtained as an immediate consequence of our Theorem I on taking 


4 

q 


NON-LINEAR EXPANSIONS OF ARBITRARY ANALYTIC FUNCTIONS 63 


F,(w) = w/(1 — w). If we take v = 7 and compute successive bounds for 
|a, | from the relations 


lai] = fan] S salle 


we get Lr S | age < 1.7545r where r® is the maximum of |c,/b; 


forn = 1,2,---,2” —1. Since d(n) < 2n’, we have from equations (8)—(12), 
vi{d(n)} S ‘ Hence the expansion of f(z) i is valid in a region about the 
origin not smaller than 


\a| < R < Max 1.7545r)|" < (1.853rK)", 


where we have written r = 7, and, due to the necessary normalization, r, is 
now a bound for | c,/b; |’” for all n = 2’. 

The region of validity obtained by Feld is similar to the last expression, but 
the numbers r and K are replaced by other quantities greater than or equal to 
them and the factor 1.853 is replaced by 8. 

Let \ denote the greatest lower bound of all numbers o such that the expan- 
sion of every function f(x) is valid for | x | < (orK)™. 


5. A Lower Bound for the Constant \: Consider the expansion of the par- 


4 ticular function 1/(z — 1) in Feld’s series with b, = 1. Then K = r = 1. 


Hence A = 1/| 29 | if the expansion diverges at 2%. But the series diverges for 
|x| > flim sup |a, |’"J". For our particular case, d, = 0 if n is odd and 
larger than 1. On the other hand, | ax |”™ is always increasing with k, and 
approaches the limit 1.7355---. Thus, lim sup |a, |” = 1.7355---, and 
we have 

THEeorEM II. The expansion asserted by Feld, in his theorem stated at the 
beginning of this paper, is valid for |x| < (Ar K)", where r is a bound for 
| cn/b; |" for all n, K is defined as in (b’), and is a constant whose value is 
such that 

1.7355 --- S A < 1.853. 


6. Expansions in Infinite Products. We have 
THEorEM III. Let gi(w), go(w), --- be given functions which are analytic for 
|w| pand such that 


gn (w) 
= 


for |w| S p, where M, = O(n’). Let bi, bz, --- be given constants satisfying 
conditions (b) and the first two parts of (a). Then any function f(x) which is 
analytic in the neighborhood of the origin and non-vanishing at the origin may be 
expanded in an absolutely and uniformly convergent product of the form (5) valid 
in some neighborhood of the origin. 


gn(0) = 0, gn(0) = an ¥ 0, 
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Vol 


This theorem is obtained as a corollary to Theorem I on taking 


wg n (w) 
F,(w) = 
The particular case g.(w) = —w satisfies all the required conditions so that 
we get 
f(z) = f) (1 — a,x"), 

which is a product expansion of Feld. The particular case b, = n was studied tic 


by Ritt. 
Another simple example is given by g,(w) = sin w in which case we have the 
expansion 


f(z) =f) II (1 + sin a,2")’"””. 
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THE GRAVITATIONAL EQUATIONS AND THE PROBLEM OF MOTION 
By A. Ernstern, L. INrELD, anp B. HorrMANN 


(Received June 16, 1937) 


Introduction. In this paper we investigate the fundamentally simple ques- 
tion of the extent to which the relativistic equations of gravitation determine 
the motion of ponderable bodies. 

Previous attacks on this problem’ have been based upon gravitational equa- 
tions in which some specific energy-momentum tensor for matter has been 
assumed. Such energy-momentum tensors, however, must be regarded as 
purely temporary and more or less phenomenological devices for representing 
the structure of matter, and their entry into the equations makes it impossible 
to determine how far the results obtained are independent of the particular 
assumption made concerning the constitution of matter. 

Actually, the only equations of gravitation which follow without ambiguity 
from the fundamental assumptions of the general theory of relativity are the 
equations for empty space, and it is important to know whether they alone are 
capable of determining the motion of bodies. The answer to this question is 
not at all obvious. It is possible to find examples in classical physics leading 
to either answer, yes or no. For instance, in the ordinary Maxwell equations 
for empty space, in which electrical particles are regarded as point singularities 
of the field, the motion of these singularities is not determined by the linear 
field equations. On the other hand, the well-known theory of Helmholtz on the 
motion of vortices in a non-viscous fluid gives an instance where the motion of 
line singularities is actually determined by partial differential equations alone, 
which are there non-linear. 

We shall show in this paper that the gravitational equations for empty space 
are in fact sufficient to determine the motion of matter represented as point 
singularities of the field. The gravitational equations are non-linear, and, 
because of the necessary freedom of choice of the coérdinate system, are such 
that four differential relations exist between them so that they form an over- 
determined system of equations. The overdetermination is responsible for the 
existence of equations of motion, and the non linear character for the existence 
of terms expressing the interaction of moving bodies. 

Two essential steps lead to the determination of the motion. 


‘Droste, Ac. van Wet. Amsterdam 19, 447 (1916). De Sitter, Monthly Notices of the 
R. A. S. 67, 155 (1916). Mathisson, Zeits. f. Physik, 67, 270, 826 (1931), 69, 389 (1931). 
Levi-Civita, Am. Jour. of Math., lix, 3, 225 (1937). 
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(1) By means of a new method of approximation, specially suited to the treat- 
ment of quasi-stationary fields, the gravitational field due to moving 
particles is determined. 

(2) It is shown that for two-dimensional spatial surfaces containing singu- 
larities certain surface integral conditions are valid which determine the 
motion. 

In the second part of this paper we actually calculate the first two non-trivial 
stages of the approximation. In the first of these the equations of motion 
take the Newtonian form. In the second the equations of motion, which we 
calculate only for the case of two massive particles, take a more complicated form 
but do not involve third or higher derivatives with respect to the time. 

The method is, in principle, applicable for any order of approximation, the 
problem reducing to specific integrations at each stage, but we have not proved 
that higher time derivatives than the second will not ultimately occur in the 
equations of motion. 

In the determination of the field and the equations of motion non-Galilean 
values at infinity and singularities of the type of dipoles, quadrupoles, and 
higher poles, must be excluded from the field in order that the solution shall be | ~ 
unique. 

It is of significance that our equations of motion do not restrict the motion 
of the singularities more strongly than the Newtonian equations, but this may 
be due to our simplifying assumption that matter is represented by singularities, 
and it is possible that it would not be the case if we could represent matter in 
terms of a field theory from which singularities were excluded. The repre- 
sentation of matter by means of singularities does not enable the field equa- 
tions to fix the sign of mass so that, so far as the present theory is concerned, it 
is only by convention that the interaction between two bodies is always an 
attraction and not a repulsion. A possible clue as to why the mass must be 
positive can be expected only from a theory which gives a representation of 
matter free from singularities.” 

Our method can be applied to the case when the Maxwell energy-momentum 
tensor is included in the field equations and, as is shown in part II, it leads toa 
derivation of the Lorentz force. 

In the Maxwell-Lorentz electrodynamics, as also in the earlier approxima- 
tion method for the solution of the gravitational equations, the problem of deter- 
mining the field due to moving bodies is solved through the integration of wave 
equations by retarded potentials. The sign of the flow of time there plays a 
decisive réle since, in a certain sense, the field is expanded in terms of only 
those waves which proceed towards infinity. In our theory, however, the equa- 
tions to be solved at each stage of the approximation are not wave equations 
but merely spatial potential equations. Since such equations as those of the 
gravitational and of the electromagnetic field are actually invariant under 4 — 4 


* Einstein and Rosen, Phys. Rev. vol. 48, 73 (1935). 
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reversal of the sign of time, it would seem that the method presented here, is 
the natural one for their solution. Our method, in which the time direction 
is not distinguished, corresponds to the introduction of standing waves in the 
wave equation and cannot lead to the conclusion that in the circular motion of 
two point masses energy is radiated to infinity in the form of waves. 


I. GENERAL THEORY 


1. Field Equations and Coérdinate Conditions. Since it is an essential part 
of the work to make a separation between space and time we shall, throughout 
this paper, use the convention that Latin indices take on only the spatial 
values 1, 2, 3 while Greek indices refer to both space and time, running over the 
values 0, 1, 2, 3. 

As explained in the introduction, we discuss only the gravitational equations 
for empty space, treating the sources of the field as singularities. If we denote 
the ordinary derivative of a quantity by means of a line followed by the appro- 
priate suffix, as 


we may write the field equations in the form 


Let the symbols n,, , 7” be defined by 

f41 0 
(1, 3) = 7 = ° 
0 oO -1 O 

0 0 oO -1) 


so that they represent the metric of empty space-time. Then if we introduce 
the quantities h,,, h”” by the relations 


(1, 4) Juv = Nw + g” + 


the h,, and h” will represent the deviation of space-time from the flat case. 
The h” can be calculated as functions of the h,, by means of the relations 


(1, 5) end” = 


In general the h,, will be small relative to unity, but we make no assumptions 
here concerning their order of magnitude. 

By means of (1, 4), (1, 5) we can express the components of R,, as functions 
© of the h,, , and for reasons which will become clear when we come to the method 
of approximation used in the present work we separate the various terms so 
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obtained into two groups in the following manner. First we separate the terms 
linear in the h’s from those which are quadratic and of higher order. At this 
stage of the separation the field equations are of the form 


(1, 6) Roo = 3 { —hoojss + Rssjoo} + Loo 0, 
7) Ron = 3{ —honjss + hos|ns + hssjno} + Lon 0, 


(1, 8) = —hinniss + Resins + hns|ms Resi mn + hmnjoo Rmojno 
mo + hoo} mn} + Lon = 0, 


where the L;, represent the non-linear terms. We now take 
(1,9) from Ro the terms hosjos — Zhssjoo , 

(1,10) from Ro, no terms 

(1,11) and from R,,,, the terms — $honjom + 


and add them to the non-linear group. Introducing the symbol L,, to denote 
the non-linear group L;, together with these added linear members, we may 
write the field equations in the separated from 


(1, 12) Roo = — thoojss + Low = 0, 


On — + 3 (hans + Noo) 
(hoo + hss) jon + + Lon = 0, 


mn + + hoo) |ns 
+ (Ans + Noo) | ms + Lan 0, 


(1, 13) 


R 
(1, 14) 


where the L’s are given explicitly by the formulas 


Loo = — — (h[00, o]) i, + (h[0X, o]) 


a, 18) + {os} Lio {ook 


(1,16) Lon = —(h’[On, o])\, + (h’[nd, o]) jo + in} 


| = — 2Roniom + Zhmnjoo [mn, o})ix 


(1, 17) 
+ (h’[md, + 


If we introduce the quantities y,, defined by 


(1, 18) Ve = h,, —4 


| 
fe 
q 
li 
el 
R = 
(1, 
suc 
i seer 

whic 
4 actus 

| 


GRAVITATIONAL EQUATIONS AND PROBLEM OF MOTION 69 


or, in expanded form, 


(1, 19) Yo = 3ho + hu, 
(1, 20) Tou = hon , 
(1, 21) = + 25 mn hoo , 


we may write the field equations (1, 12), (1, 13), (1, 14) in the form 
(1, 22) Roo = —thoojss + Loo = 0, 

(1, 23) Ron = —Zhonjse + + 3(Yosjs — Yoojo)in + Lon = 0, 
(1,24) Ran = + F¥msjen + + Linn = 0. 


Since there are four identities between these field equations, we may impose 
four coérdinate conditions, in the form of four non-tensorial equations involving 
the gravitational potentials, so as to limit the arbitrariness of the solutions by 
limiting the freedom of choice of the codrdinate system. It turns out to be 
simplest to use codrdinate conditions which involve only quantities which 
enter the explicitly written parts of the field equations (1, 23), (1, 24). These 
equations, in fact, suggest that we take as our coérdinate conditions® 


(1, 25) Yos|s — Yoojo = 0, 
(1, 26) Yms|s => 0. 


With these coérdinate conditions the field equations become merely 


(1, 27) hoojss = , 
0, (1, 28) Ron|ss 2Lon , 


For the further argument it is necessary that we write these equations in 
such a way that the Laplacians of the y’s enter instead of the Laplacians of the 
h’s. We therefore replace the above equations by the equivalent equations 


(1, 30) Y00,ss = 2 Aoo ’ 
(1, 31) Yon,ss = 2 Aon 
(1, 32) Ymn,ss = | 


° The choice of the coérdinate conditions is, to a large extent arbitrary, and it might 
seem rather more natural to use the conditions 


= 0 


hich are invariant under a Lorentz transformation. However, it turns out that the 
actual calculation of the field is simpler when we use the codrdinate conditions given in the 
> text and it is for this reason that we employ it in the general theory. 
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where A is related to L exactly as y is to h: 


(1, 33) Ao = 4L0 + $Lu, 
(1, 34) Aon = Lon ’ 
(i, 35) = | + 25 mnLoo 


These field equations, (1, 33), (1, 34), (1, 35) together with the coérdinate con- 
ditions (1, 25), (1, 26) will form the basis of our further considerations. 


2. Fundamental Integral Properties of the Field. Let us consider three 
functions A,;(n = 1, 2,3). They need not be tensors. From these functions 


we may build the three further functions 


(2, 1) (Anjs = 
which can be explicitly written as 


{(Ayj2 — — (Asin — Arjs)s},  ((Aais — Asje)is — (Arye — 


2 
(2, 2) Ajjs)\1 — (Aais — 


These three functions thus constitute the curl of the three functions 
(2,3) (Asis — Asie), (Asi. — Axjs), (Aij2 — Agi). 


Consider any surface S which does not pass through singularities of the field. 
Since (2, 1) is the curl of (2, 3), it follows from Stokes’ theorem that the integral 
of the “normal’* component of (2, 1) over S is equal to the line integral of the 
tangential component of (2, 3) taken around the rim of S. If S is a closed 
surface its rim is of zero length so that the latter integral will vanish. We 
therefore have the theorem that, if S is any closed surface which does not 
pass through singularities of the field, then 


(2, 4) | (Ante Agin)\s cos (n-N) ds = 0, 


where (n-N) denotes the “angle” between the direction of x" and the “normal” 
to S, and the summation convention applies to the n. This theorem is valid 
whether S encloses singularities or not, and we shall now apply it to the present 
problem. 


4 Words like normal, angle, sphere, and so on are used here in a purely conventional 
sense to designate the corresponding functions of the codrdinates x” and equations which 
are implied by these terms in Euclidean geometry. The argument of this paragraph is 
independent of any particular metric, and we use the Euclidean nomenclature merely 
because it is apt and convenient. 
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From the coérdinate conditions (1, 25), (1, 26) and the field equations (1, 31), 
(1, 32) we have 


(2, 5) (Yon|s Yos|n)|s = 2Aon — Yoo|on 


We see that the left-hand sides of (2, 5), (2, 6) give four quantities of the form 
(2, 1), one coming from (2, 5) and three from (2, 6) for m = 1, 2,3. It follows 
from (2, 4) that, if S is a surface which does not pass through singularities of 
the field, 


(2, 7) J rain <= 2Aon) cos (n-N) ds = 0, 


(2, 8) J 2Amn cos (n-N) dS = 0. 


From (2, 5), (2, 6) we see that, in those regions where there are no singu- 
larities, 


(2, 9) (Yoojon — 2Aon)jn = 0, 
(2, 10) (2Amn)in = 0. 


Therefore Gauss’ theorem shows that if we take two closed surfaces S, S’ such 
that no singularity lies on or between S and S’, the integrals over S and S’ 
give the same result. But the validity of the integral conditions for surfaces 
which enclose singularities, or more generally, which enclose regions where the 
field equations for empty space are not fulfilled, can only be shown by means of 
Stokes’ theorem. 

We are treating matter as a singularity in the field. Let us assume there are 
p bodies, each represented by a point singularity. The codrdinates of each 
such singularity will be functions of the time alone. Since (2, 7), (2, 8) are 
valid for any S provided only that it does not pass through a singularity, we 
may choose p such surfaces, each enclosing only one of the p singularities, and 
thus obtain 4p distinct integral conditions. Each of these, being now inde- 
pendent of the shape of its S, will give a relation between the coérdinates of the 
singularities and their time derivatives, and we shall see later that the integral 
conditions give, in fact, the equations of motion of the singularities. These 
equations are derived here from the field equations and coérdinate conditions 
alone without any extraneous assumption. 

If, instead of integrating around one singularity at a time, we integrate over 
a surface which contains all the singularities, we obtain the laws of conserva- 
tion of energy and linear momentum for the whole system. These laws are, of 
course, merely consequences of the laws of motion for the individual particles 
but owing to many cancellations they take a comparatively simple form. 
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3. The Method of Approximation. The method of approximation which 
has been used up to now in the theory of relativity is as follows. We consider 


that in the equation 
(3, 1) Juv = + 


the h,, depend continuously on a positive parameter A in such a way that they 
vanish for \ = 0, so that for \ = 0 space-time becomes Galilean. We assume, 


therefore, that the h,, can be expanded in a power series’ in \: 
(3, 2) hy» = 


This expansion is introduced in the field equations which are then grouped 
according to the different powers of \, taking the form 


(3, 3) = R,. 


l 


In order that a set of h,, depending on the parameter } shall exist as a solution | 7 


of the field equations it is necessary that each of the equations 
(3, 4) Ry, = 0 
l 


shall be satisfied. The best known example of this method is its application to 


the first approximation. 
We shall now show why this method of approximation is unsuitable for the 


treatment of quasi-stationary fields. If we introduce an energy tensor for the | — 


matter which produces the field we obtain for the first approximation, using 
imaginary time, the well-known equations 


(3, 5) Yuriloo = —2T,,, 

where the codrdinate system is determined by the equations 

(3, 6) Yucie = 0. 

In the simplest case of incoherent matter (dust) producing the field we have 
de" dé” 

3,7 

6,7) = Pas ds’ 


where dé"/ds are the components of the velocity measured in terms of the 
proper time s. If we are concerned with a quasi-static situation, dé°/ds is of 
the order of magnitude of unity while the dé”/ds are relatively small. Thus 
in such a ease we shall have 


(3, 8) | Too | > | Ton | > | |, 


> In ! the 1 will always be an exponent, not a contravariant index! 
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and from the equations (3, 5) we must have correspondingly 
(3, 9) | yoo | >> | Yon | >> | | 


The usual method of approximation does not take this into account since it 
treats all the y’s as of the same order of magnitude although, in the quasi- 
static case, Yoo is very much larger than the other components of y,,. A really 
good method of approximation for the quasi-static case should make essential 
use of the relations (3, 9). 

We are led to our present method of approximation most simply by con- 
sidering the problem of constructing a method of approximation which is 
suitable for the solution of the approximate field equations (3, 5) for the quasi- 
static case. It turns out that the method of approximation to which we are 
led in this way is also suitable for the solution of the rigorous gravitational 
equations even when we are not dealing with quasi-static cases. 

The first step is to give an explicit expression for the fact that the time 
derivative of a field quantity is small relative to the quantity itself and to its 
spatial derivatives. To do this we introduce an auxiliary time coérdinate 


(3, 10) 


and assume that every field quantity is a function of (7, 2’, 2”, 2°) rather than 
of (2°, x”, 2°). If gis such a quantity we now assume that ¢, and 
are of the same order of magnitude, so that gj is of the order of dg. 

From this we conclude that if 7’ in (8, 7) is of the order of magnitude of \‘, 
then Ton will be of the order of \*** and 7’, of the order of \***. 

Further, it follows from well-known considerations concerning the first ap- 
proximation (the conservation of energy for the motion of a point) that Yoo, 
which is the potential energy of a unit mass, is of the same order of magnitude 
as the square of the velocity and is thus, in our present notation, of the order 
of \”. Hence we have the following orders of magnitude for the 7’s: 


(3, 11) Yo ™ Yon ™ Ymn ™ 


If we expand the y’s as power series in \ we must therefore take the lowest 
powers of the expansions to be of the orders given in (3, 11). The fact that 
only second derivatives of the y’s with respect to the time enter the equation 
(3, 5) shows that the powers of \ in successive terms of the expansions of the 
y’s may differ by two.” We are thus led to the simple assumption that 


Yo = + + + 
(3, 12) Yon = + + 
3 5 


Ynn = + + 


* The omission of terms with d+! in yoo, Ymn and with \” in yom is possible and natural, 
but logically not strictly necessary. The addition of the omitted terms of (3, 12) could 
be made in such a way that it would correspond to an introduction of a retarded potential 
(outgoing wave). Such a procedure would however, be artificial though it would not 
influence the equations of motion derived in II, as will be shown elsewhere. 
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We cannot discuss the question of convergence in general, but it is of interest 
to show that the new method of approximation can give convergent results 
even where this would not at first be expected. We consider the case of the 
one-dimensional wave equation in its simplest form 
(3, 13) Suz = Su = 0. 

If, in accordance with the main idea of the new method of approximation, we 
write 


0 2 4 
(3, 14) = fe + + faz 


we obtain from (3, 13) the successive equations 


(3, 15a) fee = 0, 

(3, 15b) fs fer 0, 

(3, 15c) Sun = Tee = 0, 
4 2 


From these equations we can find the general solution of the wave equation 
(3, 13) expressed as a power series in X. For simplicity we shall consider only 


the case of a sinusoidal wave so that, out of the totality of solutions of (3, 15a), | 


(3, 16) f = A(r) + xB(r), 


we choose the particular solution’ 


(3, 17a) f=sinr 
0 


and at each subsequent stage of the procedure we ignore all arbitrary functions 
which may enter. From (3, 15b), (8, 15c),..., we thus find 


(3, 17b) T, 
2 2! 
x 
(3, 17¢) f= 7 sinr, 
4 


so that the solution takes the form 


(xd)” 


f = sin \ 


= cos (Az) sin r. 


7 The inclusion of the solution { = zsin 7 also leads to sinusoidal waves, as is easily see?. 
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On replacing 7 by At we have 
(3, 18) f = cos (Az) sin (At) 


which is an exact solution of (3, 13). 


4. Expansion Properties of Field Quantities. We shall show in this section 
that there is a simple general rule concerning the types of expansion which will 
oceur when we treat the gravitational equations by the present method of 
approximation. This rule is that 

Any component having an odd number of zero suffixes will have only odd 
powers of in its expansion, while any component having an even number of 
such suffixes will involve only even powers of in its expansion. 

The fundamental equations (3, 12) show that the y,, conform to this rule. 
The relations (1, 19), (1, 20), (1, 21) between y,, and h,, have inverse relations 
of precisely the same form with y and h interchanged, as 


(4, 1) hoo = + 
(4, 2) Ron = Yon, 
(4, 3) = Ymn mnVit + mnYoo 


and from (3, 12) it follows that the expansions for the h’s in powers of \ are of 
the form 


hos 


+ + hoo 
2 4 6 
(4, 4) hon = hon + + 
3 5 
2 4 6 


showing that the h’s also conform to the general rule. 

Further, since the »,, trivially conform because 7, vanishes, it follows from 
(1, 4) that the g,, also conform. 

We may write the relation 


(4, 5) = 
in the form 


(4, 6) Gung” + = 

The two groups of terms on the left differ by an even number of zero suffixes 
so that, since the 6; trivially conform to the general rule, we shall obtain enough 
equations at each approximation for finding the expansions of the g” if we 
assume that the general rule is valid for these components too. However, the 
g” are uniquely determined in terms of the g,, by (4, 5) so that the expansions 
according to the general rule will give the only solution and extraneous powers 
of \ will necessarily have zero coefficients. Thus the rule is applicable to the 
g” and so, also, to the h””. 
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Let us consider next the Christoffel symbols of both kinds. We have 


(4, 7) = + Gouly — 


and since the operation “‘\” introduces a factor \ while the operations “,,, 
leave the order of magnitude unchanged it is evident that the fact that the 
Ju» Obey the general rule implies that the [uv, ¢] do too. 

The Christoffel symbols of the second kind are defined by 


and since whenever we have a dummy suffix we shall have either no extra zero 
suffixes or two such suffixes entering any term in the implied summation, the 
fact that g’” and [uv, o] separately conform to the general rule shows that this 


is true also of the 


In the course of the above considerations we have shown that neither the : 


entry of dummy suffixes nor the operations “,,,’’, “jo” disturbs the operation 
of the general rule. It follows that if, by the use of these operations alone, we 
form new quantities from quantities which conform to the rule these new 
quantities must also obey the general rule. This has already been exemplified 
by our discussion of the Christoffel symbols, and since all the quantities we 
shall have to consider, such as 


R(= Rus), Ay», ete. 


are new quantities of this type, we see that all the quantities with which we 
have to deal will have expansions in powers of \ whose general character is 
summed up in the statement at the head of this section. 


5. Alternative Form of the Equations When Singularities Are Absent. In 
this section and the next we shall discuss the case where no singularities are 
present in the field. This case is, of course, trivial from the physical point oi 
view since it corresponds to the complete absence of matter and, indeed, accord- 
ing to our method of approximation leads to the Galilean solution. Despite 
this, the discussion of this case will not be without value, for it will serve to 
exhibit the general mechanism of the theory and will form a convenient intro 
duction to the later, more difficult discussion necessary when singularities are 
present. 

Let us summarize some of the results we have obtained so far. 
been subjected to the two restrictions 

I The Gravitational Field Equations, and 

II The Coérdinate Conditions, 
from which we have found 

III The Surface Integral Conditions. 


The field has 
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That is, if we take coérdinate conditions 


(1, 25) Yo0j0 — Yonjn = 0, 
(1, 26) Yamin = 0, 

the field equations take the form 

(1, 30) Yoojss = , 
(1, 31) Yonjes = 2Aon, 
(1, 32) Bhan, 


and from these two groups of equations we obtain the surface integral con- 
ditions 


(2, 7) S Crocion — 2Aon) cos (n-N) dS = 0, 
(2, 8) J 2Ann cos (n-N) dS = 0, 

and also the results 

(2, 9) (Yoojon — 2Aon)in = 2ZAoojo — ZAonin = 0, 
(2, 10) ZAmnin = 0, 


which are essential for the validity of the surface integral conditions for arbi- 
trary surfaces. 

We shall now show that the following two sets of equations (5, 1), (5, 2) are 
equivalent when no singularities are present. 


(5, 1) (5, 2) 
(a) Yoolss = 2Aoo, (a) Yoolss = 2Aoo, 
(b) Yon|ss = 2Aon, (b) Yoniss = 2Aon, 
(c) Yoo!0 — Yonin = 0; (c’) Aoojo — Aonin = 0, 
— 2Ao,,) cos (n-N) dS = 0; 
(d) = (d) Yunteo = 
(e) Ymnin = 0, (e’) Amnin = 0, 
f 2Ann cos (n-N) dS = 0. 


In (5, 1) we have merely the field equations and coérdinate conditions and we 
show essentially that the codrdinate conditions may be replaced by the surface 
integral conditions® and the conditions (2, 9) (2, 10). The proof for the present 


* When singularities are absent (5, 2c’), (5, 2c’’) and also (5, 2e’), (5, 2e”’) are equivalent 
equations, but we include them all here in order to facilitate comparison with the situation 
which arises when singularities are present. 


| 
| 
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case is trivial. For we have already shown that (5, 1) implies (5, 2) and the 
converse follows at once from the following considerations. 
From (5, 2a) (5, 2b) and (5, 2c’) we have 


(Yooj0 — Yonjn)iss = — 2Aonjn = 0, 
and since there are no singularities and the y’s must be zero at infinity this 
gives 
Yooj0 — Yonin = O 


which is (5, 1c). The proof for Ymn is similar. 


6. Splitting of the Equations When Singularities Are Absent. In the first 
section we gave a prescription for separating the terms of each of the field 
equations into two well-defined groups. In this section we shall discuss the 
splitting of the gravitational equations according to powers of A and shall 
show why just this method of separation is implied by our method of approxi- : 
mation. 

It is necessary first to introduce certain notations. Consider the quantity 


(6, 1) 

When h,,.» is expanded in powers of \ we write 

(6, 2) ve Vhinn + + + + 
2 4 21 


where the numbers underneath the h’s on the right serve the double purpose of | | 
distinguishing between the different functions h on the right and of showing 
with what power of \ each is associated in the expansion. 

Now the fundamental assumption of our method of approximation requires 
that h,,, be a function of (Az’, 2’, 2’, x°) so that 


= 
Ox’ 
but 
Ohin 
= = 
ax° or 


In order to distinguish between ordinary differentiation with respect to (2°, Z, 
x’, x) and ordinary differentiation with respect to (7, x’, 2”, x*) we shall denote 
the latter by a comma followed by an appropriate suffix: 


Ohinn 
oh oh 
6, 4 mn|o = 
(6, 4) hnnto = Amn,o- 
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Thus Amn» Rmn,e ANd Amn,o are all of the same order, but hynjo belongs to a power 
of \ one higher. 
With this convention we may write the expansion of (6, 1) in the form 


4 2l 


Now, however, the number underneath each h on the right no longer indicates 
directly the power of \ with which it is associated. We therefore write a 1 
underneath each zero suffix following a comma for every h having a number 
underneath so that (6, 5) becomes 
2 1 4 1 21 1 

Thus now the sum of the numbers underneath each h gives the power of \ 
with which it is associated while the first of these numbers indicates the particu- 
lar function h we are considering. This notation is then consistent with the 
natural notation for a product of h’s. 

We consider now what happens when we introduce the power series expan- 
sions for the h’s in the equations (1, 27), (1, 28), (1, 29). On equating to zero 
the coefficients of the various powers of \ we shall obtain 


(6, 7) hoo, ss = 2Lw, 
21 21 


(6, 8) Ron, ss 2Lon; 
21+1 2l+1 

(6, 9) 2Linn- 
21 21 


The lowest h’s are hoo , hon , aNd hmn , and these will therefore be the quantities 
2 3 2 


determined in the first approximation. They correspond to 1 = 1 in the 
scheme of (6, 7) (6, 8) (6,9). Thus at any stage, say 1, the quantities to be 


determined are hoo , hon , Amn , and the quantities already known from the solu- 
21 21+1 21 


tions of the previous approximations are the h’s having lower numbers under- 
neath. 

But if we look at the forms of the L’s, as given in (1, 15), (1, 16), (1, 17) we 
see that at the stage 1 we have either quadratic terms or linear terms involving 
differentiations with respect to z°. The quadratic terms can only involve h’s 
of lower order than for J, and the linear terms may be written as 


(6, 10) hos,os = dhes.00 in Leo 


21-11 21-211 


(6, 11) none in Lon, 

21+1 

(6, 12) $hmn,00 Shom,on hon,om in 
21-2 11 2i-11 2l-11 21 


| 
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These are all known functions from the previous approximations. Thus the 


whole of Loo , Lon , Lmn for given | are known from the solutions of the previous 
21 21+1 2l 
approximations. This is the reason for the particular method of separation 


of the field equations into two parts described in 1. When the separation is 
made in this manner and the power series expansions are inserted for the h’s 
in (1, 27) (1, 28), (1, 29), for each power of ) the corresponding coefficients auto- 
matically group themselves into those quantities which enter for the first time 
with the approximation in question and those which are already known, at 
least in principle, from the previous approximations. ‘These two groups corre- 
spond exactly to the left and right hand sides of (1, 27), (1, 28), (1, 29). 

Before we can solve the approximation equations we must also split the 
coordinate conditions (1, 25), (1, 26), and the relations between the h’s and 
y’s according to powers of \. It turns out that we may take at each stage 


(6, 13) 7Y00,ss = 2Ao, Yon,ss = 2Aon, — Yorn = 0; 
21 21 21+1 21+1 st 1 21+1 
(6, 14) Ymn,ss = 2Amny = 0, 
21 21 21 


where the A’s are known because of the solutions of the previous approxi- 


mations. 
We may also split the alternative equations (5, 2) and use, instead, at each 


stage 


= Yon,ss = 2Aon Aon,n = 0, 
l 


21+1 214+1 214+1 
(6, 15) 
/ (2.0m cos (n-N) ds; 
| 214+1 


(6, 16) Ymn,ss = Rian = 0, ip cos (n-N) ds 0. 
21 21 21 

As in the case of the unsplit equations, the surface integral conditions are 

consequences of the others because of the absence of singularities, and the 

whole splitting actually presents no fundamental difficulties for this case. 


7. The General Theory When Singularities Are Present. The existence of 
singularities in the field introduces certain factors which make the theory de- 
veloped for the regular case inadequate. For, although the equations of the 
field are undefined at the singularities, their validity in the regular region is 
sufficient to determine the motion of these singularities. The slightest altera- 
tion in the position of a singularity amounts to an arbitrarily large alteration 
for a point near enough to the singularity, and we are therefore not permitted 
to make use of approximate expressions for the equations of motion in the 
development of our method of approximation. This fact leads to a new diff- 
culty, in the approximation method, which must be discussed more fully. 
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Let there be p particles producing the field. We may represent their posi- 


tions at any time by means of their spatial codrdinates £"(z), k=1,2,---,p. 
At these points the field will be singular, but we may enclose each of the singu- 
larities within a small surface,’ and then the region exterior to these p surfaces 
will be regular. 

Although the equations (5, 1), (5, 2) are undefined at the singularities, they 
have meaning in the regular region and we shall show that they can still be 
regarded as in some sense equivalent. The discussion can be divided into two 
parts, one dealing with the (a), (b) and (c) equations, which involve the suffix 
zero, and the other with the remaining equations having only spatial suffixes. 
We consider the latter. The essential structure of the (d) and (e) equations is 
preserved if we omit the suffix m and write for the total field 


(7, 1) (7, 2) 
(d) = 2A, (d) Yriss = 2A,; 
( ) 0 (e’) Anin = 0, 
‘. — (e”) f 2A, cos (n-N) dS = 0. 


The proof that (7, 1) implies (7, 2) has already been given in essence in 2. To 
prove the converse we first obtain from (7, 2d) 


(7, 3) Yninss = 


this being valid outside the surfaces enclosing the singularities. To solve this 
we make an analytic continuation of the functions A, into the interiors of 
these surfaces in such a way that A,\, is everywhere zero. This is certainly 
possible because of the validity of (7, 2e’’). So (7, 3) now becomes 


Yninss = 0 
which, being everywhere valid, has the unique solution 
= 0 


which is (7, le). 

Thus we have shown that if we make an analytic continuation of A, so that 
(7, 2e’) is valid everywhere, then (7, 1) and (7, 2) are equivalent outside the 
surfaces enclosing the singularities. 

It is clear from the proof that the result will hold for any surfaces enclosing 
the singularities. 

For the (a), (b) and (c) equations a similar proof can also be given. In this 
case it is necessary to make an analytic continuation of the quantities Ag and 


* Throughout the argument we assume that we are dealing with the situation at some 
definite time 7, allowing time to flow again only after the argument is concluded. 
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Aon in such a way that (5, 2c’) is valid everywhere, this being possible because 
of (5, 2c’). We omit the details of this part of the proof that (5, 1), (5, 2) may 
be considered as equivalent even where singularities are present and _ shall 
regard the proof as complete. 

To show the difficulty brought in by the use of our approximation method 
let us now consider only the equations (7, 2d), (7, 2e’) omitting the surface inte- 


gral (7, 2e’”). These equations determine the field in each of the approximation ( 
steps if the motions of the singularities are prescribed. The motion of the ( 
particles is then arbitrary as, for example, in the electrodynamical problem and 
the field is determined in each of the approximation steps by the equations ( 
Ya,ss = 2An 
21 (c 
Aan = 9. 
21 (e 
The contradiction is evident if we try to add to these equations the surface 
condition split according to our approximation method. We then have the Hi 
additional equation 
(7, 
(7, 4) J 2A, cos (n-N) = 0 W 
21 
eq 
where (k) on top of an integral sign means that the surface of integration en- len 
closes only the k-singularity. We have in (7, 4) an infinite set of equations eq 
k 
containing the functions £ and their time derivatives. These equations cannot 
be satisfied by the arbitrarily given : functions characterising the motion. -_ 
This also shows how the difficulty can be avoided. We have to consider — (d) 
instead of (5, 1) or (5, 2) a more general set of conditions governing the field 
which contains those equations as a particular case. Since it is the surface (e) 
integral conditions which cause the trouble we remove (5, 2c’’), (5, 2e’’) from 
the set (5, 2) and consider the significance of what remains. =e 
In making this generalisation we have, of course, gone beyond the gravita- (7, 
tional equations to others which contain them as a special case, and we must , 
now discuss what changes have been induced in (5, 1) by this generalisation. We 
Since the surface integrals are independent of the surfaces, their values will tinu 
be functions of the time alone through the é’s and their derivatives. There a ‘ 
is therefore no loss of generality if we denote these integrals taken over the p surf: 
surfaces enclosing the various singularities by theo 
1 ( k (7 1 
— 2Aon) cos dS = co(r), 
(7, 5) k It is 
1 k 18 
2Amn cos (n-N) dS = ¢,,(7). A, al 


inside 
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With this notation we shall now prove that the following two sets of equations 
(7, 6), (7, 7) are equivalent in a certain sense which will be explained in the 
course of the proof: 


(7, 6) (7, 7) 
(a) Y00|ss = 2Aoo, (a) YO|ss = 2Aoo 
(b) Yon|ss = 2Aon, (b) = 2Aon 
k 
(c) — ‘Yonin = {ow}: (c’) Aoojo — Aonjn = 0; 
(d) Ymn|ss = (d) Ymn|ss = 
k 
(e) Ymn|n = (e’) = 0. 


Here 7 is the “distance” from x” to the k-singularity : 


a8) 


We may introduce the surfaces enclosing the singularities as before and these 
equations will certainly have meaning outside them. The proof of their equiva- 
lence can here too be broken up into two parts and we shall only prove the 
equivalence for the (d) and (e) parts. Omitting the suffix m as before, we have 


(7, 9) (7, 10) 
(d) Yaiss = 2An (d) = 2An, 
(e) = -¥ (e’) Anin = 0, 
k=1 


with the notation 
k 
(7, 11) x | 2A, cos (n-N) dS = ¢(r). 


We begin by proving that (7, 10) implies (7, 9) under certain conditions of con- 
tinuation. It is no longer possible to make an analytic continuation of A, 
in such a way that (e’) is everywhere satisfied since this would imply that the 
surface integral is necessarily zero. In fact, from (7, 11) we see, by Gauss’ 
theorem, that the continuation must be such that 


1 . 1 k 
(7, 12) — | 2A,),dv=— | 2A, cos (n-N) dS = 
4r 4r 


It is simplest for our purposes to make the continuation in such a way that 
A, and Anjn are continuous at the surfaces, and that A,j, has a constant sign 
inside each surface and satisfies (7, 12). 
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Such a continuation is possible for any surfaces surrounding the singularities 
and can be made in such a way that when these surfaces shrink to zero size the 
function A,), goes over to a sum of Dirac 6-functions: 


(7, 13) — — 2) — 2). 


From (7, 10d) we have now 
Yninss = ZAnin 


so that 
1 2Anin(x’) 
(7, 14) Ynin(2) = -2 | r(a, dv 


where the integral is to be taken over the whole domain of x” and r(x, 2’) is the 
“distance” from x" to 2’": 


(7, 15) r(x, = — — 

Because of the validity of (7, 10e’) outside the surfaces we may write (7, 14) as 
iv 

(7, 16) Ynin(Z) = r(2, 


the integrals being taken only over the interiors of the surfaces. On shrinking 
these surfaces we may regard r(x, x’) as constants over the various domains 
of integration and write 


Ya\n(z) = ——- 2Anjn dv, 


and by (7, 12) this is 
Yaln = {eth 
which is (7, 9e) 


We have therefore shown that with the analytic continuation used above the 
equations (7, 10) imply the equations (7, 9) 
To prove the converse we form from (7, 9) the relation 


(7 17). (Ynls = 2A + > 


If we now form the surface integrals of the “normal” components of the two 
sides of this equation for each of the surfaces enclosing the singularities in turn, 
the left hand side will give zero, as explained in 2, and we shall have left 


/ 2A, cos (n-N) dS = -| {it} cos (n-N) dS 


= cos (n-N) dS = 
which is (7.11). 
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That the validity of (7, 10e’) for the regular region is contained in (7, 9) is 
trivial, and the equivalence of (7, 6d, e) and (7, 7d, e’) is therefore proved. 

The proof of the equivalence for the remaining equations of (7, 6), (7, 7) con- 
taining the suffix zero presents no essentially new problems and will be omitted. 

The whole point of our elaborate procedure in writing all the equations of 
the field in two equivalent forms is now clear since the present generalisation 
from (5, 1) to (7, 6) could not be made in a convincing manner without the 
aid of the parallelism with (5, 2) and (7, 7). 

Owing to the absence of the surface integral conditions in (7, 7), there is no 
longer any objection to the application of our method of approximation to the 
solution of this set of equations. The X’s will cause a splitting of the equa- 
tions just as before, except that the surface integral conditions will be absent. 
However, at each stage we may write 


(yoo on — 2! cos (n-N)dS = 


1 


(7, 18) 
cos (n-N) dS = 


and with this notation we have the result, in precisely the same manner as for 
(7, 6), (7, 7), that for each stage of the approximation the following sets of 
equations (7, 19), (7, 20) are equivalent: 


(7, 19) (7, 20) 
(a) Y00,ss = 2Aoo, (a) Y00,ss = 2Aoo; 
21 21 21 21 
(b) Yon,ss = 2Aon, (b) Yon,ss = 2Aon, 
21+1 21+1 214+1 21+1 


(c) — = (c’) Aoo,o Aon,n = 0; 


21+1 k=1 (2/+1 21 21+1 


(d) Ymn,ss = (d) Yunss = ZAmn; 
21 21 21 21 


(e) = (e’) = 0. 


21 k=1 (21 21 


In the actual solving of the equations it is simpler to work with the sets 
(7, 19) rather than with (7, 20). At each stage we have to solve equations of 
the type y,,. = 2A and in order to make the whole solution unambiguous we 
must impose the conditions that the field shall be Galilean at infinity and that 
no harmonic functions of higher type than simple poles may be added to the 
partial solutions except insofar as their addition is forced by the codrdinate 
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conditions (7, 19c), (7, 19e). Let us suppose we have been able to solve all ' 
the successive approximations. Then the quantities Co(r), Em(7) are given by ” 
the relations 
k k (7 
(7, 21) cor) = *e0(r), 
21+1 
k k 
(7, 22) Cm(t) = Dy 
l=1 2l 
Our solution will not in general be a solution of the gravitational equations (7, 
since (7, 6), (7,7) are more general than those equations. However, if we 
now put whe 
we 
7, 23) k k 
(7, = 0, Cn(t) = 0 the 
we impose such conditions on the motions of the singularities that our solu- 
tions will indeed become the solutions of the gravitational equations we are (8, : 
actually interested in. 
The differential equations (7, 23) for the é’s are really independent of X since enn 
they must be expressed in terms, not of the auxiliary time 7 but of the true 
time x’, and when this is done the }’s will be necessarily reabsorbed. 
In practice, of course, it is impossible to carry the computation beyond the 
first few stages. Let us suppose, then, that we have been able to solve the (8, 3 
successive approximations up to some stage 1 = q. Im this case, if we put 
(7, 24) = 0, = 0, 
l=1 21+1 21 
we shall obtain solutions of the gravitational equations correct to terms of the wher 
order (2g + 1), and the equations (7, 24) will give the approximate equations Fron 
of motion up to this order. , 
addit 
8. The Zero Codrdinate Condition. We show in this section that the solu- to fo 
tion of our equations can always be made in such a way that 
8, 4) 
(8, 1) co(r) = 0, 
21+1 
thus showing that the conditions (8, 5) 
(7, 21) Co(t) These 
l=1 21+1 
place no restriction on the motion of the singularities. This result is of signifi- 
cance because the conditions (7, 22) are alone sufficient to describe the motion si 
completely and any further condition, if not redundant, would cause an over- wey 
0 ¢ 


determination of the motion. 


4 
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We actually use (8, 1) as normalisation conditions for each stage of the 
approximation and they are essential for the uniqueness of the solution. 
The significant equations for the present argument are 


(7, 19a) Yo0,ss = 2Aoo, 
21 21 
(7, 19b) Yo0n,ss = 2Aon, 
21+1 2i+1 
(7, 19¢) 00,0 — Yonn = 
21+1 k=1 \21+1 


where the A’s are known from the solutions of the previous approximations, and 
we shall suppose that we have a solution of these equations. If we introduce 


k 
the quantities [(7) by means of the equation 
k k 
(8, 2) = Co(7), 
201 21+1 


we may write (7, 19c) in the form 


(8, 3) 


From (7, 19a), (7, 19b) we see that yoo and yon are arbitrary to the extent of 
21 2i+1 


additive harmonic functions and we may therefore add simple poles to them 
to form the new quantities 


k 
(8, 4) Yoo = Yo+ > {ty 
21 21 k=1 
PL 
(8, 5) Yon = Yon — 
21+1 21+1 k=1 (21 
These new y’s however, while still satisfying (7, 19a), (7, 19b) will be such that 
(8, 6) 00,0 Yon. = 
21 21+1 


Since the ¢’s now vanish, the surface integrals will also be zero and thus the 
zero codrdinate condition will not affect the motion. This theorem and our 
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previous results show us that the equations which must form the basis of the 
actual calculation of the field and the equations of motion of the singularities are: 


(8, 7a) 7Y00,ss = 2Aoo, 
21 2l 


(8, 7b) Y0n,ss = 2Aon 


21+1 21+1 


(8, 7Y00,0 — = 0; 
| 21+1 


(8, 7d) Ymn,ss = 
21 2l 
and 


21 


k=1 


with 
k 
(8, 8) / 2Amn cos (n-N) dS. 
21 
The approximate equations of motion for the stage 1 = q are given by 


(8, 9) > = 0. 


l=1 


II. APPLICATION OF THE GENERAL THEORY 


Note. In the first part of this paper we developed the general theory of a 
new method for solving the equations of gravitation by successive approxima- 
tion and for obtaining the equations of motion, in principle to any desired 
degree of accuracy. In the present part we deal with the actual application of 
this method, carrying the calculation to such a stage that the main deviation 
from the Newtonian laws of motion is determined. 

Unfortunately, as the work proceeds, the calculations become more and more 
extensive involving a great amount of technical detail which can have no 
intrinsic interest. To give all these calculations explicitly here would be quite 
impracticable and we are obliged to confine ourselves to stressing the general 
ideas of the work and merely announcing the actual results. For the con- 
venience of anyone who may be interested in the details of the caleulation, 
however, the entire computation of this part of our paper has been deposited 
with the Institute for Advanced Study so as to be available for reference." 


9. The Approximation! = 1. The approximation | = 0 is trivial, leading to 
the Galilean case, and we proceed at once to the next approximation | = 1. 


1° c/o Secretary of the School of Mathematics, [nstitute for Advanced Study, Princeton 
N. J. (U.S. A.), 
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Since the quantities Ago, Aon, and, A,» are all zero and, as explained in 3, 
2 3 2 


the Ymn are also zero, we have left from all the equations (8.7a),..., (8.7e), 
2 
merely 
(9.1) aaa = 0, 
(9.2) aa = 0, 
(9.3) Y00,0 — Yorn = 0. 
2 1 3 


The character of our whole solution will depend essentially upon the choice 
of the harmonic function we take as the solution of (9.1). We shall assume 
that the particles we are interested in have spherical symmetry and that the 
field is Galilean at infinity. In this case the solution of (9.1) is unique since 
each singularity in Yoo must now, by (9.1) be a simple pole. We therefore 


have for Yoo the solution 


where the p quantities m are independent of the spatial coérdinates x*, and 
can depend at most only on the time. 
From (9.2) we see that yon is also a harmonic function, and to determine it 
3 


more exactly we must use the coérdinate (9.3). From (9.3), (9.4) we have 


Yorn = Yoo = > —4m/r ,0 
3 


This equation can be solved without introducing new singularities only if 


k 
m= 0. In other words, the quantities m, which actually measure the masses 
of the point singularities, are necessarily constants. It is now evident that, 
under our general restricting conditions, yon is uniquely determined: 

3 


(0.5) 
3 k=1 


In all that follows we shall limit our considerations to the case of only two 
particles. This places no essential restriction on the results as far as the end 
of 15, their generalisation to p particles being trivial, and it permits a useful 
simplification of the rather inconvenient notation used for the general case. 


3 
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For the case of two particles we shall write: whe 


(a) —2m/r=¥,  —2m/r =x; (10. 
(9.6) (b) g=¥+x; Simi 
1 2 4 
() (10.2 
Our results (9.4), (9.5) may thus be written in the form (10.¢ 
(a) yo = 29 = 2p + 2x, 
(9.7) Ther 
(b) Yon = — — 2x5". 
From (1.18) we now also have 
(a) ho =e =¥+x (10.7 
(9.8) (b) hon = — 294" — 
(c) = bmn = + x). 
As 
This shows that the approximation | = 1 has a Newtonian character but, coor¢ 
owing to the vanishing of Cm , places no restriction on the motion. ; 
2 
(10.8 
10. Calculation of the A’s for 1 = 2. The first step in the calculation of the , © 
A’s for | = 2 is the determination of the h,, . 
Using the method explained in 4, we can calculate the expansions of the h” are tl 
to any desired degree of approximation. We find, for / = 1, 
(10.1) h” = = —¢, 
. 2 2 face i 
10.2 h” = hon = Yon; 
3 (ALL 
eed 2 2 Ac 
We next have to calculate for 1 = 2 the quantities 2, defined in (1.15), (1.16), of the 
(1.17). their 
In 2 Loo the linear terms give to the 
4 this i 
Sin 
Of the non-linear terms, only three can give a contribution. They are 
= (since ¢,,, = 0), 
2 2 18 
00 which 


contri 


—2 00, = 30.00.25 


| 
4 
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where [rs, p] are Christoffel symbols. Thus 
(10.4) = Y,00 Y,8P,s 


Similar but rather more tiresome calculations lead to the further results 


5 

(10.6) 2Lan = — + bmn ¥,00 — 209, mn — — 
4 


Therefore, by (1.30), ---, (1.35), we have 


b n,3s = 2A = Pie Yysn 3 
(10.7) (b) Yon, Non = — — 39.0%.n 


(c) Ymn,ss = 2Amn = and + 25 mn 209, mn 
4 


+ Bonn 


As explained in 7, 8, these equations (10.7), together with the corresponding 
coérdinate conditions 


(a) 0,0 — Yon.n = 0, 
5 


(08) () Yona = 


are the equations which determine the field in the next approximation. 


11. The Newtonian Equations of Motion. We must now evaluate the sur- 
face integrals 


k 
(11.1) Cm(r) = 2 2Amn cos (n-N) dS, k = 1,2. 
4 4 


According to the general theory of part I, these integrals will be independent 
of the particular shapes of the surfaces of integration since the divergences of 
their integrands must vanish on a consequence of the field equations belonging 
to the previous approximation. We shall show here by actual calculation that 
this is the case with the 2A,,, given in (10.7c). 

4 


Since yg and yon are harmonic functions, we have 
3 
= —7Y0n,0mn + 2¢ ,00m 
4 3 


which is zero, as can easily be seen from (9.3) and (9.7a). 
In the actual calculation of the surface integrals we evaluate the separate 
contributions of the different terms in 2A,,. Since the value of a whole 
4 


| | 
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integral is independent of the shape of its surface of integration, by taking this 


surface to be of finite size and always a finite distance from its singularity, we oe 
see that the whole integral cannot be infinite. Now the individual terms of 
2Amn have not the property that their divergences vanish, and so we must (11. 
4 
fix the surfaces of integration quite definitely before we begin the calculations, The 
It is most convenient to take definite, infinitesimally small spheres whose tion 
centers are at the singularities, but in this case infinities of the types 
Lim const./r’, n @ positive integer, 
We 
can occur in the values of the partial integrals. Since these must cancel, how- ; 
ever, in the final result, we may merely ignore them throughout the calculation (2° - 
of the surface integrals. 
We shall consider the integral taken around the first singularity. Owing to 
the infinitesimal size of the surface of integration, the only terms which can 
give results different from zero or infinity are those of the order of (1/2). 
The first term in 2A,» iS —Yom,on, and, by (8.7b), this may be written as Ther 
4 3 
= — Winey + = +> 
The only term we need consider is the second, and so we have (11.7 
1 1 [' 
/ (—Yon.0) cos (n-N) dS = — / cos(n-N) dS 
3 4a | and | 
1 . 14 
(11.8 
= (shor) [ {ures = 
whic 
In a similar manner we find that (—¢% 
1 [' In 
(11.3) | ) cos (n-N) dS = main 
The fourth term, (—2¢, ¢, mn) , requires slightly different treatment. The only 
part that can be of interest is 
— mn x 
(11.9 


and in order to evaluate the corresponding contribution to the surface integral 
we must expand x as a power series in the neighborhood of the first singularity, 
writing 


(11.4) Hence 
where : 

(11.1 
(11.5) X = x(n"), X,s = x,s(n"), ete. 


al 
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Introducing this expansion for x we see that the only term in the integrand 
which can give a finite result is 


(11.6) — WW, mn(x* n 
The determination of the surface integral of this term depends on the calcula- 


tion of 


— 9°) cos (n-N) dS. 
We have 
(x* — n°) cos (n/N) 


= — — 
Therefore 


— n°) cos (n-N) dS = (x* — — n")/r*dS 
(11.7) 


4m 


3 Sms y 


and so the surface integral of the term (11.6) is 


1 


(11.8) +o 


which is thus also the value of the surface integral for the whole of the term 
(—¢¢, mn): 

In a somewhat similar way we obtain, for the surface integrals of the re- 
maining terms, the values 


1 


4m. 


(11.9) 4 
—P,mP,n 


— 
Hence we have 


(11.10) en(r) cos (n-N) dS = + 3Xn}. 


4a 


| - 
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Let us assume for the moment that we are not going any further with the 


the 
approximation. In this case our approximate equations of motion would be on 
of the form appe 
(11.11) + 3X.m} = 0 the 
for each particle. It is of interest to note that this form of the equations of obta 
motion is actually independent of the variables z*. For we have, by (11.5), hn 
(9.6), 

ions 
11.12 2 2 
= = —2in/P me 
e 
For our present argument we may take x as any function of 7. Equations othe: 
(11.12) show that to form x,, we must first differentiate x with respect to 2’ af a 
and then replace z* by 7°. But the result will be the same if we first replace 
x by n° and later differentiate with respect either to n° or to (—¢°). Thus 12. 
an mine 
where r denotes the “distance” between n° and ¢°: .~ 
r¢ 
(11.14) — — 
We can therefore think of our equations of motion as involving the differentia (12.1 
tion of functions depending only on the positions of the singularities, as is 7 
characteristic of theories based on the concept of action at a distance. 3 where 
Writing (11.11) more explicitly in vector notation as ! mm in ace 
throu 
(11.15) he ninec 
we see that (11.11) gives precisely the Newtonian law of motion.” : (12.2) 
We have therefore obtained the Newtonian equations of motion from the 
field equations alone, without extra assumption such as was hitherto believed 
to be necessary and was supplied by the law of geodetic lines, or by a special The 
choice of an energy impulse tensor. its cer 
From the above derivation of the Newtonian equations of motion, the general find, a 
mechanism becomes apparent by which the Lorentz equations for the motion (12.3) 
of electric particles can be obtained. In this case we have to consider the ; 
gravitational equations in which the Maxwell energy-momentum tensor appeals Simila 
on the right, and also the Maxwell field equations, and treat the whole set | By. finc 
equations by our approximation method. It is necessary, now, to give each 
singularity an electric charge e in addition to its mass m. We may safely (12.4) 
ignore the contribution arising from the products of gravitational potentials i — 


11 Equation (11.11) and (11.15) are written in terms of the auxiliary time and the auxiliary 
masses. We shall return to this point in 17. 


i 
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the new field equations. For this omission has the effect of destroying the 
second term of (11.11), while the inclusion of the Maxwell tensor leads to the 
appearance, on the right of (11.11), of*a corresponding surface integral giving 
the electrostatic force acting on the particle. In the next approximation we 
obtain the full Lorentz force together with the relativistic correction to the mass. 

So long as we are dealing with singularities, we have no basis within the 
theory for excluding negative masses; in other words, for excluding gravita- 
tional repulsions between particles. If, however, we decide always to take mass 
positive, then the sign with which the Maxwell energy-momentum tensor enters 
the field equations determines whether like charges shall attract or repel each 
other. This also reveals the limitations of any theory based upon the existence 
of singularities. 


12. Normalisation of yoo. The value of yo determined from (10.7a) is 
4 4 


arbitrary to within an added harmonic function, and this function is to be deter- 

mined from the relations (8.4), (8.2), together with our basic requirement that 

higher harmonic functions than simple poles are, as far as possible, to be avoided. 
From (10.7a) and the fact that ¢ is harmonic, we have at once 


(12.1) yo = + + Box, 


| where we have written the additive functions of (8.4) in a different form more 
in accordance with our present notation, ao , Bo being functions of 7 alone 
® through y and ¢ and their derivatives. The quantities aco , Bo can be deter- 
#) mined from the condition that 


(12.2) / {0 cos (n-N) dS = 0. 
4a 4 1 


The value of ao is found by taking this integral over a small sphere having 
its center at the first singularity, and from calculations similar to those of 3, we 
find, after making use of the equations of motion of the first order: 


(12.3) = + 3X}. 


Similarly, by integrating over a small sphere around the second singularity, 
we find 


Bo = + aH}, 
where 
x(n’), 


¥("). 


(12.5) 


| 
| 
4 
3 
4 
4 
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These results show clearly the physical significance of the particular normalisa- 


tion required by the conditions (8.4), (8.2). For we now have 


(12.6) + {(1 + am) + (1 + Boo) 2x — 2’ go}, 


and we see from (12.3), (12.4) that m(1 + 4) a00), m(1 + 4A7Bw) involve the 
first relativistic corrections to the masses. 


The calculations up to this stage correspond to those of Droste, De Sitter, and 
Levi-Civita, cited in the introduction. 


13. Solution of the Field Equations for 1 = 2. Since our ultimate aim is to 
determine the equations of motion up to the next approximation, we are in- 
terested only in those expressions which give a contribution to the corresponding 
surface integrals. We shall state dogmatically what is needed for these calcula- 
tions for the justification of our statement can not be given without exposing the 
details of our actual calculation. 

1. The calculation of Yn and Yom in the neighborhood of the singularities. 


We do not need to care in ymn about those terms which do not go to infinity 
4 


ifr > 0. 
2. The calculation of y,, in the whole space. 
4 
The expression 2A, in (10, 7) can be divided into two parts, one containing 


the linear terms together with all other terms not involving interactions between 
the two particles, and the other containing all the interaction terms. We 
denote these two groups of terms respectively by Xmn and Ymn. The integra- 
tion of the equations 


(13.1) a = Xmn 
4 


presents no difficulties, but the equations 


(13.2) 


cannot, apparently, be integrated in an elementary manner and we are obliged 
to introduce a simplification. Since we need to know the values of Ymn mainly 
4 


in order to evaluate the surface integrals c, about, say, the first particle, we may 
6 


introduce power series expansions for x in the neighborhood of this point and 
so obtain a solution for yn. which is also in the form of such an expansion. 
4 


( 
a 
( 
| 
Ww 
Or 
of 
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We find, actually, from (13.1), (13.2), the following expressions for y., and Yin! 
4 4 


Ynn = — + — — — 10 


(13.3) + — + — — 0 

+P 
and 
(13.4) Yn = n")X; 


where we have included in (13.4) only those terms which ultimately have im- 
portance for the evaluation of the surface integrals - 
6 
The value of Ymn is given by 
4 


(13.5) = Ymn + + 
4 4 4 


where @mn is a function of time to be determined from the coérdinate conditions 
In a similar way, we may calculate the values of yo, in two parts. We find, 
5 


on including only relevant terms for the surface integrals Cm , in the integrands 
6 


of which yo, enters only linearly, 
5 


The value of Yon is given by 


(13.8) Yon = Yon + Yon + aon, 
5 5 5 


— a, is a function of time to be determined from the normalisation con- 
ition. 


It remains only to calculate y,, in the whole space. From (10.7c) we have 
4 


(13.9) 


= 2¢,00 + 


he 
nd 
to 
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therefore 


(13.10) = — 2mr oo + + ap + Bx 
4 


where a and @ are functions of time to be determined in such a way that ,, 


in (13.10) would agree with y,, determined from (13.5) near to the singularities. 
4 


14. Determination of a,,, and ao,. In order to find amn, aon from the condi- 


tions (8.7e), (8.7c) we must make use of the values of Cm found in 3. The 
4 


result is up to the desired order 


Ann = 9" + dmnX} 


(14.1) 


and 


(14.2) aon = — + — XE. 


Finally from our last remark in 13 follows: 


(14.3) a= We B= 


15. Calculation of Am» . 
6 


i we may assume that c,, is zero, as we shall now show. 
4 


In the calculation of A». for our present purposes, 
6 


After we have evaluated the surface integrals c,, , we may write the approxi- 
6 


mate equations of motion in the form 


(15.1) + = 0. 
4 6 


But this shows that when the motion is in accordance with (15.1) the quantities 
Nm and "Cm will be of the same order of magnitude. It is evident, however, 


that Men can enter \°An» only in combination with a quantity of the type 
6 


r’O. It will therefore enter only in terms which actually belong to the order 


\° or higher, and since we do not propose to go beyond the order A’ in the calew- 
lation of the equations of motion, we may neglect all terms in Amn in which ¢s 
6 4 


| appears. Even if we make use of this fact, however, the calculations are still 
| quite tedious, and there are actually forty-one different types of term in the 
expansion Of We find: 
6 
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2Amn = —Yom,0n — Yon,0m + 5mn Y00,00 + Ymn,00 — PY00,mn — PYss,mn — Y,mn YOO 
6 5 5 4 4 4 4 4 
+ + — bmn 20,2 Ymn.s + Yms,n 
4 4 


+ mn Yrr.s + Y00,s — Y0sY0n,ms — Y0s YOm,ns + 270s Yos,mn 
(15 2) 4 4 3 3 3 3 3 3 


+ £5mnV0s,r Yor,s “ad $8 mn + Y0s,m Y0s,n + Yom,s YOns — YOm 

3 3 3 3 3 3 3 3 3 


+ + 55 mn 
The condition that Amn,» must be zero affords a valuable test of the correct- 
6 
ness of the above formula. We have worked out the divergence of the Amn 
6 
given in (15.2) and have found that it does indeed vanish. 
16. The Surface integrals for 1 = 3. In order to find the principal deviation 


from the Newtonian laws of motion, all that essentially remains is to calculate 
the values of the surface integrals cn. To do this we must first insert in (15.2) 
6 


the values previously found for Yoo , Ymn aNd Yon and then it is a matter of calcu- 
4d 4 5 


lating the contributions of the resulting terms one by one and adding the 
expressions obtained. The general technique is similar to that used in 11 for 
the evaluation of c,, but considerably more complicated. 


4 
On making use of our right to take c, to be zero, we may express the result 
4 
in the form 


1 1 
= 2 Amn cos (n-N) dS 
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17. The Main Deviation from the Newtonian Equations of Motion. In order 
to obtain the equations of motion belonging to this stage of our approximation, 


we must write 
(17.1) + k =1,2 
4 6 


and then must reabsorb the )’s by going over to the old time 2° instead of the 
auxiliary time + = \2° and by introducing a corresponding change in mass 
from m to M, where M = \’m. There will be no confusion if we keep the old 
notation for the new quantities so that now — = dé/dx° instead of dé/dr, and 
m is written for the new mass M. And with this convention we may write 
the equations of motion (17.1), by means of (11.10) and (16.1), in the form 


a(1/r) 2 8.8 m m 


(17.2) 


The equations of motion for the other particle are obtained by replacing m, mh, 


n, by m, m, 0. 
These equations, giving the relativistic motion of two massive gravitating 
bodies, constitute the main result of our calculations from the point of view of 


practical application. 
These equations have since been integrated by H. P. Robertson, whose results 
are given in the following note on “The Two Body Problem in General Rel- 


ativity,” Math. Ann. 39, p. 101 (1938). 


We should like to thank Professor Robertson for the very kind interest he 
took in this problem and for his help. 
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ANNALS OF MATHEMATICS 
Vol, 39, No. 1, January, 1938 


NOTE ON THE PRECEDING PAPER: THE TWO BODY PROBLEM IN 
GENERAL RELATIVITY 


By H. P. Rosertson 
(Received October 30, 1937) 


In the preceding paper Einstein, Infeld and Hoffmann’ have developed a 
most ingenious and useful method for obtaining, by successive approximations, 
the gravitational field and equations of motion of n bodies in the general theory 
of relativity. They have carried out the derivation to that order which leads, 
in the well known solution of the one body problem, to the perihelion advance 
of an infinitesimal planet, and have given explicitly the equations of motion 
for the case of two bodies of comparable masses.” It is the purpose of this 
note to integrate these latter equations, to the same approximation, emphasizing 
the effects on the orbit of a double star of possible astronomical interest. 

Their equations of motion (17.2) differ from the classical equations of the 
two body problem by the appearance on the right of the specifically relativistic 
terms, of order m/r compared with those on the left. It is therefore expedient 
to introduce in-place of the coordinates 7, , ¢, the six variables 


(1) On = + /M, & = — Se; 


where M is the sum of the two masses m; we follow the classical terminology in 
referring to these as the coordinates of the center of gravity and of the relative 
orbit, respectively. Now to the approximation to which the equations (17.2) 
are valid, it suffices to replace the 7, , &, in all terms on the right by their ex- 
pressions in terms of the classical approximation a, = an, & = 2, on which 
the relativistic solution is to be based. We take without further ado as this 
classical solution the elliptic motion defined by 


a, = 0, %1 = COS = rsin wv, = 0, 


(2) 


u=r' =p [1 + ecos (w — 
the angular momentum and energy integrals are then given by 


2 
(3) L=rw=(Mp)’, Da? 


and enable us to express the squares of the relative velocity v and its radial 
component 7 as simple polynomials in u. 

‘Ann. Math. 39, p. 65 (1938). I am indebted to these authors for the opportunity of 


seeing their paper in manuscript, and for stimulating discussions. 
? Op. cit., eqs. (17.2). 
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We are now in a position to determine the equations of motion for a, , & , 
in a form suitable for integration, from the appropriate linear combinations of 


the equations (17.2) for ., f,. Replacing 
nm by by —me,/M, 
in all terms on the right, and expressing v’, 7 in terms of u with the aid of the 
integrals (3), we are led to the equations 
(4) Gin = Atn + Bin, + = Can + Din, 
in which p’ = S£° and the coefficients are the scalar functions 


12 
mnom 3 
A oMa (1 — 4au + 3apu’), 


1 
(5) B= where 6m =m — m, 


= M2, 71 + 14, Blan — (0, 


D = —M[4,6]u, where M°[k,l] = kn? + lnm + km’. 

It is clear from (4) that the relative orbit is again plane in the &space—for 
the 2, , 2, on the right may be replaced by & , ~,—and we may therefore take 
(6) as = 0, & = 0 
by a suitable small change of coordinates, without affecting the classical ap- 
proximation (2). The quantities 


‘ 
(7) A = — E= + &) 
then satisfy the equations 
d 
(8) = D(xi%2 — 22%), = Cri + Dv’; 


with the aid of (3), (5) these equations may immediately be integrated, yielding 
@) A = L(1 — Muf4, 6)), 
E = E{1 — Mu((6, 5] — [10, 15}au + [0, lapu’). 


The differential equation of the orbit, in terms of the polar coordinates p, 4 
in the £, & plane, is found by eliminating dt between the two integrals (9); 
on differentiating the resulting first order equation we obtain the more cot- 
venient linear differential equation 


dv 
(10) +v= (2, 7] — [12, 18]au — [0, Slap}, 


where v = 1/p. The polar equation of the relative orbit is then readily found 
by integrating (10) after replacing u by its expression (2) in terms of the angle 
w = 6, and the time ¢ at which the first mass is at a definite position 6 in the 
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orbit can subsequently be obtained from the angular momentum integral by a 
quadrature. 

The integrated form of the equations of motion could thus be obtained pre- 
cisely to the order in question; however, the periodic terms due to the rela- 
tivistie correction would scarcely be of astronomical interest, as they are still 
of the relative order m/p (~ 10~° for a double star with mass comparable with 
that of the Sun, and a separation of one astronomical unit). We therefore 
determine explicitly only the secular perturbations of the velocity a, of the 
center of gravity and of the elements p, a, w of the orbit—i.e., only the cumula- 
tive terms, which increase linearly with the time. For the velocity &, of the 
center of gravity this term is obtained from the temporal mean 


over a period of the classical motion, of the acceleration @,. It is seen by in- 
spection of the expressions (4), (5) that the only component of the accelera- 
tion which could contribute to a secular change in the velocity is that in the 
direction of the line of apsides; it further follows by direct integration of (11) 
that the various terms resulting from this component exactly cancel in the mean. 
A simple analysis of the “distance” of this center of gravity from a distant 
observer shows that this coordinate acceleration @, is the same, to within 
periodic terms, as that which the observer would infer by the usual astronomical 
methods, and we may therefore conclude that the velocity of the center of 
gravity of a double star should show no secular change, of the order in ques- 
tion, due to this relativistic effect. 
This result is to be contrasted with the surprising one obtained by Levi- 
Civita,’ who finds a residual term 


€ 
2Mai pi 


in the acceleration in the direction of the periastron of the principal component 
of the double star. The discrepancy between the two results is presumably to 


| be traced to the derivation of the equations of motion; a change in the numerical 


coefficients of the various terms on the right (in particular, of the interaction 
term referred to in the footnote above) will in general lead to an average ac- 
celeration of the above form. Such a result would be of considerable astro- 
nomical interest, as it would cause the double star as a whole to describe an 


_* Am. Journ. Math. 69, p. 225 (1937). Also with the similar result implied by the equa- 
hons of motion obtained by de Sitter (M. N. 77, p. 162 [1916]; on taking these equations 
= the more readily comparable form given by J. Chazy (La théorie de la relativité et la 
mécanique céleste, t. 2, p. 177 [Gauthier-Villars, Paris, 1930]), they are found to lead to a 
mean acceleration five times as large as that obtained by Levi-Civita, and in the opposite 
direction. It may be of interest to note that Chazy’s equations differ from (17.2) only in 
the absence of the fifth term on the right—an interaction term depending on the product 


: = two masses which is, as I am informed by Dr. Infeld, the term most difficult to 
etermine. 
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approximately circular orbit, whose radius would be of the order a’ /m—which 
might amount to as much as a hundred parsecs! 

We turn next to the relative orbit. It is seen immediately from (3), (9) 
that the parameter p and the semi-major axis a suffer no secular change; the 
shape of the orbit suffers no progressive change to this order. These results 
are also evident from the fact that the equations of motion to this order are 
indifferent to a change in sign of the time ¢; in particular, a secular change 
in a would imply a continuous loss of energy—compare the remarks at the 
beginning of the preceding paper concerning the radiation of energy in the form 
of gravitational waves. 

Finally, we examine the equation of the orbit (10) with reference to the 
secular change in the longitude w of periastron. Now the only relativistic 
term on the right of (10) which could lead to such an effect is the resonance 
term involving cos (@ — w), for the others are either constants or contain 
cos 2(@ — w), and can only lead to perturbations of the order M/r. The equa- 


tion of the orbit may therefore be taken as 

1 6Me 
(12) ak + @- 
on collecting the resonance terms arising from u and uw’. The integral of this 
equation may be written, to terms of the same order, in the form 


(13) v=p =p [1+ecos(@—w — bw)], 
where dw = 3M ine. g.s. units), 
p cp 


It is to be noted that this is precisely the perihelion advance, predicted in the 
one body problem, of an infinitesimal planet in the field of a star of mass M: 

In summary, to this order the orbit of a double star in general relativity 
differs, in its secular behavior, from the classical orbit only in an advance of 
periastron equal to that which an infinitesimal planet, describing the same 
relative orbit, would undergo in the field of a star whose mass is the sum of 
those of the two components of the double star. The relative orbit is “plane,” 
and its shape suffers only periodic perturbations of the negligible order M/r. 
It is to be noted, however, that we are here dealing with ideal spherically syn- 
metric bodies, and that these results can accordingly be compared with observa 
tion only on allowing for possible oblateness or tidal effects of the one com- 


ponent on the other. 


PRINCETON UNIVERSITY. 


‘In agreement with the result obtained by Levi-Civita, op. cit., p. 230. The corre 
sponding result on the de Sitter treatment, as computed from Chazy’s equations, is the 
above multiplied by the factor 1 + [0, 5/3]—and is, incidentally, the same as that al 
nounced by Levi-Civita in a preliminary report on his work at the Harvard Tercentena’y 


Conference in September, 1936. 
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FINITE APPROXIMATIONS TO LIE GROUPS 
By A. M. Turine 
(Received April 28, 1937; revised September 29, 1937) 


A certain sense in which a finite group may be said to approximate the struc- 
ture of a metrical group will be discussed. On account of Jordan’s theorem on 
finite groups of linear transformations’ it is clear that we cannot hope to ap- 
proximate a general Lie group with finite subgroups. I shall show that we 
cannot approximate even with groups which are ‘approximately subgroups’: 
in fact the only approximable Lie groups are the compact Abelian groups. 
The key to the situation is again afforded by Jordan’s theorem, but it is not 
immediately applicable. It is necessary to find representations of the approxi- 
mating groups whose degree depends only on the group approximated. 


Approximability of metrical groups. Suppose G is a group with a metric D 
invariant under left transformations i.e. D(ax, ay) = D(z, y) for all z, y, a 
of G. Let H, be a finite subset of G in which is defined a second product with 
respect to which it forms a group (if a and b are in H, their product as elements 
of G will be written ab; the product of them as elements of H, will be written 
ab, the inverse of a as an element of H, is written [a] and the identities of G 
and H, are written e, e.), and suppose each element z of G is within distance 
of an element r(x) of H,., and for each a, b of H, D(ab, ab) > «. Then H, 
will be said to be an e-approximation to G. 

A group is said to be approximable if it has an «approximation for each ¢ > 0. 

Immediately from the definition we see that an approximable group is totally 
bounded i.e. conditionally compact. It is therefore possible to find a metric 
which is both left and right invariant and equivalent to the given metric, in the 
sense that the class of open sets is the same for either metric. In future there- 
fore we shall suppose that our metric is both ways invariant, and we shail denote 
the distance between x and y by D(z, y). 

It has been shown by J. v. Neumann” that with a conditionally compact 


' This theorem states that a finite group of linear transformations has an Abelian self 
— subgroup whose index does not exceed a certain bound depending only on the 

egree, 

. J. v. Neumann, Zum Haarschen Mass in topologischen Gruppen, Compositio Mathe- 
matica, vol. 1 (1934) pp. 106-114; or alternatively, J. v. Neumann, Almost periodic func- 
lions in a group, Transactions of the American Mathematical Society, vol. 36 (1934) pp. 
445-492, (remember that every continuous function in a conditionally compact group is 


5 *p.). If the reader prefers to restrict the group in some way and use some other mean 


he has only to verify the inequality (1). 
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group we can define a mean for each continuous (complex-valued) function in 


the group, in such a way that (denoting the mean of f(x) by f f(x) dz) 


I (f(z) + g(x)) dx = [ f(a) dx + I g(x) dx 


[ Hea) dz = dx = [1 dx 


and so that if « > 0 (and f(z) is continuous), then there is a finite set of elements 
a, @,--- ,@y of G such that 


ay) — ae 


i=1 


Before proceeding to the proofs of our main theorems we shall establish 
some elementary inequalities following immediately from our definition. Sup- 
pose the function r(x) belongs to an ¢-approximation H, to G, then 

D(r(x)or(y), zy) D(r(x)or(y), r(z)r(y)) + D(r(z)ry), zry)) 
+ D(zr(y), zy) < 3 


and for any a, c of H, 
(3) D(coa{e]*, cac*) < 4e 


for 


cac*) < cac*) + 2c 
= e) + 2e 
< [clo’c) + , e) + 2e 
Die. , e) + 3e 
= &) + 3« 
S D(ewe. , + 4€ = 4e. 


THEOREM 1. Let G be an approximable group with a true continuous repre- 
sentation by matrices of degree n. Then it may be approximated by finite groups 


with true representations of the same degree n. 
Lemma. If H, is an y-approximation (of order h,) to the group G and if fic) 


is a continuous function in G such that 
| f(z) — f(x’)| < A when D(z, 2’) <7 


then 


naeH, 


lA 


2A. 
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in We put 
1 
> f@ =B 
G naeHy 
then given « > O there are a, a2, --- ,@y such that 
i< | 
for each element z of G. If in (5) we successively put x equal to each member 
nts of H, and combine the resulting inequalities we obtain 
1 N 
n i=lceH, 
but D(ca; , cor(a;)) < 2n, so that | f(cai) — f(cor(a;)) | < 2A and therefore 
alish 
Sup- (6) ae Dd — A | <e+ 2A. 
N. h, i=l ceHy 
However 
1 
< flcor(a)) = B 
n ceéeH, 
so that (6) yields (4) since e was arbitrary. 

PRooF OF THE THEOREM. Without loss of generality we may suppose that 
the given representation of G does not contain any irreducible component more 
than once. Let x(x) be the character of the representation. This function 
will satisfy 
(8) x(x) = x(cxc™) 

(9) |x(z)| Sn 

and since it is the character of a true representation 
repre x(x) ¥ xe) =n if xr 
jroups 


Let e > 0. Then for some a, 1 > a > 0, | x(x) — n| > awhen D(z, ¢) 2 te. 
if fd Now let 7 be so chosen that ¢/16 > 7 > 0 and 


(10) | x(x) — x(x") | < when D(z, 2’) < 
(11) | x(ay)x(y) — x(ay’)x(y’) | < a/(50n) all a, when D(y, y’) < 2n 


and take a corresponding y-approximation H,. If we put 


(12) = DX x(coaolel’) 


nceH, 


1 
We 
“ag 
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then 
(13) | pla) x(@)| | xlcoaolel) — xleae™)| < 


hy cen 


for D(coalc]', cac’) < 4n by (3) and therefore each summand is less than 
a/(50n’). We have 


DX — x(a) 


beHy 
+5 (x(aob) 


Applying the lemma to x(ay)x(y) and making use of (11) we have 
2a 
x(ab)x(b) — [ x(ay)x(y) ay < 
and from (9), (10) we obtain 
1 a 
Finally 


(y(aob)e(b) — x(a0b)x@)) 


beHy 


(14) 


x(ab)x(b) — [ x(ay) dy), 


hy ven, 


(15) 


(17) | (e(aob) — | + | — x(b))x(ab) | 


2a 
< 


by (9) and (13). Combining (14), (15), (16), (17), 


(18) LX x(@| < 


Now ¢(a) = ¢(coao[c]’) for each a, c of H,. This function is therefore ex- 


pressible as a sum of characters (2 
M 
g(a) = 
x(a), --- , x(a) being the characters of the different irreducible repre- Th 
] sentations of H,. From the general theory of representations 


n beH, 


| 
| 
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(19) therefore becomes 
| 
(A) a 
— Ux (| 
Squaring each side of this inequality and summing over H,, 


hy t=10€H, 64n2" 
If we define (a) by 
YD x%@ 


it will satisfy 
and 
— o@) = Min |1 — 
(21) M 2 


We now wish to infer from the inequality (21) that the functions g(a) and 
é(a) differ only slightly at each point of H,. This is possible on account of the 
relations (19), (20). 


(22) eH, beH, 


a 1 
+n) = 5% 


since | £(b) | S$ n and | y(b) | S n for each b of H,. Now combine (18), (20), 
(22), and we have 


— x(a) | <a 


This implies that £(e,) = x(e) = n and that if D(a, e) = fe then (a) ¥ x(e) = 


4 &(¢). (a) = &(e,) only for elements of a certain self-conjugate subgroup N 
9 cntirely contained within distance te of the identity of G. The factor group 


has a true representation of degree n, and I shall show that it can be taken as a 


an 
2 
| 
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approximation to G. We choose an element in each coset of N as a repre. 
sentative of that coset and define the function v(a) (a in H,) to be the repre- 
sentative of the coset in which a lies. The totality of elements v(a) we call K. 
Putting v(a) ® v(b) = v(aob), K forms a group with respect to the product @,. 
For each a of H, there is an element m of N for which v(a) = aom and therefore 


D(a, v(a)) S$ D(a, am) + D(am, apm) < fe + 7. 
Consequently if we put R(x) = v(r(x)) we have 


D(R(x), x) Dv(r(2)), r@)) + < Geta ta<e 


and 
D(v(a) ® v(b), v(a)v(b)) S D(v(aob), aob) + D(aob, ab) + D(ab, v(a)v(b)) 
< + +1 


which shows that K is an e-approximation to G. 

THEorEM 2. An approximable Lie group is compact and Abelian. 

Lemma. A closed subgroup of a connected group cannot have a finite index 
greater than 1. 

Suppose H is a closed subgroup of G and has index 7, 1 <i < o. Then 
G — H is not void and is closed, being the sum of a finite number of closed sets, 
the cosets of H. G is the sum of two closed disjoint sets neither of which is 
void, and therefore is not connected. 

If G is a compact Lie group it cannot have a closed subgroup of positive 
measure different from the whole group. 

PROOF OF THE THEOREM. An approximable Lie group is complete and condi- 
tionally compact, i.e. it is compact, and is therefore a group of linear trans- 
formations,’ of degree n say. By theorem 1 we can approximate it by finite 
groups H, of linear transformations of degree n. But by Jordan’s theorem’ 
each finite group of linear transformations has an Abelian subgroup whose 
index does not exceed a certain bound Z(n) depending only on the degree. Let 
A, be this Abelian subgroup in H,. Then there is a finite number ¢, , ¢2 , «++ ¢v 
(N < Z(n)) of elements of H, such that every element of H, is of the form cat 
where aisin A,. For any z of G we have 


D(z, r(x)) < 


r(x) = cna,aeA.,isN 


D(cwoa, c;a) 


*J. v. Neumann, Die Einfihrung analytischer Parameter in topologischen Gruppe 
Annals of Mathematics, vol. 34 (1933), pp. 170-190. 
* A. Speiser, Theorie der Gruppen von endlicher Ordnung, (Berlin 1927) 2nd ed., p. 215. 
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Hence every element of G is of the form c;ad where d is within distance 2e of 
the identity of G andi < N. The points ad must therefore form a set E, of 
measure 1/Z(n) at least. Now put x = ady = a’d’: 


D(xy, yx) = D(ada’d’, a’d’ad) 
(23) < 2D(d, d’) + D(aa’, asa) + D(aa’, aa’) + D(aia, a’a) 
< Ge. 


In the product group G X G we have therefore a set E, X E, of pairs (x, y) 

of measure 1/(Z(n))’ at least, in which D(zy, yz) < 6e. Now take a sequence 

¢; tending to 0, and put F; = > E., X E., E = [J F;. Foreachi s N, 


mF; = X 
) 
Then mE = 1/(Z(n))’ since the F; are a decreasing sequence. If (x, y) « E then 
for each 7, (a, y)e Fi, ie. reH#.;, ye E.; for some j = i. Then by (23), 
D(xy, yx) < 6e; S 6; : but 7 was arbitrary so that D(zy, yr) = 0, zy = yz. 
Now let Nz be the set of those y for which zy = yz, i.e. the normaliser of z. 
Then 


mN,dxz = mE = 
Zin 

Consequently mN, > 0 in an z-set of positive measure. But if mN, > 0we have 
N. = G@ by the lemma, for N, is certainly closed. This shows that the centre 


of G is of positive measure, and again applying the lemma we see that G is 
Abelian. 


PRINCETON UNIVERSITY. 
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LATTICES AND TOPOLOGICAL SPACES 
By Henry WALLMAN 
(Received July 31, 1937) 


It is a classical result of topology that the homology theory of a geometrical 
polyhedron is determined by the abstract complex associated with any tri- 
angulation of the polyhedron. The abstract complex, of course, is abstractly 
simpler than the polyhedron. This is a first instance of the fact that although 
topological invariants are attached to spaces, the invariants may actually be 
determined by structures which are axiomatically simpler than the spaces 
themselves. Guided by this principle we prove in this paper that the homology 
theory of very general spaces (T -spaces in fact) is determined by the distributive 
lattice of the closed sets of the space. 

Suppose a topological invariant J of a general space R is shown to be ite 
mined by a system L associated with R which is of simpler structure than R 
itself. Since the conditions on L are less stringent than those on R, there exist 
many spaces which have equivalent L’s. Among these there may exist a space S 
which is of more special type than R. This would have the consequence that 
the invariant J is not selective enough to distinguish between the general 
spaces R and the more special spaces S. Thus we show here that given any 
(T)-space there is a bicompact space which has the same homology theory, and 
therefore that it is not possible by means of the homology theory to distinguish 
between general spaces and bicompact spaces. 

The method used in this part is closely related to that of M. H. Stone in his 
recent work [5]. The differences arise from the approach to the subject. 
Stone’s approach was the algebraic one which developed from the classification 
of the representations of Boolean rings, which necessitated a most detailed and 
exhaustive algebraic analysis. In this paper, however, the approach is strictly 
geometrical and this allows us to proceed very quickly to the homology theory 
of general spaces. 

The results of Part I are then generalized in that we now start with a struc- 
ture even simpler than a distributive lattice, namely an abstract multiplicative 
complex. Such an abstract complex is the nerve, in Alexandroff’s sense, of a 
multiplicative infinite covering of a space (cf. [1], p. 257). We show how the 
complex K generates a bicompact space S. The relation between the space § 
and the complex K is that the nerve of a certain fundamental family of the 
closed sets of S is isomorphic to K. This fundamental family is what we call 
a sub-basis for the closed sets of S, that is a collection of sets whose finite sums 
form a multiplicative basis for the closed sets of S. An example of a closed sub- 
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basis in the plane is the set of all closed rectangles whose sides are parallel to 
the axes. 

We are now able to define, entirely in terms of the simplicial structure of K, 
a notion of “covering” in K, such that these coverings in K correspond to the 
ordinary point-set coverings of S. We are also able to introduce a partial 
ordering of the vertices of K, which corresponds to the inclusion relation in S. 
It is quite evident that employing Cech’s method ((3], Chap. II), a homology 
theory of the infinite complex can be defined by considering the finite coverings 
of K and by defining a covering &% in K to be a refinement of another covering 
U if and only if each vertex of & is less than, with respect to the partial ordering 
in K, some vertex of U. This theory we shall call the homology theory of K. 

Now we consider the topological homology theory of the space S defined 
by the finite coverings by (arbitrary) closed sets ([3] p. 179). We show that 
if S is a Hausdorff space, this theory is identical with that determined by the 
finite coverings made up of closed sets of the sub-basis. Thus we have proved 
that an abstract multiplicative complex generates a bicompact space, and the 
homologies of the complex and the space are identical. 


I. Larrices AND Bicompact SPACES 


1. Let L be a distributive lattice with zero element and unit element; that is, 
a collection of elements a, b, c, --- together with operations of finite addition 
(indicated by the sign +) and finite multiplication (indicated by juxtaposition) 
such that Z is closed under each of these operations, each operation is 
commutative: 


a+b=b+a ab = ba, 
associative : 
a+(b+c)=(a+b)+c a(bc) = (ab)c, 
idempotent: 
ata=a aa = a, 
each operation distributes with respect to the other: 
a(b + c) = ab+ac a + (bc) = (a+ b)(a+ 0), 


the statements a + b = a and ab = b are equivalent (either of the statements 
may be written a > b), and there exist elements 0 and 1 such that a + 0 = a 
and al = a for every a. 


2. Derinition. A collection @ of elements of L which has first the finite 
intersection property: “the product of any finite number of elements of the 
collection is not zero,’ and which is second a proper sub-collection of no collec- 
tion having the finite intersection property, is called a mazimal collection. 


cal 
tri- 
tly 
igh 
be 
ces 
ogy 
itive 
ter- 
‘xist 
ce § 
that 
eral 
any 
and 
uish 
his 
ject. 
rtion 
and 
‘ictly - 
eory 
: 
ative 
ofa 
the 
ace S 
yf the 
e call 
sums 
1 sub- 


114 HENRY WALLMAN 


3. Lemma 1. Given any collection § of elements of L with the finite intersection 
property, there is a maximal collection © containing §. 

Proor.! Suppose § = 3' is not maximal. Then there is an § with the 
finite intersection property properly containing %'. Suppose §* has been 
found for every ordinal a < some ordinal 8 so that §* has the finite intersection 
property and properly contains §* for a’ < a. If 8 has an immediate prede- 
cessor then if §** is maximal, let G@ = 5°"; and if %* is not maximal, let ¥ 
be a collection with the finite intersection property properly containing §*". 
If 6 is a limit ordinal, let §° be the collection sum of all §*, a < 8. Then §° 
has the finite intersection property and properly contains §*. But L has a 
definite cardinalnumber. Hence the process of obtaining a sequence of properly 
increasing collections with the finite intersection property must stop, and the 
last element of this sequence is G. 

Remark. The particular nature of the finite intersection property is irrele- 
vant to the proof. What is used is that this property imposes a restriction on 


finite subsets only of G. 


4. Lemma 2. A mazimal collection is characterized by the properties: 
1) If a, b then ab G. 

2) c eG af and only if ac ¥ 0 for everyae @. 

Proor. Let G be a maximal collection. Ifg,, --- , g, are any finite number 
of elements of G, and if ae@, b eG, then a, b, g:, --- , gx are also a finite 
number of elements of @ and hence abg, --- g, # 0, so that abe G. ceG 
means that for every finite number g, , --- , gn of elements of G, cg: --- gn ¥ 0. 
But by condition 1) already proved, g: --- gn is in G; call it a. Thus © satis- 
fies 1) and 2). 

The converse is evident. 

Corottary. A maximal collection is a divisorless additive ideal” which does 
not contain zero, and conversely. 

Proor. That a maximal collection is an additive ideal which does not con- 
tain zero is obvious. To show that it is divisorless, suppose N is an additive 
ideal properly containing G, so that there is an element c which is in N but not 
in &. Then by condition 2) of Lemma 2 there is an a eG such that ac = 0. 
Hence N contains 0 and therefore, since it is additive and x > 0 for every 
x eL, it coincides with L. 

Conversely, let © be a divisorless additive ideal not containing zero. Then 
® evidently satisfies condition 1) of Lemma 2. If ce @ then for every 


' The proof is the one which is usual in demonstrating the existence of maximal collec- 
tions of various types; cf. [4], p. 474, footnote 6. 

? A subcollection M of L is an additive ideal if a, b « M imply ab « M and if c ¢ M implies 
that d « M for every de L such thatd > c. An ideal which is a proper subideal of the en- 
tire lattice L only is called divisorless. 
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we must have ac ~ 0, else G would contain 0. If ac ¥ 0 for every a e G then 
c e@, since otherwise the additive ideal containing c and @ would be an ideal 
properly containing © which did not contain 0. Thus G satisfies condition 2) 
of Lemma 2 also and hence is a maximal collection. 


5. DermniTion. A maximal collection of elements of L, or equivalently, a 
divisorless additive ideal not containing zero, is called a point, and the elements 
of L in the maximal collection are called the codrdinates of the point. 


6. DeriniTion. With each element of L we associate a set of points, called 
a basic set, consisting of all points which have the given element of L as one of 
their codrdinates. The basic set associated with the element f of L is called 
the baste f-set. 

Remark 1. With the zero element of L is associated the zero set of points, 
and with the unit element of L is associated the unit set of points. 

Remark 2. A point belongs to the basic set determined by each of its 
cocrdinates, and since a point is a maximal collection, it is the only point com- 
mon to the basic sets determined by all its coérdinates, i.e., a point is the inter- 
section of the basic sets determined by its codrdinates. 

Lemma 3. The necessary and sufficient condition that different elements of L 
determine different basic sets, t.e., that the correspondence between elements of L 
and basic sets be 1:1, is that L have the disjunction property: “if a and b are different 
elements of L there is an element c of L such that one of ac and be is zero and the 
other is not zero.”’ 

Proor. Suppose L has the disjunction property. Then (as we may assume 
as a matter of notation) ac = 0 and be ¥ 0. Hence, by Lemma 1, there is a 
point P one of whose coérdinates is b and another of whose codrdinates is c. 
P is in the basic b-set but not in the basic a-set (since ac = 0), proving that the 
basic a-set and the basic b-set are different. 

Conversely, if the basic a-set is different from the basic b-set there is (again 
as a matter of notation) a point P in the basic b-set which is not in the basic 
a-set. Hence by condition 2) of Lemma 2 there is a coérdinate c of P such that 
ac = 0; moreover, be is not zero since any two codrdinates of a point have 
a non-zero product. Thus L has the disjunction property. 


7. Lemma 4. For any elements a, b of L the intersection of the basic a-set and 
the basic b-set is the basic ab-set. 

Proor. Let P bea point. Since P is an additive ideal the two statements: 
both a and 6 are codrdinates of P, ab is a coérdinate of P, are equivalent. 

Corottary. If ab = 0, then the basic a-set and the basic b-set are disjoint. 

Lemma 5. For any elements a, b of L the sum of the basic a-set and the basic 
b-set is the basic a + b-set. 

Proor. Let P be a point. Since P is a divisorless additive ideal it is also 
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a prime additive ideal.’ Hence the two statements: either a or 6 is a coérdinate 
of P, a + b is a codrdinate of P, are equivalent. 


8. DEFINITION. The intersection (of a finite or infinite number) of basic sets 
is called a closed set. 

Lemma 6. The closed sets satisfy the conditions: 

1) The zero set and the unit set are closed sets. 

2) The sum of two closed sets is a closed set. 

3) The intersection (of a finite or infinite number) of closed sets is a closed set. 

4) A point is a closed set. 

Proor. 3) is obvious. 1) and 4) follow immediately from Remarks 1 and 2 
of §6. To prove 2) suppose that A and B are closed sets, A = J] A; and B = 
[[ B;, where A; and B; are basic sets. Then A + B= I] (A: + B,), and since 
each A; + B; is a basic set by Lemma 5, A + B is itself a closed set. 


9. Lemma 6 shows that the set of all points, with the definition of closed set 
of §8, forms a topological space, and in fact, a T:-space.* Denote this space’ 
by S. 
Lemma 7. S is a bicompact T'-space. 
i Proor. Given a collection % of closed sets of S, any finite number of which 
have a non-zero intersection, we have to display a point common to all the 
| closed sets of 2. Replace each closed set of 2% by the collection of basic sets 
of which it is the intersection, and call this collection of basic sets 8. Then 
any finite number of basic sets of 8 have a non-zero intersection. Let § be 
the collection of all elements of L whose corresponding basic sets are in %. 
Then by the corollary to Lemma 4, the product of any finite number of ele- 
ments of § is not zero. Hence we may apply Lemma 1 to obtain a point 
common to all the basic sets of 8 and thus common to all the closed sets of YW. 


10. Now let L be the distributive lattice with zero and unit of the closed 
sets of a T;-space R under the operations of point set addition and intersection, 


3A prime additive ideal M is an additive ideal for which c + d ¢ M implies that either 
ceMordeM. The proof that a divisorless additive ideal is also a prime additive ideal 
ee is this: Suppose that neither c nor d is in the divisorless additive ideal M. Then by Lemma2 
_ and its corollary there exist elements a and b in M such that ac = 0 and bd = 0. Hence 
' (c + d)ab = abc + abd = 0, so that c + d is not in M either. 
’ * A space in which a point is closed, [2], p. 59. 
i ’ What we have done is to turn the set of points into a T;-space by using the basic sets 
1 as a multiplicative basis for the closed sets of S. But we might have proceeded differently. 
For, the intersection of two basic sets is a basic set (Lemma 4); and if P and Q are distinct 
‘ points there are disjoint basic sets containing them (condition 2) of Lemma 2). These 
facts would allow us to turn the set of points into a Hausdorff space T (not bicompact) by 
T using the basic sets as an additive basis for the open sets of T. But from condition 2) of 
| Lemma 2 it also follows that if P is a point not in the basic set F, there is a basic set 4 
containing P such that FG = 0. Hence T would be totally-disconnected. 

° L, in this case, has the disjunction property. 
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and let S be the bicompact T)-space obtained from L by the procedure of the 
preceding paragraphs. It is easily seen that the collection of all closed sets 
of R containing a given point p of R (p itself is one such closed set) is a maximal 
collection and hence determines a certain point of S; such a point of S is called 
an ordinary point. Conversely let P be a point of S. If the closed sets of R 
which are the coérdinates of P have a point p of R in common (they surely 
have not more than one point in common), then p itself is one of the codrdinates 
of P, so that P consists of the set of all closed sets of R containing p; hence P 
is an ordinary point.’ But if the closed sets of R which are the codrdinates 
of P have no point of R in common, P is called an ideal point. 

Remark 1. If R is bicompact, every point of S is ordinary. For the coérdi- 
nates of a point of S have the property that any finite number have a non-zero 
intersection, and if R is bicompact there is a point p of R common to all 
these codrdinates. 

Remark 2. If p and q are different points of R then the ordinary points of S 
associated with them are different. For p and q are themselves coérdinates of 
the points in S associated with them. Hence the correspondence between the 
;.oints of R and the ordinary points of S is 1:1. 


11. Denote the subspace of all ordinary points of S by R’. 

Lemma 8. R and R’ are homeomorphic.* 

Proor. Denote the set of all ordinary points associated with a set h of R 
by the ordinary h-set. Let P be a point of R’ and p the point of R with which 
it is associated. Let f be a closed set of R. Then if p: is in the ordinary f-set, 
P is in the basic f-set since f > p and P is an additive ideal. Conversely, if P 
is in the basic f-set, f is a coérdinate of P and therefore pf ~ 0 and p ef, so 
that P is in the ordinary f-set. That is, if f is a closed set of R then the ordinary 
f-set = R’ the basic f-set. But this statement shows that the 1:1 correspondence 
between the points of R and R’ establishes also a 1:1 correspondence between 
the closed sets of R and a basis for the closed sets of R’, which proves the lemma. 


12. The closure in S of a subset F of S is the intersection of all basic sets 
containing F, since any closed set containing F can be expressed as the inter- 
section of basic sets containing F. Now suppose f is a closed set of R and F 
is the ordinary f-set. Then evidently the basic f-set contains F and if g is 
any closed set of R such that the basic g-set contains F we must have g > f. 
Hence the intersection of all basic sets containing F is the basic f-set. That is, 
if f is a closed set in R then the closure in S of the ordinary f-set is the basic f-set. 


"Evidently the ordinary points are precisely those points of S which make up the basic 
sets determined by the individual points of R. 

i From this Lemma and Remark 1 of §11 it follows that if R is bicompact S is homeomor- 
Phic to R, i.e., this process of bicompactification yields nothing new when applied to 
bicompact T;-spaces. This is perhaps unfortunate since bicompact 7',-spaces which are 
not Hausdorff spaces need not be absolutely closed. 
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Lemma 9. R’isdensein S. If f and g are closed disjoint sets in R, and F and G 
their correspondents in S under the homeomorphism R = R’, and F and G the 
closures in S of F and G, then F and G are also disjoint. 

Proor. R’ is the ordinary R-set. Hence its closure is the basic R-set, 
that is S. 

If f, g are as in the hypothesis, F and G are the basic f-set and the basic g-set, 
and by the corollary to Lemma 4, these are disjoint. 


13. It is convenient now to denote by the basic open u-set, u being an open 
set in R, the set of all points of S each of whose coérdinates has a non-zero 
product with wu. 

Let f be a closed subset of R and let u be its complement in R, u = R — f. 
Let P be a point of S which is not in the basic f-set. Then by condition 2) of 
Lemma 2 there exists a coérdinate a of P such that af = 0, so that a is con- 
tained in u. Since every coérdinate of P has a non-zero product with a, 
every coordinate of P has a non-zero product with the larger set uw, and conse- 
quently P is in the basic open u-set. Conversely, if P is in the basic open w-set, 
that is, if every codrdinate of P has a non-zero product with u, then f is not 
a coordinate of P since fu = 0, which means that P is not in the basic f-set. 
Thus we have verified that zf f 7s a closed set in R and u its complement in R, 
the complement in S of the basic f-set is the basic open u-set. 

The basic f-sets form a (multiplicative) basis for the closed sets of S. Hence 
their complements, which by the paragraph above are the basic open sets, form 
an (additive) basis for the open sets of the same space S. From Lemmas 
4 and 5 it follows that the sum of the basic open u-set and the basic open v-set 
is the basic open u + v-set, and the intersection of the basic open u-set and the 
basic open v-set is the basic open wo-set. Thus the correspondence between 
open sets of R and basic open sets of S establishes an isomorphism (with respect to 
intersection relations) between the finite coverings by open sets of R and the finite 
coverings by basic open sets of S. But in a bicompact space every finite covering 
by open sets has a refinement which is a finite covering by basic open sets. 
Hence” 

Lemma 10. In the sense of Cech, the homology theory of R is identical with 
that of S. 

Lemma 11. In the sense of Cech, dimension R = dimension S. 

Proor. It is clear from the isomorphism of the finite coverings by open 
sets of R and the finite coverings by basic open sets of S that dimension S S$ 
dimension R. To show the converse, observe that there is a finite covering 
by open sets, n, of R none of whose refinements are of dimension less than 
dimension R = n. Let Xt be the finite covering by basic open sets of S corre- 


* Since the homology theory of a space is determined by a complete family of finite 
coverings by open sets. Cf. [3], p. 165. 

1° The dimension of a covering is the dimension of its nerve. The dimension of a space 
is the least integer n such that every finite covering by open sets has a. refinement of dimen- 
sion S n. 
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sponding ton. Then no refinement of Jt is of dimension < n. For if a refine- 
ment finite covering by open sets of S were of dimension < n, the set of ordinary 
points in its open sets would form a finite covering by open sets of R’ of dimen- 
sion < n, and this would give rise to a refinement of n of dimension < n. Thus 
dimension S is not < dimension R, so that dimension R = dimension S. 


14. Lemma 12. The necessary and sufficient condition" for S to be a Hausdorff 
space (and hence normal) is that R be normal.” 

Proor. Suppose R is normal. Let P and Q be distinct points of S. Then 
by condition 2) of Lemma 2 there exists a coérdinate f of P and a coérdinate 
g of Q such that fg = 0. Since BR is normal there exist disjoint open sets u 
and v containing f and g respectively. Then the basic open u-set contains the 
basic u-set and hence the point P; the basic open v-set and the basic open v-set 
are disjoint. Therefore S is a Hausdorff space. 

Conversely, suppose S is a Hausdorff space. Since S is bicompact it is 
normal. 

In general, if A is any topological space imbedded in any normal space B in 
such a manner that if two closed sets in A are disjoint their closures in B are 
also disjoint, then A is itself normal. For let F and G be closed disjoint sets 
of A and F and G their closures in B. Since F and G are disjoint and B is normal 
there exist disjoint open sets U and V in B containing F and G. Let U’ and 
V’ be the intersections of U and V with A. Then U’ and V’ are disjoint open 
sets in A containing F and G. 

We can now use Lemma 10 to apply the argument of the paragraph imme- 
diately above to R’ and S, with R’ taking the place of A and S the place of B. 
Hence R’, and its homeomorph R, are normal. This proves Lemma 12. 


Collecting these results, we see that we have proved the results announced 
in the note [7]: 

THEOREM 1. Given a distributive lattice L with zero and unit, there is a bi- 
compact T;-space S, a basis for whose closed sets is a lattice-homeomorphic 
image of L. 

Corotuary. This basis for the closed sets of S is isomorphic to L if and only 
if L has the property that if a and b are different elements of L there exists an ele- 
ment c of L such that one of ac and bc is zero and the other is not zero. 


" Tychonoff [6] proved that a completely regular space could be imbedded in a bicom- 
pact Hausdorff space. The present results show that any 7',-space can be imbedded in a 
bicompact space of the same dimension and that a normal space can be imbedded in a bi- 
compact Hausdorff space of the same dimension. There is still this question left open: 
can a completely regular space be imbedded in a bicompact Hausdorff space of the same 
dimension? 

: * In terms of the structure of the lattice L of the closed sets of R we could require: 
if fand g are elements of L and fg = 0 then there exist f’ and g’ in L such that f’ + g’ = 1, 
Sf’ = gg’ =0. This is, of course, the formulation of normality in terms of closed sets only. 
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TuroreM 2. If R is a T1-space then the bicompact T,-space S obtained by 


applying the process of Theorem 1 to the lattice of the closed sets of R is such that 8 


contains a dense subset R’ homeomorphic to R; if f and g are closed disjoint sub- 
sets of R, and F and G their correspondents in S under the homeomorphism R = R’, 
F and G the closures in S of F and G, then F and G are also disjoint; in the sense 
of Cech, the homology theory of R is identical with that of S and dimension R = 


dimension S. 


Spectra Case. S is a Hausdorff space (and hence normal) if and only if R 
is a normal space. 

Theorem 1 is proved by Lemmas 4, 5, 6, and 7. The corollary is proved by 
Lemma 3. Theorem 2 is proved by Lemmas 8, 9, 10, and 11. The special 
case is considered in Lemma 12. 


II. Asstract ComMpLEXxEs AND Homotocy THEORY 


15. An abstract complex K is an aggregate of certain distinguished finite sub- 
sets (repetitions and order being disregarded) of the objects of a finite or infinite 
collection k, with the sole condition that every subset of a distinguished set is 
also distinguished. The objects in k are called vertices, the distinguished sets 
are called simplexes, and the subsets of a simplex, including the simplex itself, 
are called the faces of a simplex. The star of a simplex is the set of all simplexes 
having the given simplex as face, and the closed star is the star together with 
its faces. As usual no distinction will be made between the simplexes con- 
sisting of single vertices and the vertices themselves. 

Derinition. An abstract complex is multiplicative if for every simplex ¢ 
there is a vertex a such that the closed star of o is identical with the closed 
star of a. 


16. Derrnition. A collection of vertices of K is called a covering if every 
simplex of K is contained in the closed star of some vertex of the covering. 


17. Dertnition. Let a and b be vertices. We say a < b if the closed star 
of a is contained in the closed star of b. 
Remark. It is evident that a < a, and ifa < band b < cthena <c. 


18. Derinition. A collection © of vertices which has first the simplex 
property: ‘‘any finite subset of G is a simplex”, and which is second a proper 
sub-collection of no collection with the simplex property, is called a maximal 
collection, or point. The vertices of the collection are called the codrdinates 
of the point. The set of all points is denoted by S. 

Lemma 13. If § is any collection of vertices with the simplex property there is @ 
point whose set of codrdinates includes §. 

Proor. The proof is precisely as in Lemma 1. Note the remark of the 
last paragraph of §3. 
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19. DeriniTION. With each vertex a we associate a set of points of S, called 
the sub-basic a-set, consisting of all points having a as a codrdinate. 

Remark 1. A point belongs to each of the sub-basic sets determined by its 
coérdinates, and since a point is a maximal collection it is the only point com- 
mon to these sub-basic sets, i.e., a point is the intersection of the sub-basic sets 
determined by the coérdinates of the point. 

Remark 2. If the point P is not in the sub-basic a-set there is a finite set 
of coérdinates of P such that if 7 is the simplex they form, az is not a simplex 
of K. For otherwise P would not be a maximal collection. 

Lemma 14. Different vertices of k determine different sub-basic sets of S if 
and only if k has the disjunction property: “a < band b < a imply a = b.” 

Proor. Suppose k has the disjunction property. Let a and b be different 
vertices. Then, we may assume, as a matter of notation, that b < a is false, 
ie., there exists a simplex be; - - - c, such that abc; --- c, is not a simplex. Hence 
by Lemma 13 there is a point P whose coérdinates include the set b,c: , «++ , ¢n ; 
so that P is in the sub-basic b-set. P however is not in the sub-basic a-set 
since abc, --- C, is not a simplex. Thus the sub-basic a-set and the sub-basic 
b-set are different. 

Conversely, suppose that the sub-basic a-set and the sub-basic b-set are 
different. Then there is a point P which is, as a matter of notation, in the sub- 
basic b-set but not in the sub-basic a-set. By Remark 2 of this § there is a 
finite set of codrdinates of P, , Cm such that ac; --- Cm is not a simplex. 
A fortiori, abe; --- Cm is not a simplex. However, be; --- ¢m is a simplex since 
it is a finite subset of the codrdinates of P. But this shows that b < a is 
false, and hence that k has the disjunction property. 


20. Lemma 15. The necessary and sufficient condition that a finite set of ver- 
tices of k form a simplex is that the intersection of the sub-basic sets in S asso- 
ciated with them be non-vacuous. 

Proor. If a finite set of vertices of k form a simplex then by Lemma 13 there 
exists a point of S having these vertices as coérdinates, so that the intersection 
of the sub-basic sets associated with these vertices is non-zero. Conversely, 
if a finite set of sub-basic sets have a point of S in common the vertices of k 
with which the sub-basic sets are associated are codrdinates of this point, and 
since every finite set of codrdinates of a point forms a simplex, these vertices 
form a simplex. 

Lemma 16. The necessary and sufficient condition that a finite set of vertices 
of k be a covering of K is that the sum of the sub-basic sets of S associated with 
them be equal to S. 

Proor. Let bi, ---., bm be a covering of K. Suppose there exists a point P 


of S which is in none of the sub-basic b-sets, i = 1,---,m. We know by 
Remark 2 of §19 that for each 7 there is a finite set of codrdinates of 
P, aj, a2, depending on 7, such that b;ajaz --- is not a simplex. 


Collecting these vertices for all i we obtain a finite set of codrdinates of P, not 
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depending on 7, which we may call ¢,, ---, ¢- such that for each 7, bic -- - ¢, is 
not a simplex. But ¢; --- ¢c, is a simplex, since it is a finite set of codrdinates 
of a point. Thus we have encountered a contradiction to the statement that 
b,, «++, bm is a covering of S. Hence every point of S is contained in one of 
the sub-basic b;-sets. 

Conversely let the sum of the sub-basic b,-sets, 7 = 1, --+ , m, be equal to S. 
Let a; --- a, be any simplex of K. By Lemma 13 there exists a point P having 
a, +++ ,@, as coordinates, and since the sub-basic b,-sets cover S, P also has 
as codrdinate some one, b;, say, of the vertices b;. ai, --- , @, together with 
b;, therefore form a finite set of codrdinates of P and hence form a simplex of K. 
This proves that the collection of vertices b; constitutes a covering of K. 

Lemma 17. The necessary and sufficient condition that a < b is that the sub- 
basic a-set be contained in the sub-basic b-set. 

Proor. If a < b and P is in the sub-basic a-set then P is in the sub-basic 
b-set; for otherwise by Remark 2 of §19 there would exist a finite set of codrdi- 
nates of P (and hence a simplex), which we can take to contain a, such that 
the subset of k formed by adjoining 6 is not a simplex, and this contradicts the 
definition of a < b. Conversely let the sub-basic a-set be contained in the 
sub-basic b-set. Let ac; --+ Cm be any simplex containing a. By Lemma 13 
there exists a point P having a, c, --- , €m as coérdinates. Since P is in the 
sub-basie a-set and therefore in the sub-basic b-set, P has a, b, (1, «++, Cm 
as cocrdinates and these vertices form a simplex, proving that a < b. 

Lemma 18. If the intersection of a finite number of sub-basic sets is non- 
vacuous this intersection is itself a sub-basic set. 

Proor. If a,,--- , a, are a finite set of vertices of K such that the inter- 
section of the sub-basic a,-sets is non-vacuous we know from Lemma 15 that 
a,,--+,@, form a simplex o of K. Let a be the vertex of K associated with c 
by the definition in §15 of a multiplicative complex. Then the sub-basic 
a-set = the intersection of the sub-basic a,-sets. 

For since closed star a = closed star « C closed star a; , we have that a < aj. 
Hence by Lemma 17 the sub-basic a-set C sub-basic a,-set. Conversely if P 
is a point not in the sub-basic a-set there is by Remark 2 of §19 a simplex 7 
made up of coérdinates of P such that ar is not a simplex. Since closed star 
a = closed star c, or is not a simplex also. Hence P cannot have as coérdi- 
nates the vertices a; and therefore P is not contained in the intersection of the 
sub-basie a;-sets. 


21. Derinition. A basic set of S is in the sum of a finite number of sub- 
basic sets. 

Remark. Evidently the sum of two basic sets is a basic set. 

DerinitTi0on. A closed set of S is the intersection of a finite or infinite number 
of basic sets, or else the zero set, or else the unit set. 

Lemma 19. The closed sets satisfy the conditions: 

1) The zero set and the unit set are closed. 
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2) The sum of two closed sets is closed. 

3) The intersection of a finite or infinite number of closed sets is closed. 

4) A point is a closed set. 

Proor. 1) follows from the definition. 3) is obvious. 4) follows from 
Remark 1 of §19. If either or both of A and B is the zero set or the unit set, 
2) is obvious. To prove 2) in the other cases let A and B be closed sets, A = 
[[ 4:, B = [ B;, where the A; and the B; are basic sets. Then A + B = 
[] (4: + B) and since A; + B; is a basic set by the Remark of this §, so is 
A + B. 


22. We have thus turned the set S into a T)-space by using the sub-basic 
sets as a sub-basis for the closed sets of the space, i.e., as a collection of closed 
sets such that every closed set is an infinite intersection of finite sums of these 
sub-basic closed sets. 

Lema 20. S is a bicompact T-space 

Proor. Let %& be a collection of dund sets of S any finite number of which 
have a non-zero intersection. To prove that S is bicompact we have to dis- 
play a point P of S common to all the closed sets of %. Replace each closed 
set of 2 by the finite or infinite collection of basic sets of which it is the inter- 
section. We then have a collection $ of basic sets, and it is evident that B 
also has the property that any finite number of its elements have a non-zero 
intersection. Now replace each element of 8 by the finite collection of sub- 
basic sets of which it is the sum. We obtain a collection € of sub-basic sets. 
The collection €, however, need not have the property that any finite number 
of its elements have a non-zero intersection. Nevertheless, we can prove the 

Lemma 21. Let B',..., B*,--- be a collection of sets with the property that 
any finite number have a non-zero intersection. Decompose each B“ into a finite 
sum of sets, so that for each a we have B* = Ci + Cy + --- + Cr(a), m(a) being 
jinite. Then it is possible to select for each a an integer i(a) out of the range 
1,---,m(a) such that the collection {Cf.a)} has the property that any finite 
number of its sets have a non-zero intersection. 

Proor or LemMa 21. We shall show by a transfinite induction (we assume 
that the B’s are well-ordered) that it is possible to select for cach a an integer i(a) 


out of the range 1, --- , m(a) such that if a, --- , a, ts any finite set of ordinal 
numbers each S aand if a, «++ , a, is any finite set of ordinal numbers each > a, 
then the sets Cia)» B%, B*: have a non-zero inter- 


sn The sets C%2) will then evidently fulfill the requirements of the 
emma. 

Starting the induction with a = 1, we see that there exists an integer 7(1) 
out of the range 1, --- , m(1) such that for every finite number of B®, B > 1, 
the intersection of Cia) and these B® is not zero. Otherwise for each j = 
l,--. wie there would exist a finite set of ordinal numbers depending on 
J, «++, nj(j), each k’(j) > 1, such that = 0. If we 
collect the k’(j) for all j and write their set as , U(q), we have 
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a finite set of ordinal numbers, not depending on j, with each l’ > 1, such that 
c}. B®... = 0 for each j = 1,---,m(1). Hence 


(Ci + C2 + +++ + Cn) B® BO = 0. 


But Ci + Gia = B' so that B'B’® ... B'@ = 0. This however 
contradicts the hypothesis that every finite number of B’s have a non-zero 
intersection. Hence an 7(1) exists satisfying the condition of the induction. 
Now let us assume the assertion of the induction for all 8 < a. Then the 
assertion follows for 8 = a. Otherwise for each 7 = 1, --- , m(a) there exist 


two finite sets of ordinal numbers depending on j, 1(ja), --- , Mj(ja), each 
k(ja) a, and 1"(ja), , N;(ja), each k’(j2) > a, such that 
Cie BY BI = 0. 


If we collect together the k(ja) and the k’(j.) for all 7 and write their sets as 
la(1), , le(p) and 1,(1), --- ,12(q) respectively, we have two finite sets of 
ordinal numbers, not depending on j, with each 1, S a and each 1, > a, such 
that 


for each j = 1, ---, m(a). Hence 
Cio (CT + Crm) BA = 0. 
Now Cf +--- + Circa = B*, so that 


But this contradicts the hypothesis of the induction. Hence there does exist 
an integer 7(a) out of the range 1, --- , m(a) for which the assertion is true. 

This proves Lemma 21. 

Returning now to the proof of Lemma 20 we see that we can apply Lemma 21 
to determine a collection ©’ of sub-basic sets which is a subcollection of 6, 
and which is such that each basic set of 8 has one of the sub-basic sets of which 
it is the sum as an element in @’, and such that any finite number of elements 
of ©’ have a non-zero intersection. Associated with ©’ is the set D of all 
vertices of k whose corresponding sub-basic sets are in ©’. Then from Lemma 15 
we know that D has the property that any finite number of its vertices form a 
simplex. Hence by Lemma 13 there exists a point P whose set of codrdinates 
includes D; P is therefore contained in the intersection of the sub-basic sets ©’, 
hence in the intersection of the basic sets $, and hence finally in the inter- 
section of the sets %, q.e.d. 


23. Let us say that two finite coverings by closed sets of S are equivalent 
if there is a 1:1 correspondence between their elements which preserves the 
property of having a non-zero intersection. 

Lemma 22. If S is a Hausdorff space, then given any finite covering by closed 
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sets of S there is an equivalent finite covering by closed sets which has a refinement 
made up of sub-basic sets. 

Proor. a) Given any (additive) basis & for the open sets of a bicompact 
Hausdorff space S and any finite covering by closed sets U: F;,---, Fy of S 
there is an equivalent finite covering by closed sets B: G,, --- , G, , with each 
G,; a sum of closures of sets in 2%. 

For, given % there is” a collection of open sets U;, --- , U, such that F; C U; 
and U;, --- Ui, ¥ 0 is equivalent to F;, --- F;, # 0. Since S is normal there 
exists for each j,j = 1, --- , k, an open set V; such that F; C V;and V; CU;. 
Since V; is open it is the sum of sets of the open basis %. Since F; is closed 


and S is bicompact, F'; is covered by a finite number uj, - -- , uj”, m(j) finite, 
of the basic open sets. Let a} be the closure of u}. Let G; = Son? a. 


Then F; CG; CV;,so that F; CG; CU;. Hence G;, --- G;, ¥ 0 is equiva- 
lent to F;, --- Fi, #0. This proves a). 

8) Let % be any (additive) basis for the open sets of a bicompact Hausdorff 
space S. Then the closures of the sets in % form a sub-basis for the closed 
sets of S. 

For, it follows simply from the concept of normality that given any closed 
set F of S there is an infinite collection of open sets U“ such that F C U* and 
[| U*=F. Since U* is open it is a sum of sets in %, and since F is closed and S 
is bicompact, F is covered by a finite set uw, --- , Uma), m(a) finite, of these 
basic open sets. Since F C af C we have that = 
which proves 8). 

y) Given any (multiplicative) basis 2% for the closed sets of a bicompact 
Hausdorff space S, and a finite covering by closed sets Ul: F,,--- ,F. of S 
there is an equivalent finite covering by closed sets B: Gi, --- , G, with each 
G; a sum of finite intersections of sets in M. 

For, using 8) and replacing each set by its complement, we see that the 
interiors of the sets of 2 form an (open) sub-basis for the open sets of S, i.e. 
finite intersections of the interiors of sets in It form an (additive) basis for 
the open sets of S. Let this open basis be the & of a). Then applying a) 
the statement of y) is immediate. 

5) Given any sub-basis % for the closed sets of a bicompact Hausdorff space, 
and a finite covering by closed sets U: Fi, --- , Fx of S there is an equivalent 
finite covering by closed sets B: G,, --- , G; with each G; a sum of finite inter- 
sections of sets in B. 

For, let the Mt in y) be the basis for closed sets of S whose elements consist 
of finite sums of the sets in G. Each summand of a G; is by 7) a finite inter- 
section of sets in I, and applying the distributive law, is therefore a sum of 
finite intersections of sets in 8. This proves 4). 

¢) For the particular sub-basis of S consisting of the sub-basic sets associated 
with the vertices of K, the statement of Lemma 22 is true. 


‘* [3], p.179. Here we use the fact that S is normal (since it is bicompact and Hausdorff). 
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For, let us apply Lemma 18 to 4), and let us replace each G; by the collection 
of sub-basic sets of which it is the sum. 

This proves Lemma 22. 

Combining the results of Lemmas 14, 15, 16, 17, and 20 we obtain 

THEOREM 3. Given any (infinite) abstract complex K which has the disjunction 
property (see Lemma 14), there is a bicompact T,-space S and a sub-basis for the 
closed sets of S, such that the nerve K’ of the aggregate of the sets of the sub-basis is 
isomorphic to K, in the sense that the properties of forming a simplex, of forming a 
covering, and of being less than, are preserved in the 1:1 correspondence between 
K and K’. 

It is evident that Lemma 22 and Theorem 3 prove 

TureoreM 4. If S is a Hausdorff space the homology theory of the abstract 
multiplicative complex K is identical with that of the space S. 
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TRANSFORMATIONS OF FINITE PERIOD 


By P. A. Smiru 
(Received May 25, 1937) 


This paper deals with certain questions connected with the following general 
problem: to determine the extent to which a periodic homeomorphic trans- 
formation of Euclidean n-space into itself resembles a rotation or at least an 
orthogonal transformation. This formulation is essentially equivalent to the 
more convenient one obtained by replacing ‘‘Euclidean n-space’’ by ‘‘n-sphere.”’ 
With this in mind, the problem may be considered as being completely solved 
when the dimension n is two. For it was shown by Brouwer [12] and inde- 
pendently by Kérékjart6, [13] that every periodic transformation of an ordinary 
sphere M into itself is topologically equivalent to a rotation, or to the product 
by a rotation by a reflection across a diametral plane. For n > 2, the diffi- 
culties which make a similar result seem unattainable at the present time are 
well known to topologists. But if it is necessary to abandon the idea of deter- 
mining completely the structure of periodic transformations it may neverthe- 
less be of interest to study such of their properties as can be described in terms 
of homology theory. Consider for example the set L of fixed points and assume 
that L ¥ 0. Under an orthogonal transformation of M the set L must itself 
be a sphere of dimension < n. Does this property of L hold for an arbitrary 
periodic transformation 7? We shall show that the property in question— 
at least if the order p of T is prime—does hold in the sense that L has the same 
Betti numbers modulo p, both locally and in the large, as an r-sphere (0 S r S 
n — 1); moreover the “modulo p dimension’’ (Alexandroff) of L is r. 

It is of course to be expected that results of this type should not depend so 
much upon the fact that M is actually a sphere as on the fact that M has such 
and such homology characters. This is indeed the case: we need assume 
little more concerning M than that it be a bicompact space having the same 
homology groups (in the sense of Cech) as an n-sphere. It is perhaps interesting 
to remark that due to a theorem of Alexandroff, the mere addition of the 
assumption that M be compact and metric yields the corollary that if the 
Menger-Urysohn dimension of L is one, then L is a simple closed curve. Among 
various other special results we shall only mention (1) the almost complete 
analysis of the structure of L when M is a 3-sphere; (2) the evaluation of certain 
homology characters of the fundamental domain M* of M relative to any 
periodic T. M* is defined as the space obtained form M by identifying points 
Which are images of one another under powers of 7. In a sense, the structure 


of M* may be considered as characteristic of the structure of T' itself." 

‘Certain of our results were first announced in 1935 at the international topological 
Congress at Moscow; see [14]. 
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1. PRELIMINARY THEOREMS 


Throughout this paper we shall use the form of homology theory that was 
developed by E. Cech in his fundamental paper [1]. We shall therefore take 
for granted a certain familiarity with the Cech theory, particularly with the 
properties of normal refinements and essential cycles. 


1.1. Let M be a completely normal space ({11], p. 265) and let L, K be closed 
sets in M. Let {UU} be the totality of finite coverings U of M by open sets and let 
X, = {X,(U)} be an h-cycle mod (K + L) (in M) with coefficients in a field j. 
There exists a cycle X;, mod (K + L) and a cycle yn. mod KL in L such that 
X; ~ X, mod (K + L) and Xi = vi mod K* 

Proor. For each U there exists a refinement U, with the property that 
every U-chain which is simultaneously in L and in K is in KL ([5], p. 8). Leta 
definite 1, be chosen for every U. Let yra(Uh) = L A X,(Us)—that is, let 
yn-1(U,) be the subchain of ¢X,(U,) which consists of those simplexes of ¢X;(Uk) 
which are in L, taken with the same coefficients that they have in ¢X;,(lh). 
C L since C L. Moreover the chain Dji(lh) = 
is in K so that oX2(Ui) = yn—1(U1) mod K. Since 
= 0, = so that is also in K. Hence 
¢yni(Ui) C KL and hence y,-1(U) is a Un-cycle mod KL in L. We shall show 
that relative to the complete family {U,}({1] p. 165), yaa = {va—+(Uh)} is a cycle 
mod KLin L. To verify this we must show that if 8: C U, (i.e. if B, isa refine- 
ment of and if r = = a projection of Binto UU, , then ~ 
mod KL in L. We have ~ mod (K + L) which means 
that there exist chains Y;_;(U) and H,(U), the latter in K + L, such that 


= — — ACU). 
The expression on the right is an absolute cycle;* hence if we equate its boundary 
to zero, and recall that 7 and ¢ are permutable, we obtain 
(1) oH (Ui) = + D(B)) — y(th) — Dh) ~ 0. 
Let A’ = nN (uy) = A(u,) A'(Uy). Then A’ (uu) Cc L, 
H"’(u,) C K and (1) can be written the form 
= ry(Bi) — y(t) + JU) 


where CK (since and D(U,) are in K). But since ¢H'(th), 
wy(B1), are in L, J(U,) is also in L, hence in KL. Hence ~ v(th) 
mod KL in L. 

Let a projection 7, = m(l1, Ul) be chosen for every U and let X’(U) = 


@X,(U) = y;-1(U) mod K for every U, where ¢ means “the boundary of...” 

§ i.e. an (h, Ui)—cycle. We shall frequently omit symbols which represent the dimension 
(always written as a subscript), the particular covering being used etc. when the meaning 
is clear from the context. 
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mX(U,), = my(Ui). Since {X(U)} is a cycle, we have X’(U) ~ X(U) 
mod (K + L). Hence X’ = {X’(U)} is a cycle mod (K + L) and X’~ X 
mod (K + L). Moreover, each y’(U) is a U-cycle mod KL in L and it is easy 
to show that y’ = {y’(U)} is a cycle mod KL in L (cf. [1] p. 165). Since the 
chain ¢X (Uk) — v(U,) equals zero mod K, so does its projection by 7. Hence 
oX’ = 7’ mod K, which completes the proof. 


1.2. Let L be a set in M* and let X; be a cycle mod L. There exists a cycle yrs 
in L such that oX;, = Vnr-1- 
Proor. It can be immediately verified that {¢X,(U)} is a cycle in L. 


1.3. Let K, L be subsets of M and let y;_, be a cycle mod KL in L and X, a 
cycle mod (K + L) such that ¢#X = y mod K. If y ~ 0 mod KLin L and if 
every h-cycle mod K is ~ 0 mod K, then X ~ 0 mod (K + L). 

Proor. By hypothesis, there exists for each Ua chain Y,(U) in L such that 
oY(U) = ya(U) mod KL. This relation also holds mod K. Since ¢X(U) = 
ya(ll) mod K, it follows that Y(U) — X(U) is a cycle mod K, hence mod 
(K + L). Let U,; be a normal refinement of U relative to cycles mod (K + L) 
and let = (Uh), Y’(u) = mY (Uy), = m (Uy u). Then X’(u) 
X(Ul) mod (K + L) and the cycle X’(li) — Y’(U) is essential and therefore 
~0mod (K + L).“ Therefore, since Y’(Ul) C L, we have X(U) ~ X’(U) ~ 0 
mod (K + L). 


1.4. Let K, L be closed sets in the completely normal space M. Let yn be a 
cycle mod KL in L and X;, a cycle mod (K + L) such that ¢(X;,) = yaa mod K. 
If X, ~Omod (K + L), then y;-1 ~ 0 mod KL in L. 

Proor. The relation X, ~ 0 mod (K + L) implies that there exists for 
every Ua such that = + Z,(U) where Z,(U) C 
K+L. Let = LN and Z’(U) = Z,(U) — Z,(U). Then 
Zi. CK. We have now 


(1) 0 = = oX.(U) + 6Z,(U) + 


and since @X,(U) = + where G,.(U) C K, the relation (1) 
can be written 


(2) = — 


Where H,.(U) C K. Now since Zins(U) C L and y,(U) C L, we have 
Ai.(U) CL: Let Ut, be a refinement of 11 such that chains which are simulta- 


4 In 1.2, 1.3, and 1.6 M may be any abstract set and {Ul} any fundamental family of 
coverings of M. In 1.4 and 1.5 it is to be understood that {U} is the same as in 1.1. 

_ “For, there exists a (Cech) cycle Z, mod (K + L) of which X’(U) — Y’(U) is a “‘coeffi- 
cient” ({1]), p. 168). Since by hypothesis Z ~ 0 mod (K + L), the same relation holds 
for each coefficient of Z. 
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neously in K and in L are in KL (ef. proof of 1.1). Since the covering U js 
arbitrary, all relations written above hold for Ui. In particular H(U)) is in K 
and L, hence in KL. Let m = m(lh, U). Then from (2) we have on pro- 
jecting by ™ : 

(3) moZ' (Ui) = + m 


Since ~ yra(ll) mod KL in L, and since mZ,(Uy) and 
are in L and KL respectively, it follows that from (3) that yas(U) ~ 0 mod 


KL in L. 


1.5. Let K, L be closed subsets of the completely normal space M and let y_, 
be a cycle mod KL in L. If yx1 ~ 0 mod KL and if there exists a closed set 
K, > K such that every h-cycle mod K is ~ 0 mod K,, then there exists a cycle 
Xo,r mod (Ki + L) and a cycle Yo,h—1 mod K,L in L such that oXon = Y0,h-1 
mod (K; + L) and ~ mod KyL in L. 

Proor. Let U,, Ue be normal refinements of a given U relative to cycles 
mod K,. If yi. ~ 0 mod KL, then also y;,.1 ~ 0 mod K, and hence there 
exist chains X;(U,) (¢ = 1, 2) such that @X,(U,) = ya(Ui) mod Ki. Let 
a; = m(U;, UW). The chains X,(U,) are cycles mod (K; + L). We shall 
show that 


(1) ~ mod (K;, + L). 


Let W C Uk, (ie. let W be a common refinement of WU, , Us) and let m,; = 
Twi(X, WU). Let be a chain bounded mod K; by Then 
TwiX’(W) — = 1, 2) are U,-cycles mod (Ki + L). Since ~ 
y(U;) mod KiL in L, we may write ¢Y,(U;) = — y(Us) mod KL, 
when Y,(U,;) CL. Since om,;X(W) = mod K, and = (li) 
mod K;,, it follows that the chains 7,;X’(%) — X’(U,) — Y(U,) (¢ = 1, 2) are 
cycles mod K,, hence so are their projections by z;. The latter cycles are 
essential and therefore ~ 0 mod K,, hence so is their difference; that is 


— mY ~ 0 mod Ki. 


This however reduces to (1) if we observe that (QB) ~ 122 (QW) mod 
(Ki + L) and mY m2Y (Ue) L. 

Now for each U let there be chosen a normal refinement U1, relative to cycles 
mod (Ki + L) and let X(U) = mX’(Uh), m = mi(U,, U1). We assert that 
{X(U)} is a cycle mod (K; + L). Suppose CU, r = Ul). We must 
show that rX,(@) ~ X(U) mod (Ki + L). Let ¥ C U,%, ¥ normal to lh 
and % relative to cycles mod (Ki + L). Let me = tm(X, B%). By the last 
paragraph, ~ X,(®) mod (Ki + L), and ram X(%) ~ X;(U) mod 
(Ki + L). From the first of these relations, we have mm» Xn(X%) ~ +X,() 
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mod (K; + L). Therefore rX,(@) ~ X,(U) mod (Ki + L), and is a cycle 
mod (Ky + 

Now by 1.1 there exists a cycle Xo, mod (K; + L) and a cycle yo,,-1 mod 
K,L in L such that Xo, ~ X, mod (Ki + L) and $Xo,, = yon-1 mod Ky. 
We have then 


(2) — Xon(Us)) = — yon-1(Uh) mod Ky. 


Let = ,r-1(Uh), Xon(u) = mi Xo,a(Uh) and = 
Then Xo, = {Xoa(U)} is a cycle mod (Ki + L) and Xo, ~ Xo, mod 
(K, + L). Similarly yia ~ mod in L and ~ mod 
in L. On projecting the relation (2) by m into Ul we see that 


— Xow) = na — Yor—1 mod K, . 


But since X, ~ Xo, ~ Xo mod (Ki; + L) we have X, — Xo, ~ 0 mod 
(K, + L), hence by 1.4 ~ mod K,L in L. Since, finally, ¢Xo, = 
yon. mod K;, the proof of the theorem is complete. 


1.6. It will be convenient for later reference to state the following theorem 
the proof of which is contained essentially in that of 1.5. 

Let yn-1 be a cycle in L and let {X;(U)} be a family of chains such that ¢X;(U) = 
yna(Ul) for each U. Assume that all h-cycles are ~ 0. For each WU let there be 
chosen a normal refinement U, relative to absolute cycles and let X,(W) =m, X;(Uh) 
(m = m(lh,U). Then X, = {X,(U)} ts a cycle mod L. 


2. SpectIAL COVERINGS 


2.1. We shall now assume that M is a bicompact space. Let p be a prime 
number and let 7' be a one-one bi-continuous transformation of M into itself 
such that 7° is the identity when and only when g = 0 (mod p). Let L denote 
the points which are invariant under T. L is obviously closed, therefore bi- 
compact. We shall assume that L ¥ 0. 

Let the images under successive powers of 7’, of an arbitrary set A C M, be 
denoted by A° = A, A’, A®,--- andlet cA = A°+ A’ +.--- Since 
pis a prime it is readily seen that when z is an arbitrary point of M — L, ox 
consists of p distinct points and when « C L, ox = 2. 


2.2. Let x be an arbitrary point of M. Consider now the space M* whose 
“points” are the sets oz. Let ox, regarded as a point in M*, be denoted by z*. 
Two points * = ox and y* = cy of M* are to be regarded as identical if and only 
if ox and oy are identical point-sets in M; obviously x* = y’* if and only if there 
exists an integer i (0 S$ i < p — 1) such that x = y’. 

We now define a single-valued correspondence A: M — M*, by writing 
Ar = x* where x* = ox. Obviously Ax = Az’ = --- = Ax”. If A CM, 


: shall denote by AA the set {Az, 2 © A}; AL will be consistently denoted 
y L*, 
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Let A 'A*(A* C M*) denote the totality of points x such that Ax C A*. 
For arbitrary sets A* C M* and A C M, the relations 
A“AA = @A, AA“ A* = A* 


can be immediately verified. If 2* C L*, say 2* = Az, x C L, then from the 
first relation we have A-«* = ox = x. Thus, over L* the correspondence 
A” is single-valued and A therefore induces a one-one correspondence between 


L and L*. 


2.3. Now let the open sets of M* be defined as being those of the form AA 
where A is an open set in M. With M* thus topologised, A 1s continuous. For 
let A* be an open set in M*, say A* = AA, A open in M. Then A‘A* = 
AAA = oA and since oA is open, the continuity of Ais proved. In particular 
A induces a homeomorphism between L and L*. For if the set B* C L* is open 
in L*, we may write B* = L*A* say, where A* = AA = an open set in M. 
The set B = LA is open in L and AB = (AL)(AA) = L*A* = A*. Thus the 
one-one correspondence induced by A between L and L* pairs off sets open 
in L with sets open in L* and is therefore a homeomorphism. It follows that 


L* is closed. 


2.4. M* is bicompact. For let {G*} be a family of open sets covering M*. 
Then the family of open sets {A~’G*} covers M and a finite sub-family covering 
M can be chosen, say AG, ---,A ‘G7. The images of these sets under A 
gives a finite sub-family of {G*}, namely Gy, --- ,G>, covering M*. Hence 
M* is bicompact. It canbe proved just as readily that if the open set A CM 
| is an F, then AA is an F,. 


2.5. A set A C M will be called invariant if A = A'(= A? = .-- = A”). 
The sets A, A’, ---,A”” constitute the A-sequence. Let A be an open in- 
variant set that LCA,M—A#0. A family {Wj} = 0,---,p; 
j = 1,---,w) of open sets will be called a regular covering of M — A if (i) 
M — A C oi; Wj (ii) WL = 0 (iii) each W} meets at most one set in each 
W,-sequence (k = 1, ---, w). 


2.6. There exist regular coverings of M — A. 
i} Proor. Let « be an arbitrary point of M — A. Using the fact that the 
i] points z, z',---,2”” are distinct and the fact that a bicompact space is 
normal, it can be seen from simple continuity considerations that there exists 
an open set V, such that 


(1) «CV,, ViL=0, =0,---,p—)). 
i Let a V, be chosen for each r C M — A. Since A = A’ =.-- = A”, each 


| set cy(y C M) lies entirely in A or in M — A. Therefore A(M — A) = 
y AM — AA = M* — A*, (A* = AA). Consequently the totality of open sets 
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AV, covers the closed set M* — A*. Let a finite sub-covering be chosen, 
say AV,, AV2,---,AVn, (where AV = AV,;, x M — A). Then 
ATAV,, AAV, is a finite covering of M — A. Since = oVi, 
the sets V} (¢ = 0,---,p — 1) G = 1,---,h) cover M — A. 

Consider the set V;. Using again the fact that M is normal and that the 
sets of the V2-sequence (i.e. Ve, V2, --- , V?~*) are mutually exclusive (by (1)), 
it is a simple exercise to show that V, is expressible as the sum of a finite number 
of open sets X;,--- , X, such that each X meets at most one set in the V2- 
sequence. Each X can in turn be expressed as the sum of a finite number of 
open sets Y,,--- , Yz such that each Y meets at most a single set of the V3- 
sequence; obviously each Y meets at most one set in the V2-sequence. Pro- 
ceeding in this manner we finally obtain V; expressed as the sum of a finite 
number of open sets, say U,, --- , U, such that each U; meets at most one set 
in each V;-sequence (j = 2,---,h). Hence if we replace the sets in the V;- 
sequence by the totality of sets in the U;-, U2-, --- , Uy-sequences we obtain 
for M — A a covering of the form 


(2) {Uj}; V2, V3,---, Va} (¢=0,---,p—1;j =1,---,u). 


Each U; , and hence each U} , meets at most one set in each V;-sequence (k > 2). 
Moreover each U; (hence U}) meets at most one set in each U-sequence since 
U; C V; and the sets Vi, Vi, --- , V? are mutually exclusive. Moreover 
U;L = Osince V;L = 0. If now we treat V2 in the same manner relative to 
the covering (2) as we treated V, relative to the covering {V}} and if we con- 
tinue in this manner step by step it is evident that the covering for M — A 
which we obtain after h steps, is regular. 

Let U be a covering of M, that is a finite set of open sets or vertices whose 
sum is M. The covering whose vertices are the images under 7" of the vertices 
of U will be denoted by U*. WU is invariant if Ul and WU" are identical. 


2.7. Every covering lof M possesses an invariant refinement. 
Proor. Let 8 be a common refinement of U, Ul’, --- , UW” and let @ con- 


sist of all the vertices of all the coverings %, B', --- ,B”*. Obviously @ C u, 
W = 


2.8. Let Uz denote those vertices of an arbitrary covering Ul which meet L, 
lly those which do not. The images under A of the vertices of Ul form a covering 


of M* which we shall denote by All. Obviously the relation 1 C & implies 
AU CAB, 


2.9. Let Ul be a covering of M such that (i) each vertex of U, is invariant; 
(ii) the vertices of Uy fall into a finite number of iteration-sequences and each 
vertex of Uy meets at most one vertex in each sequence; (iii) if U « Uy, then 
UL =0. Uwill be called a regular covering of M. 
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2.10. Let U = {Ui,---, Uu} be a regular covering of M. A necessary and 
sufficient condition that AU, = AU» (1 S a, b S u) ts that Ur be an image of U, 
i under a power of T. 
| Proor. The sufficiency of the condition is obvious. Suppose that AU, = 
AU,. Then A ‘AU, = A hence = cU,. Therefore Us must inter- 
sect some image of U., say 0. Now suppose that Then 
owing to the regularity of U we have UUs +---+ US —) = 0. Hence 
Ui(oU») = UiU, # 0. But since Uz C = = Us, we have 
Ui(cUs) = Ui. Hence UiU, = Ui and Ui C U;. Since we are assuming 
that Ui ely, it follows that U, «Uy and therefore the argument can be re- 
peated with Ui and interchanged. Hence U, C Uz, and = Ui 
case Ui ell, , we must have U, Ul, and then = = = Us. 


2.11. Every invariant covering U of M has a regular refinement. 
Proor. Suppose Wz = {Ui,---,Ui}. Let = UiU;--- UP" 
(i = 1,---,l). The Q’s are invariant open sets. Each Q meets L and LC 
>i Q: = A (say). Let {Vj} be a regular covering of M — A (2.5). The V's 
together with the Q’s form a covering ¥ of M. Let W% CUB. We shall re- 
move from Y& each vertex which is contained in a Q, and replace the vertices 
] which have been removed, by Q:,--- ,Q:. The new covering thus formed 
consists of the Q’s together with certain vertices, say W,, --- , W: each one of 
which is contained in some V;}. Let all the images (under powers of 7’) of each 
vertex W,,---,W: be adjoined to YW. The new covering Y& thus formed 
consists of the Q’s and the vertices W} (i = 0,---,p — 1;j = 1,---,/) 
1 It is clear that 


(Wo) = 11, --- , Qu}, (Wo) = (W3}; 


in fact each Q meets L, whereas each vertex W} fails to meet L because it is 
contained in some Vz. Since {Vi} is a regular covering of M — A, it follows 
that each vertex of ({8)y (being contained in a Vi) meets at most one vertex 
of any sequence in (%&®)y ; moreover its closure fails to meet L. Therefore 
YW, is regular. Since Q; C U; (7, 1,---,1) and since, for i = 1, ---,4, 
CU and is invariant, it follows that W) C 


2.12. Every covering of M possesses a regular refinement. This follows from 
2.7 and 2.11. 


2.13. We now make the following assumptions concerning M: 
I. Every open set in M is an F,. 

II. dim M &S n. 

| I holds also for M* (2.4). Consequently the results of dimension theory 
i apply to M and M*{2]. We shall show that dim M* < n. Let 2* be an arbi 


trary point of M* — L*, say x* = Az,x C M — L. Let W be an open set 
containing x and such that WL = 0, W'W’ = 0 when i = j (ef. 2.6). Ob 
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viously, if the domain of A is limited to W, A is one-one between W and AW. 
It follows readily that W and AW are homeomorphic (cf. 2.3) and therefore 
dimAW <n. Since AW is a neighborhood of the arbitrary point z* C M* — L*, 
we conclude that dim (M* — L*) S n. Since L and L* are homeomorphic, 
dim L* = dim L S n. Since M* — L* is an F, and L* is closed, dim 
(M* — L*) + L* = dim M* S n ({(6], p. 93 and [2)). 


2.14. Every covering ll possess a regular refinement of order S na. 

Proor. Let Us be refinement of U such that those vertices of Uy which 
meet a given vertex of Up are all contained in a single vertex of U. (Con- 
cerning the existence of such a refinement see [3], p. 628.) Let ¥ be a regular 
refinement of Up. Obviously ¥ has the same property relative to U as Up 
has. Suppose that 


B= {%,---,Q}; Br= {Vj} =1,---,). 
Since AV} = AV;, we have 
Bt = AW = ; AV;}, By = AVy = {AV,} (kK = =1,-:-, 0). 
Since dim M* S n, ¥* has a refinement Y* of order < n ([6], p. 158; [2]). We 
may write 

W* = {Ri,---, Wi, ---,Wo} = (AR, ---, AW, --- , AWo} 


where the R; and W; are open sets of M and where the vertices of YW* are so 
named that each R} is contained in some Q;, say Ri? C AQz (@ = a(i)) and 
each CAVs (8 = B(i)). We have hence oW; CoVs. 
Let X; = (oW,)Vs. Then AX; = (AoW,)(AVs) = Wi (AVz). Moreover 


= = = oWi. 


Hence for each vertex W; of Y*, there is an open set X; such that (i) AX; = Ww: : 
(ii) oX; = oW; ; (iii) X; C Van. The open sets 


that is, by (ii), the sets 
oh, --- ,oR,; 


form a covering % of M. For each i let the vertex oX; of YW be now replaced 
by the p sets X;, X},---,X?7? and let the new covering thus formed be 
denoted by ¥. We assert that the order of ¥is < n. For consider the product 


J = oR,oR; --- --- XE 


of distinct vertices of ¥ and suppose that J ~ 0. Then the indices q, 7, --- , 8 
must be distinct. For since X, is contained in some vertex of the regular 
covering B (by iii), the sets X,, X},---,X?™ are mutually exclusive and 
therefore if g = r, we must also have a = b and X% = X? contrary to hypothesis. 
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From this it follows (by i) that the images under A of the factors of J are dis- 
tinct vertices of ¥* and since their product is C AJ ¥ 0, and Q* is of order < n, 
the factors of J must be n + 1 or fewer in number. Hence & is of order < n, 

Let the invariant vertices oR, , --- ,0R, now be denoted by S,, ---, 8,. 
Since each X; is contained in some non-invariant vertex of By, we have 
X'L = 0. Consequently L C S, + --- + S,. It is not necessarily true, 


however, that each S meets L, and therefore YW need not be regular. 
Let us recall that AR; C Q.() and that Q, is invariant. Then 


so that each S is contained in some Q. We may assume that the S’s are so 
named that S,,---, S; meet L, ---,S,do not. Assume also that 


S; C Q,; (= 1,---,D, Sui CQ; @=1,---,r—l). 


We assert that Qo; (Dd ~0(j = 1,---,r — I). For otherwise LQ,, 
is covered by S’s from the set Si,1, --- , S; whereas these S’s do not meet L. 
Suppose then that Q; meets Qa, (k = k(j),j = 1,---,r 1 Sk S)). 
Let the S’s in Q, having subscripts > 1 be grouped with Sq) , those in Q,, 
but not in Q, , with Sj) and so on. In this way the S’s can be arranged in 
l families, the i‘” family consisting of S; together with certain S’s which are 
contained in Q’s which meet Q.;. Let Y; be the sum of the S’s in the i* 
family and let the vertices S;,---,S, of ¥ be replaced by the open sets 
Y,,---,¥.. We obtain a new covering 


= {¥i,---, Xj} = 1,---,w). 


X is regular. For each Y; is invariant and meets L, and the X}’s derive their 
required properties from the fact that each is contained in a non-invariant 
vertex of the regular B. Furthermore, X%) C UU. To prove this it is only 
necessary to examine the Y’s since X} C Vg; «8 CU. But Y; is contained 
in the sum of certain Q’s which meet Q.; and these Q’s together with Qa; are 
contained in a single vertex of Ul, on account of the way Ub was chosen and 
the fact that Q;«B C = 1,---,2). Finally, since is of order 2, 
and since X) was obtained from X by the operation (applied perhaps several 
times) of replacing a set of vertices of their sum, Xo is also of order S$ n. There- 
fore Xo is the required refinement of ll. 


2.15. Let a be a point of L and A a neighborhood of a (i.e. an open set con- 
taining a). There exists an invariant neighborhood B of a, such that B CA. 
In fact, AA’... A?” is such a neighborhood. 


2.16. We shall say that a covering U of M is special if (i) U is regular; (i) 
every U-simplex with vertices in Uz is in L;° (iii) every U-simplex not in Lis 
of dimension S n. 


5 The simplex (Up U, --- Uj) is in L if UpU, UnL 0. 
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A special Ul has the property that the totality of U-simplexes which are in L 
is identical with the totality of U-simplexes with vertices in Ul, . This follows 
immediately from (ii) and the fact that no vertex of Uly meets L. 


2.17. Every covering of M has a special refinement. 

Proor. Let ll be a covering of M and % a refinement of U1 such that for an 
arbitrary B-simplex FH, there exists a vertex of U1 containing all the vertices 
of E.. Choose a refinement %& of 1 which is regular and of order < n (2.14). 
Let W@W. = {O,, --- , Or}, and let x; be a point in W; (i = 1,--- ,l). Let X; 
be an invariant neighborhood of x; such that X; C O; and X;Wy = 0 where 
Wy means the sum of the vertices of Wy. That the X’s exist follows readily 
from 2.5 and the definition of regular covering. Let O;,, Oi, ,--- , Oi, 
(a = a(i)) be the O’s which meet O;. Let Z; = X;, + Xi, + --- + Xj, and 
let O; = O; + Zi: (i = 1, --- We shall show that the covering obtained 
from % by replacing each O; by O; is special. Obviously %&’ is regular and 
= {0;}, Wy = Ww = (say) {Wi, ---, Wn}. Suppose 010; --- 0. 
Then Z, D X, + --- + X. so that 


0.2 Xe+--- + Xe 
and similarly for 03, --- ,O.. Hence 
0,0; DXa+Xo+--- +X. 


and therefore 0,0; --- OLL # 0. Consequently (ii) is satisfied. Next let EZ 
be a Q’-simplex not in L, say E = (O1,---,0., W,,---,W,). At least 
one W must enter the symbol for EZ, otherwise E would be in L. Let 


(1) J=O,---O,Wp--- We = (Oc + Ze) (Oc + We. 


Since no W meets any X and therefore, none meets any Z, it follows that if J 
be expanded as a sum, all terms of the form O, --- 0,Z; --- Z;W, --- W, are 
zero. Hence 


(2) J =0,--- #0. 


Obviously the factors in (2) are distinct because those in (1) are. Since QW is 
of order < n, there can be at most n + 1 factors in (1) and (2) and therefore E 
is of dimension < n, and (iii) is satisfied. It remains to be proved that QW’ 
is a refinement of Ul. For each O; there exists a Y-simplex the sum of whose 


vertices contains O;. Hence, by the choice of B and ¥, O’ is contained in a 
vertex of Ul and hence ll. 


2.18. Unless it is stated to the contrary, let it be understood from now on 
that “covering of M’” means a special covering of M. Since these coverings 
form a complete family S of M (by 2.17), the homology properties of M can 
be studied solely in terms of the coverings in S. Moreover, it is easy to see 


*Cf. [3] page 628. 
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that the totality S* of coverings of M* of the form AU(lU« S) is a complete 
family for M* and consequently the homology properties of M* can be studied 
in terms of the coverings in S*. 


2.19. Let U, ¥ be coverings of M, UCB. There exists an “invariant projection” 
of Ul into B, that is, a projection such that = (rU)' (i = 0,--- , p — 1) 
for every U' U. 
; Proor. Consider the arbitrary vertex Oe Uz. There must exist a vertex 
Q «%. such thatO CQ. Let rO = Q. Since O and Q are invariant we have 
= (¢ = 0,---,p — 1). Suppose Uy = {U3} (¢ = 0,--- 
j =1,---,u). There exists for each U; a vertex Vj) in Bz or Bw such that 
U; C Vay. Then U} C Vic» and if we put rU} = Varn , we have (U})* = 
(xU')* (k = 0, --- , p — 1) and hence z is invariant. 


2.20. Let it be understood from now on unless stated to the contrary, that 
all projections of (special) coverings of M are invariant. 

Let B be a refinement of U and let = 7(%, U). In a natural manner we can 
associate to 7 a projection 7, of AY into All by means of-the formula 7,A¥ = 
| Ar&%. We must show that this definition of 7, is self-consistent; that is, if 
[ V,, Ve are two vertices of U1 such that AV; = AV2, then we must show that 
m AV, = mAVe2. But the relation AV; = AV2 implies that Ve = Vj (2.10); 
then since zw is invariant we have rV2 = (rV;)*. Hence ArV2 = A(xV;)* = 
ArV, so that Vo = Vi 


2.21. Let U, B be coverings of M such that ABW C AU. There exists a covering 
Bo such that AB = AB, Vo 
Proor. Let 


Us. = {Ox}, Un = {Uj}; B = (Q.}, Bv = 


Since U and & are regular, each AQ must be contained in a AO, say AQ, C 
AOaq - Let AVi,---,AV,, be the AV;’s which are contained in AO’s, say 
AV; C AOwa (h = 1,---,ho). Each remaining AV; is contained in a AU, 
say AV, C AU (kh = Ako + 1,---,1). Since A induces a homeomorphism 
(cf. 2.13) between U, and AU. , we may choose an open set Vy such that Vio C 
AV go AV, =h+ ,l). Let 


Bo = 5 oV; ; Vio} 
Bo is a covering of M and it is readily seen that AV) = AV. Moreover 
Qe = = = = Once) 
= A AVA CA = = Qe Vio View - 
Hence Ul. 
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3. In M anp M* 


3.1. Let Ul be a covering of M. We shall describe certain relations between 
ll-chains of M and the All-chains of M*. 

Let E= (Uo Ui, Un) be an (h, U)-simplex. Then (Us ’ Ui Ui) 
is an (h, U)-simplex and will be denoted by EH‘. Moreover, the vertices 
Ally, , AU, of AU are distinct. For since ¥ 0 (0 a,b 
can not be of the form U% if Us € Uy ; nor can U, = Ui if U, is invariant for 


then we would have U, = Ug. Consequently (2.10) the sets Ally, ---, Al, are 
distinct; moreover their product is AJ where J = [Ji U; ¥ 0. Hence 


(Allo, --- , AUl,) is an (A, All)-simplex and will be denoted by AE. We thus 
extend the domain of operation of A to include the simplexes of an arbitrary 
(special) covering of M. 


3.2. Let AU = U* and let E* be an (h, U*)-simplex. There exists at least one 
(h, U)-simplez E such that AE = E*. 

Proor. Let E* = (Uo, ---, Un), Uz; = AU;, Use U. There exist integers 
a,---,a@, such that Uji 0. For since Ul 0, we have 
U7) = (cU;) ¥ 0. But 


= veut... us 


therefore at least one term in the sum, say U¢’ --- Ux" is ¥ 0. Since AUS! = 
AU; = Uj, the vertices U%°, --- , Uz* are distinct (2.10) and therefore deter- 
mine an (h, U) simplex Z. Obviously AE = E*. 


3.3. Let E; , Ez be (h, U)-simplexes. A necessary and sufficient condition that 
AE, = AE, is that for somea(O 

Proor. The sufficiency is obvious. Assume then that AZ; = AE,. Suppose 
that = (On , » Un, , U1q) where p + q =h+landO, el, 
UiieUy. It is clear then that HZ, must be of the form 


(On , , Ory, Un, , Urq) 


where AO,; = (i = 1, eve AU; = AU a; (i = Since the 
O’s are invariant, we have immediately O,; = Oo: (¢ = 1,---,@). As for the 
U’s, we have 


oU 4; = AAU; = A*AU3; = oU2;. 


Hence AU; = AoUj; = AoU2; = AU2; and it follows from 2.10, that Ui; = Us} 
(0 Sa; <p —1). Hence, since Un 0, we have U3}U33 ¥ 0 and there- 
fore Un 0. Suppose az — a, 0 mod p. Then since UnUz 0, 
Un is intersected by two vertices of the sequence Ue, ---, U3)" which is im- 
possible because U is regular. Therefore a; = a2 (mod p) and in fact, we 
obtain, on repeating the argument, a, = a2 = --- = a, = a (say), mod p. 
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Therefore U,; = U%;. Since also = we have = We may 
of course reduce a modulo p. 


3.4. Let E be a U-simplex not in L. The simplexes E, E’, --- , E?™ are 


distinct. For suppose E = (Uo, ---, Un) and suppose, as we may, that Uy 
isin Uy. = E’, then Upisa vertex of hence Up meets each vertex of 


in particular U» meets Uj, and this is impossible since U is special. 


3.5. Let C(U) = >> 2;E; be an (h, U)-chain with coefficients 2; in a field j. 
We shall denote the (h, U)-chain by C’(U) and the (h, AUl)-chain 
> 2;AE; by AC(U). Obviously AC(U) = AC*(U). Let the chain 3°? C’(U) 
be denoted by oC(U). 

Let E = (Uo, ---, Ux) be an (A, U)-simplex in L. The vertices of E are 
in Ux, and each vertex is therefore invariant. Hence £ itself is invariant— 
ie. E = E' (i = 1,2,---). Conversely, if H = E’, it follows from 3.4 that 
ECL. We conclude that a chain C(1) will be simplex-wise invariant if and 


only if C(U) CL. 


3.6. A further remark concerning the chains in L. It is clear from the 
properties of special coverings that the totality of U*-simplexes in L* (U* = 
All) is identical with the image under A of the totality of U-simplexes in L. 
Moreover, the vertices of All, have precisely the same intersection relations 
among themselves as the corresponding vertices in U,. Therefore, A induces 
a one-one correspondence between the U-chains in L and the 1*-chains in L*, 
of such a nature that under A all homology relations are preserved. 


3.7. Let EH = (Uo,---,U;) be an (h, U)-simplex. Then 


and 
so that 


(1) AgC(U) = gAC(U) 


for every C(U). Moreover, if C(U) C A, then AC(U) C AA. Therefore, if 
D(U) is a cycle mod B in A(B CAC M), then AD(U) is a cycle mod AB in AA. 
If D(U) ~ 0 mod B in A, then AD(U) ~ 0 mod AB in AA. 

Let U* = AU and let E* be an (h, U*)-simplex. By 3.2 there exists at 
(h, U)-simplex such that AE = E*. Let cE be denoted by A If 
is a second (h, U)-simplex such that AE, = E*, then Z, = E* by 3.3, and there- 
fore cE, = cE. Consequently the chain A'E* is uniquely determined. If 
C*(U*) = 2; E; is an (h, U*)-chain, we shall denote > Ej by 
The relations 
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(2) AC(W) = oC(U) 
(3) AA D*(U*) = pD*(U*) 
hold for every C(U) and D*(11*). 


3.8. Again let E* be an (h, U*)-simplex, and choose E such that AE = E*. 
Using the relations (1) and (2) of 3.7 and the obvious relation ¢E’ = (¢E)’, 
we have 

A = = A “AGE = of E = ook = oA 'E* 
and from this follows the general relation 
A“ @D*(U*) = D*(U*) 
where D*(U*) is an arbitrary U*-chain. If D*(U*) C A*, A* = AA, then 
A“D*(U*) CoA. Therefore, if D*(U*) is a cycle mod B* in A* (B* = AB C 
A* = AA), then A~*D*(U*) is a cycle mod oB in cA, and if D*(U*) ~ 0 mod B* 
in A*, then A*D*(U*) ~ 0 mod oB in oA. 


3.9. We have seen (3.4) that if an (h, U1)-simplex £ is not in L, the simplexes 
E, E',--- , E”” are distinct; obviously none of these simplexes are in L. It 
is clear then that the (h, U1)-simplexes which are not in LZ can be represented 
without repetition by (¢ = 0,---,p — 1;j = 1,---, aw). 

Let X(U) be an arbitrary (h, U)-chain. We shall denote the chain 
X(u) — X‘(U) by e(U). We shall now use the symbol p to mean either o or ¢ 
and shall agree that if p = o (or ¢) then p = @ (ora). It is readily seen that 
in any case 


(1) ppX(U) = ppX(U) = 0. 
A chain of the form pX(1) will be called a U-chain of type p. 

3.10. Let Y(U) be an (h, U)-chain containing no simplex in L. A necessary 
and sufficient condition that Y(U) be of type p is that pY(U) = 0. 


Proor. The necessity follows from (1), 3.9. Suppose then that pY(U) = 0. 
In any case we may write (3.9) 


yu) = > 


j7=1 


The condition pY(U) then becomes 


We shall consider separately the cases 6 = ¢ and p = o. 
Suppose 6 = ¢. Then (la) becomes 


yi(E} — = 0 
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where the upper indices are to be reduced mod p. Hence 
(yj — yj ) E; = 0 


and hence yi = yi (i = 0,---,p — 1). Therefore yf = y! =... = 
y?* = y; (say), so that 


Y(U) = oX(U) 
where X(Ul) = >0%1 y;E;, which concludes the proof for the case p 


a 


Suppose 6 = o. Then (la) becomes 
=L = vi) oF =0. 
= = 
Hence 


(2) yj =0 


a p-l k 


| Dd 


j=1 k=0 i=0 


Then 
xw xa = — 


j7=1 k=0 i=0 
a [p-1 k 
- ue - vist] 
0 0 
k=1 =0 i=0 i=0 
a 


p—l 
= yj; (on account of 2) 


= Y(u). 
Hence Y(U) = ¢X(U) and the proof is complete. 


3.11. Let B be an invariant set, possibly null. We shall say that the chain 
Y(U) is of type (p, B) if there exists a chain X(U) such that Y(U) = pX(ll) 
mod B. A chain of type (p, 0) is obviously of type p. I f L CB, a necessary 

| and sufficient condition that Y(U) be of type (p, B) is that pY(U) = 0 mod B. 

i Proor. Suppose Y(U) = pX(U) mod B. Then since B is invariant, we 

| have Y'(U) = pX‘(U) mod B. Hence pY(U) = jpX(U) = 0 mod B (3.9). 

Conversely, suppose pY(U) = 0mod B. Since L C B, we may write Y(t) = 


M 


Let 
| 
k+1 
| E; ) 
| 
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‘Y(U) mod B where ’Y(U) is a chain containing no simplexes in B. We have 
also Y'(U) = ‘Y*(U) mod B (since B* = B), hence p’Y(U) = pY(U) = 0 mod B. 
Hence by 3.10, ’Y(U) is of the form pX(U) and we have Y(U) = pX(U) mod B. 


3.12. Let B be an invariant set, possibly null, and let ',(11) be a cycle mod B 
in A (B C A C M) of type (p, B). If there exists in A an (h + 1, U)-chain 
H(U) of the same type as I’,(U1)—that is, of type (p, B), such that ¢H(U) = 
T(U) mod B, we shall write [,(U) ~ Omod Bin A. If A = M orif P,(U) = 0 
mod B, we shall write simply T,(Ul) ~ 0 mod B. It is quite easy to see that. 
homologies of the sort we have just defined obey the same formal laws as 


ordinary homologies. 


3.13. Let A, B be invariant sets such that B C A C M and let T,(U) be a 
cycle mod B in A of type (p, B). Suppose there exists in A a chain X,,,(U) 
such that Xn4i(U) = T.(1) mod B. Then pX44:(1) is a cycle mod B in A of 
type p (hence of type (f, B). For, we have (say) T,(U) = pY(U) mod B. 
Hence 


= = peY(U) = 0 mod B. 
Since A‘ = A, we have X‘(ll) C A, hence pXi4,(U) C A. 


3.14. Let B be an invariant set containing L and let T',(11) be a cycle mod B 
of type (p, B), say T,(U) = pX,(U) mod B. Let Trs(U) = oX,(U). The 
absolute cycle is of type B). For 


= ppX = = = 0 mod B. 


It will be convenient to indicate the relation which exists between I',(U) and 
by writing T,(U): Obviously is not uniquely deter- 
mined since X,(U) can in general be chosen in a multiplicity of ways. 


3.15. Let A, B be sets such that L C B = B’ CA CM. Let T,(U) bea 
cycle mod B in A of type (p, B) and let (Ul) be a cycle in A of type (A, B) 
that T,(U): If ~ mod B in A, then ~ 0 mod 

in A. 

Proor. If T,(U) ~ 0 mod B in A, there exists a chain Kj4:(U) in A such 
that CA and ¢pKi4i(U) = mod B. In particular if T,(U) = 0 
mod B (see 3.11) we shall take Ky4:(U) = 0. In any case 


= = pX,(U) mod B. 
Let = X,(W) — Then H,(U) C A and 
¢H,(U) = = mod B. 


Moreover 
pH,(W) = — = 0 mod B. 
Hence (by 3.11) H,(U) is of type (, B) and therefore P',:(U) ~ 0 mod B in A. 
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3.16. Let I,(1l) be a cycle mod B in 1, where B = B' CA = A’ CM 
If [,(U) ~ 0 mod B in A, then pI',(U) ~ 0 mod Bin A. For if we have say 
= mod B, A, then also = mod B, 
hence @pXj4i(U) = mod B. pX(U) and pI'(U) are both of type p, 
hence of type (p, B) and finally, pX(U) C A since A = re 


3.17. Let X(&) be an arbitrary B-chain. If B is a refinement of U and if 
x = m(%, U1), then on account of the invariance of (2.20) we have rX‘(&) = 
.1(X(B))', hence rpX(W) = pxrX(B). Thus a B-chain of type p is projected 
by x into a U-chain of type p. Similarly, a B-cycle [',(@) mod B in A of type 
(p, B) is carried by x into a U-cycle of the same type; and if T,(@) ~ 0 mod 
B in A, then the same holds for 2T,(&). 


3.18. Let I’, be a cycle mod B in A where 0 © B = B' CA. We shall say 
that I, is of type (p, B) provided that 

(i) each I’, (11) is of type (p, B); (ii) C Uand = WU), then aI’, ~ 
T,(Ul) mod B in A. These conditions being satisfied, we shall write T, ~ 0 
mod B in A provided that this relation holds for each T,,(1). 


3.19. We shall consistently denote by p the field of integers reduced modulo p. 

Let T, be a cycle mod L of type (p, L), say T,(U) = pX,(U) mod L. La 
AX,(U) = X*(U*). If p = oc oriff = pandp = 4G, X* = {X*(U*)} is a cyck 
mod L* in M*. ~ 0 mod L, then X* ~ 0 mod L*. 

Proor. @$X,(U) is a cycle of type (j, L) (3.14), say = pY¥ia(l) 
mod L. Hence ¢AX,(U) = AdX,(U) = ApY¥ia(U) mod L. This last chain 
equals 0 mod L if = and equals pAY(U) = mod pif = Hence AX;(ll) 
is a Ul*-cycle (i1* = All). Suppose that B* C U*, BF = AB. By 2.21, there 
exists a Bo C U such that AB = Vr. Let = UW). Then ~ 
T'(U) mod L; hence there exists a chain pXj4:(U) such that 


— (Bo) + = 0 mod L. 
Let 
ZU) = — — Xr(U). 


We have pZ,(U) = 0 mod L, hence Z,(U) = pZ’(U) mod L (3.11) so that 
AZ,(U) = 0 mod L*. 


0 = — — AX,(U) mod L*, 


that is, m X*(@*) ~ X*(U*) mod L*, which proves that X* is a cycle mod L*. 
The second part of the theorem is proved by much the same sort of reasoning. 


3.20. Let X* = {X*(U*)} be a cycle mod L* in M* and let T, = {T(U)} = 
{A “X*(U*)}. is a cycle mod L of type If X* ~ 0 mod L*, then ~! 
mod L. 

The proof offers no difficulties and will be omitted (see 3.8). 
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3.21. Let 1, be a cycle mod B of type (p, B). For every WU let there be chosen a 
cycle T,1(U) mod B of type (6, B) such that T,(U): (3.14). Then = 
ts a cycle mod B of type (6, B). 

Proor. We may write T,(U) = pX,(U) mod B, X,(U) = We 
have to show that if r = Ul), C U, then ~ mod B. 
We have wpX,(B) — pX,(U) ~ O mod B. Hence since 7 is invariant, 
o(rX(¥) — X(U) ~ O mod B, and therefore by 3.15, ¢(rX(@) — X(U)) ~ 0 
mod B. Hence r@X(B) ~ ¢X(U) mod B, ie. — mod B. 

It will be natural to indicate the relation which exists between the cycles 
r, and Ty. by writing T,:P,.. Obviously this relation is additive—that is, 
if also then + + Tha). 


3.22. We shall now make certain assumptions concerning the homology 
characters of M. It will be convenient first to adopt the convention that a 
(0, Ul)-chain is an absolute (0, U)-cycle if and only if the sum of its coefficients 
if zero. Then, for example, the boundary of every (1, 11)-chain is an absolute 
(0, U)-cycle, whereas a (0, U)-chain consisting of a single vertex with a non- 
zero coefficient is not. Moreover, the 0-dimensional Betti number of M no 
longer equals the number 8 of quasi-components of M but is one less than 8; 
in particular if M is connected, Bo(M) = 0 and conversely (see [1], p. 169). 


3.23. We now assume that 


III. For every neighborhood A(a) (a C M) there is a neighborhood A,(a) C 
A(a) such that every h-cycle (0 S h S n)in M — Ais ~0in M — Aj. 


3.24. Let A(a) be a neighborhood of a,a CL. There exists an invariant A,(a) C 
A(a) such that for every (absolute) cycle T, of type pin M — AandwithO Shs 
n — 1, there exists a cycle T; of type p in M — A and a cycle Ty41 of type p in 
M — A, such that andl, ~T, in M — A. 

The proof will occupy the next four sections. 


3.25. Since h + 1 < n, there exists by III (3.23) a neighborhood B of a 
(with B C A) such that every h-cycle in M — Bis ~ O0in M — A. Let Ao 
be an invariant neighborhood of a such that Ap C B. Obviously, h-cycles in 
M —Aare~0Oin M — Ap. Similarly choose an invariant neighborhood 
A, C Ay such that (h + 1)-cycles in M — Ayo are ~ Oin M — Aj. 

Let Ube a definitely chosen covering and let 1, C U. Let m and mu be two 
projections of Uy into U. There exists an (hk + 1)-chain X(U) in M — Ao 
such that X(Uh) = (Uh). We assert that there exists in M — Ao an h-chain 
D(U) of type p such that 


In fact, relative to 7, and a there is determined ({1], p. 159) for each (k, Uh)- 
chain Y(Uj) in a given set H say, a (k + 1, U)-chain P[Y(U,)] in H which, as a 
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function of Y(Uk), is additive and satisfies the relation (written here for the 
(h + 1)-chain X(U,)): 
(1) ¢P[X(U)] = mX(Uh) — mX(th) — PloX(U,)]. 


Let D(W) = = Since is of type p and P is addi- 
tive, it follows that D(U) is of type p. Moreover D(Uh) © M — A, since 
(lu) C M — A CM — A). Therefore (1) determines a homology of the 


desired form. 


3.26. Now let ll, and UU, be normal refinements of U relative to cycles in 
M—A,. Leta; = 7(U;, UW) (¢ = 1,2). There exists in M — Ayan (h + 1)- 
chain X(U,) bounded by T;,(U,). We assert that there exists in M — A, a 
chain E(U) of type p such that 


(1) — mX(U2) — E(U) ~ Oin M — 


For, let WC lh and let toi = Twi(B, (i = 1, 2). Since is of type p 
and is in M — Ao, there exist (by 3.18) chains G(U,) of type p in M — A, 
such that 


(2) = (BW) — Us) (i = 1, 2). 
Moreover, by the choice of Ao there exists in M — Ap a chain X(%8) bounded 
by T,(%). From (2) we see that 
Twi — X(Ui) — G(Ui) 
is a cycle in M — Aj ; its projection by 7; is 
= X(BW) — X(Ui) — = 1, 2) 


and this cycle is still in M — Ao and it is essential. Hence there exists in M — Ao 
an (h + 1)-cycle of which Q;(U) is a “‘coefficient’’ (cf. footnote 4a); that cycle, 
and hence Q,(Ul), is ~ 0 in M — A,. The same is true of Qi(Ul) — Q.(U)— 
that is, 
(3) m X (Uh) (Ue) Twi X (YW) 2 Tw2 X (MB) 

— Y(U) ~ Oin M — A, 


where Y(U) is a chain of type pin M — A,, hence in M — Ap. By 3.25, we 
may write 


(4) —™1 Twi X (BW) + v2 X(W) — F(U) ~ Oin M — Ay 


where F(U) is a chain if type pin M — Ay, hence in M — A,. Since (4) also 
holds in M — Aj, a relation of the form (1) is obtained by subtracting (3) 
from (4). 
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3.27. Now let U be arbitrary. For each U, choose a normal refinement 1, 
relative to cycles in M — A;, and a chain X(U,) in M — A) bounded by (Uh). 
For each Ul, and U choose a my = mu(Ui, U) and let 


X'(U) = mw Ty(U) = muTs(Uh). 
We shall show that if @ C U and x = x(%, 1), there exists in M — A, a chain 
H(U) of type p such that 
(1) rX'(B) — X’(U) — H(U) ~ OinM — A,. 
By 3.26, there exists in M — A; a chain H(U) of type p such that 
X(Bi) — mu — A(U) ~ Oin M — 


But this is precisely the relation we wish, since = X’(%) and (Uh) = 
X’(U). 

From 3.13, it follows that pX’(U) is a U-cycle in M — A, of type p. Let 
Thar = {pX'(U)}. We assert that T,,: is a cycle of type din M — A,. The 
homology (1) holds when the chains involved are replaced by their images 
under T. Hence (3.16) 


(2) apX'(B) — pX’(U) — pH(U) ~ Oin M — A,. 
But pH(U) = 0 since H(U) is of type p. Consequently (2) may be written 
~0 in M — A; 


and our assertion is proved. 


3.28. To complete the proof of 3.24 it is merely necessary to recall that 
oX'(U) = = I’(Uh) so that Moreover, ~ 
in M — A (3.18). Hence Tl, ~T,in M — A and the proof is now complete. 


3.29. Let be a cycle mod B in A (0 ¢ B = B’ C A) of type (p, B). On 
account of the properties of special coverings and of invariant projections it is 
readily seen that {I’(U)} is also a cycle mod B in A of type (p, B). It will be 
natural to denote this cycle by I”. 


3.30. Let r be a field such that the relation pr = 0 (xe rt) implies x = 0 
and the relation = 1 implies z = lif p > 2andz = +lifp = 2. The 
field of rational numbers for example satisfies these conditions. We shall now 
assume that 


IV. The coefficient field f is either p (see 3.19) or r. 


V. The Betti numbers B,(M; f) (0 < k S n) of M relative to the coefficient 
field f(= p or rt) are the same as those of an n-sphere. 


0 
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3.31. In particular we have By(M; f) = 0 (see 3.22) and B,(M; f) = 1. 
From the second relation there exists a cycle’ A, not ~ 0 and such that every 
cycle I’, in M satisfies a homology of the form Tl, ~ zA, , ef. In particular, 
Al ~ yA,(y €f). Hence Ai, ~ yA, ~ ete. so that AZ = A, ~ Hence 
y” = 1 and therefore (3.30) y = 1 unless p = 2 in which case y = +1. Thus 
Al ~ A, when p > 2 and A, ~ A, or —A, when p = 2. 

Let p, stand for « when p > 2 and for o or & according as Ai, ~ A, or —A, 
when p = 2. Regardless of the value of p we have p,A, ~ 0. Hence there 
exists for each U1 an (n + 1)-chain X,4:(1) bounded by /,4,(U). But since 
every lU-simplex not in L is of dimension < n (2.16), we have Xny(U) CL 
and hence Xn4:(U) C L, ie. p,A,(U) = 0 mod L and therefore (3.11), A,(1) 
| is of type (p, L), and, in fact, A, itself is of type (pn , L) (see 3.18). 

Remarks: 1. From the preceding paragraph it is clear that a homology of 
the form ’,(11) ~ 0 mod B implies T,(U) = 0 mod (B + L). 
2. We have seen that regardless of the value of p we have f,A, = 0 mod L; 
it is easy to see also that p,A, = pA, mod L. 
3. If f = p, then regardless of the value of p, cA, = ¢A, = 0 mod L, so that 
A, is simultaneously of types (c, L) and (¢, L). We shall agree however to 
take p, = o when f = p. 


3.32. Let us choose once and for all a family of chains {x,(11)} such that 
An(U) = pax(U) mod L. Let = {xn(U)}. As we have seen (3.21) 4. 
is a cycle of type (j,, L) and therefore we may write A,i(U) = pn+Xn-1(l) 
/ mod L, where pr = fn. Let Ano = {@xn-1(11)} and continue in this manner 
i down to the dimension 0. We obtain thus a sequence of absolute cycles 
An, +++ , such that 


An = mod L (h = n, --+,0) 
= Ana (h = n, ---,1) 
An? (h = n, -++,]) 


where p, = pn OF fn according as n — A is even or odd. 


3.33. Let X(U) be a chain of type p. If p = & or if p = o and f = 9, then 
LN X(N) = 0 (ie. no simplex of X(U) is in L). 

Proor. Let X(U) = pY(U), and let Y(U) = Yo + Yoo where Yo = LN X(U). 
Obviously Yo C L, Yo N L = 0, Yio M L = 0. Hence our assertion follows 
from the relations 


X(U) = ¢Y(U) = when 
X(U) = oY(U) = PYo + oY oo = when p= o,f = p. 


7A, of course depends on f; it will be understood however that statements about 4 
are true for either choice of f unless it is stated to the contrary. 
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3.34. Let X(U) be a chain of type (op, B+ L) whereO GC B= B’. Ifp =6 
or if f = pand p = a, X(U) ts of type (p, B). 

Proor. By hypotheses X(U) = pY(1) mod (B + L); hence by 3.33, X(U) = 
pY(U) mod B. 


3.35. Let I be a cycle mod (B + L) of type (p, B + L) where 0 & B = B'. 
If p = ¢ or if f = p and p = oa, T 1s a cycle mod B of type (p, B). Iff ~0 
mod then also! ~ 0 mod B. These statements hold for \-cycles as well as cycles. 

Proor. From 3.34, T(U) is a chain of type (p, B). Hence we have say 
= pX(U) mod B. Now = Omod (B+ But = opX(U) 
mod (B + L) and hence (3.33) ¢f(U) = 0 mod B so that I'(U) is a cycle mod B 
of type (p, B). Another application of 3.33 shows readily that if 8 C U and 
= Ul), the relation ~ mod (B + L) holds also mod B. The 
proof of the second part of the theorems is similar. 


3.36. L is nowhere dense in M. 

Proor. Let f = p. Then A, is of type (c, L) (3.31) hence by 3.35, A, is of 
type o and A, M L = 0. Suppose L contains an open set A. Then since 
4, CM — L CM — A, we have by assumption ITI, A, ~ 0 which is impossible. 

This result is similar to a theorem of Newman (a corollary of the more general 
theorem of [10]) which asserts that if a periodic transformation 7' operates in a 
locally euclidean space and leaves fixed the points of an open set, 7’ must be the 
identity. Our result holds, incidentally, regardless of the values of the Betti 
numbers of M of dimension < n since only the existence of A, was used in the 
proof. 


3.37. A, can not be ~ 0 mod L. 

Proor. Supjse A, ~ 0 mod L. Then (see 3.31) A,(U) = 0 mod L for 
every U, hence A, C L = M — (M — L). Since T is not the identity, the 
open set M — L is non-vacuous and it follows from III (3.23) that A, ~ 0 which 
is impossible. 


3.38. The open set M — L has at most two components. If p > 2,M — L 
is connected. If p = 2 and if M — L has two components, they are images of 
each other under T'; moreover we have in this case A, ~ —An. 

Proor. Suppose M — L has two or more components and that one of them 
is A. Then A, A’, --., A” are components of M. — L and it is clear that 
either these sets are mutually exclusive or else A = A’ = --. = A”. If the 
latter possibility holds, there must be at least one other component say B. 
say B. Let Ty be a transformation of M into itself defined as follows: 7» is 
to leave the points of A fixed but elsewhere is to be identical with 7. Obviously 
T> is not the identity ; it is however of period p and its invariant set contains an 
open set. Since this contradicts 3.36, we conclude that A, A’,---,A”” are 
mutually exclusive. Suppose there are still other components of M — L. We 
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could then again define a transformation of period p, different from the identity 
and this time leaving fixed each point of oA, which is impossible. Hence the 
components of M — L are precisely A, Ai, --- ,A,. We shall show that 
= 2. 

Suppose on the contrary that p 2 3. Let H # 0 be an open set such that 
Hl CA. Since A, A’, A’ are mutually exclusive and H' C A’, it is easy to see 
that every U has a special refinement Us such that (i) An(Us) is not ~ 0 mod L 
(see 3.37); (ii) no U-simplex in H can be in A’ and (iii) no Us-simplex in A + 4! 
can be in H®. Let Ue be a normal refinement of Us relative to absolute cycles 
in M — H and absolute cycles in M — H*. There exists a refinement U, of 
Ue (Uy not necessarily special) such that every Ue-chain simultaneously in A 
and in M — A is also in A(M — A).* Let WU be a special refinement of 1. 
Let D(W) = A A A,(Ue), C(Uo) = An(Uo) — D(Uo). Then 


(1) D(h) CA CA 
(2) 
C(Uo) + D(Uc) = An(Uo). 
Let = U,)° and let 
= riAn(Uo), = “C(Ui) = 


The chains © D(U), “’C(U,) satisfy (1) and (2) respectively, hence so do their 
boundaries. Since = —¢°C(U,), we have, on account of the choice 
of 


¢°D(U,) A(M — A) CL. 


This relation holds also for ®D(Us) and since Ue is special, it follows that 
¢” D(Us) is invariant (3.5), hence ¢” is an absolute (n, Ue)-cycle. Since 
ms is invariant, we have D(Us) = D(Us) and therefore the cycle ¢ 
is essential. Since ¢®D(U;) C A + A’ and since therefore ¢® D(U;) C M — H 
(by iii), it follows that ¢® D(Us) ~ 0. This implies that ¢®D(U;) = 0 mod L 
(3.31 remark 1), therefore ¢®D(U;) = 0 (3.33). Thus “D(U;) = “D*(W). 
Now “D(Us) N H # 0; for otherwise, since °C(U;) C M — A CM — 4H, 
we would have A,(U,) = °C(Us) + °D(Us) C M — H, and A, (Us) being 
essential would therefore be ~ 0; hence A,(U3) ~ 0 which would contradict (i). 
Thus some simplex of “ D(Us) is in H. But by (ii) this is impossible, since 
D(U;) = “D*(Us) C A’. Thus p must equal 2. We shall show that now 
A, ~ —4,. As we have seen, the cycle ¢ D(Us) is essential and therefore is 
~ 2A,(Us):~ 2A, (Us), and we can not have z = 0, otherwise we arrive at 4 
contradiction as above. Now we have (¢®D(Us))' ~ 2A*(Us). But since 


*On account of I (2.13), M is perfectly normal ({2], p. 40). Hence M is completely 
normal ([2], p. 40) and therefore ((5], p. 8) a refinement such as Ul, exists. 
% a, and zw, are not necessarily invariant. 
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p = 2, (@D(U;))' = —&¢°D(Us) ~ —2A,(Us). Hence, taking f = r, it follows 
that A},(Us) ~ —A,(Us) and since Us; is a refinement of Ul and 1 is arbitrary, it 
follows that A, ~ —4,. This relation holds automatically when f = p. 


3.39. Let T', be a cycle of type p withO S h < n — 1;in particular ifh = n — 1, 
assume that T, is not ~ Omod L.” There exist cycles V4, and T;, of types p and p 
such that andl, ~ Th. 

Proor. If h S n — 1, the proof is the same as that of 3.24 except that now 
we take A = A’ = M and make use of V (3.30) instead of III (3.23). 

Assume then that h = n — 1. On account of the hypothesis on I',_; , there 
exists a covering say YW such that T,_,(8) is not ~ 0 mod L. Now choose for 
every ll a normal refinement Up relative to absolute cycles and let Uy, C UW BW. 
Clearly ,-1(Up) is not ~ 0 mod L. 

Now U, like Up is a normal refinement of U and therefore, if for each U, we 
choose an n-chain X(Uj) bounded by [',-1(U) (which we may do by V (3.30)) 
and then let G, = = a U-cycle of type A, the cycle = mG(U,) 
(m = m(U,, U)) is essential. Consequently we may write 


pX,(U) = T,(U) ~ 2,A,(U) (x. X,(U) = mX’(U)) 
from which it follows (3.31) that 
(1) r,(U) = 2,A,(U) mod L. 
Now suppose that 6 = pz. Then (1) takes the form 
(2) PnXn(U) = tupnxn(Ul) Zupnxn(Ul) mod L. 
Hence by 3.15, 
(3) mod L. 
In the same way, if ¥ is a second covering we have 


Suppose B C U, r = x(B, U). Then on taking the projection of (4) we obtain 
(see 3.17) 


way Ana(B) ~ mod L. 
Since ~ T,1(U), we obtain from (3), 
(%» — ~ 0 mod L, 


so that z, = 2,, since T,-1(U) is not ~ 0. In case ¥ is not a refinement of U 
we still have z, = x, since both numbers will equal x, (say) corresponding to a 
common refinement YW of U, ¥. It follows that the relation (1) may now be 
written = 2A(U) where is independent of and therefore = {I',(U)} 


' Since Ty is of type p, it is obviously of type (p, L). 
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is a cycle since it equals zA,. If we let ¢X,(U) = T,-1(U), we evidently have 
~ mod L. 
We turn now to the case p = p,. This can only occur if f = p. For suppose 
f = r. In any case we have (2) with p, replaced by #, and therefore, since 
PnPnXn(U) — 0, 
= = px,A,(U) mod L 


for every ll. Hence by 3.37, px, = 0, hence x, = 0. Consequently from (1) 
we have [, ~ 0 mod L which is impossible. 

Suppose then that p = p,, f = p. Since now A, is of type (A, , L) (as well 
as (p,, L) (see 3.32, remark 3)), we may write A,(U) = PnXn (Ul) mod L, 
A.,1() = ¢x,(U) and the argument then proceeds precisely as in the case 
Pp = pn, using now J’, x’ instead of A, x, and replacing p, by A, . 


3.40. If T, (0 S h S n) is a cycle of type p, , thenT;, ~ xd, mod L, z ef. 

Proor. Let h = n. Then we have ~ 2A,(x ef). This implies = 
zA, mod L, hence Tl, ~ xA, mod L. 

Suppose next that the theorem is true for the dimension h + 1 S n. By 
3.39, there exist cycles of types = and p, respectively such that 
Tnyitl, &T,. By the hypothesis of the induction we have Tui — yAnu ~0 
mod L and since (Ti41 — yAns) — yds) it follows from 3.15 that — 
Tr, — yd, ~ 0 mod L. 


3.41. If f = rand if T;, ts a cycle of type p, (0 S h S n) then T;, ~ 0 mod L. 

Proor. Suppose h = n. We have Tr, = xA, mod L and since p,I, = 0, 
prAn = pA,, it follows that pxA, = 0 mod L, hence (3.37) pr = 0,x = 0. Thus 
T, ~ 0 mod L. The proof now proceeds by induction precisely as the proof 
of 3.40. 


3.42. Let A ~ 0 be an open setin M. Then A, is not ~ 0 mod (M — A). 

Proor. Let A,(U) = A’(U) + A’”(U) where WU is arbitrary and A” = 
(M — A) f) A,(U). Suppose contrary to hypothesis that there is an Xn4:(ll) 
such that ¢X,4:(U) = A(U) = A’(U) mod (M — A). We may then write 


(1) oX(U) = A’(U) + Y(U) ~ 0 
where Y(U) C M — A. Now Y(U) — A’’(U) is an absolute cycle since 


— A”) = oY —A+A4) = oY +d’) = 6X = 


and moreover Y(U) — A’”’(Ul) C M — A. We may in fact assume by the usual 
argument (cf. for example the proof of 3.39) that Y() — A’’(1) is essential in 
M — A; hence by III (3.23), Y() — A”(U) ~ 0 and on adding this homology 
to (1) we obtain A, ~ 0 which is impossible. 
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3.43. Let A(a) be a neighborhood of a,a C M, and let T, (0 S h S n — 1) 
be a cycle mod (M — A). There exists an A\(a) C A(a) such that 1, ~ 0 mod 
M — A)). 
Proor. From 1.2, ¢f, is a cycle in M — A. From III (3.23), there exists 
an A,(a) C A(a) such that ~ Oin M — A,, say @Y,(U) = C 
M-—A,. By the usual argument we may assume that the cycle Y,(11) — T,(U) 
is essential; hence, since h S n — 1, Y,(U) —T,(U) ~ 0. Hence P,(U) ~ 0 
mod (M — A) for every U. 


3.44. Let B,.(a, M; f) be the k-dimensional local Betti number of M at the 
point a, relative to the coefficient field f. It follows immediately from the 
definition of the local Betti numbers ([4], page 680) and from 3.43, that 
6.(a, M; f) = Owhen0 S k S n — 1. Moreover, it follows from 3.42 that 
8,(a,M;f) 21. We assert in fact that B,(a,M;f) = 1. For we can show that 
if A(a) is a neighborhood of a(a C ZL), and if I, is a cycle mod (M — A) there 
exists an A;(a) C A(a) and an x ef such that T,, ~ 2A, mod (M — A,). The 
proof of this is very much like that of 3.43 and we shall not insist on the details. 


3.45. Let A(a) be an invariant neighborhood of a,a CL, and letT, (OShS 
n — 2) be a cycle mod (M — A) of type (p, M — A). There exists an invariant 
A\(a) C A(a), a cycle Tr4, mod (M — Aj) of type (p, M — A:) and a cycle r, 
of type p (hence of type (p, M — A;) such that Uy41:T, and 1, ~T, mod (M — Aj). 
The proof is in principle the same as that of 3.24. The essential difference is 
that now we make use of 3.43 and 3.44 instead of III. There is no difficulty in 
making the necessary modifications and we may therefore omit details. 


3.46. Let A(a) be an invariant neighborhood of a,a C L. There exists an 
invariant A\(a) © A(a) such that if T, (0 < h S n) is a cycle mod (M — A) 
of type (p,, M — A), then T, ~ 2d, mod (M — A; + L), xef. The proof 
makes use of 3.45 and is in principle the same as that of 3.40. 


3.47. Let K be an invariant set and let y, (0 S h < n — 1) be a cycle mod 
KLinL. If Xn41 is a cycle mod (K + L) such that 6Xn41 = yx mod K (see 1.1) 
and if p = 6 or if f = pand p = a, thenTays = {pXny(U)} ts a cycle mod K of 
type p. 

Proor. = = mod K. Since y'(U) = 
(3.5), we have py,(Ul) = 0 mod K so that pXa4:(U) is a cycle mod K. Let 
UC&,r = r(U,B). We have rX(@) ~ X(U) mod (K + L) which implies 
a relation of the form 


OY = — X(U) + ACU) 


Where H() C K + L. From 3.33, pH(U) C K; hence ¢pY(U) = 
™eX(¥) — pX(U) mod K, that is, z1(@) ~ (Ul) mod K, which establishes the 
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3.48. We return now to a consideration of the cycles A, , --- , Ao of 3.32 
We observe first that A, is not ~ 0 mod L, otherwise we would have A, = 0 
mod L which is impossible (3.37). On the other hand Ay) ~ 0 mod L. For, 
since By)(M; f) = 0, each covering U1 is a connected complex ([1], p. 170). Hence 
if Z is an arbitrary vertex of U, then E, regarded as a (0, U)-cycle mod L is ~ 9 
mod L. Hence we have xo(ll) ~ 0 mod L and therefore (3.16), Ao(Ul) = 
poxo(ll) ~ 0 mod L for every U. 

In the sequence A, , --- , 40, let A, be the first cycle which is ~ 9 
mod L. The value of r depends of course on f and we shall on occasion write 
r = r(f). In any case it follows from the preceding paragraph that 0 < r < 
n — 1, and from 3.15, that Ay. ~ A,» ~ --- ~ Ap ~ Omod L. 


3.49. Let { = » and let A be an invariant neighborhood of a, a CL. For 
r<h<n,A,is not~0mod (M — A+ L). 

Proor. Suppose on the contrary that for each U there exists an Xj,;(ll) 
such that ¢pXj.:(U) = A,(U) mod (M — A + LD). 

Let = AN AU), C(W = AU) — DQ). Then = 
D(U) mod (M — A + L), or 


(1) = DU) + H(U) 


say, where H(U) CM —A+LCM—A. Since ¢D(U) = —¢H(U) and 
@D(U) =. —¢C(U), the chain — is an absolute cycle in M — A. 
Since A, is of type (p, , L), hence of type p, (on account of 3.35), and since A is 
invariant, it is clear that C(11) and D(1) are also of type p,. Therefore H(U) = 
oprXnii(Ul) — DU) is also of type p, and therefore so is C(U) — HA(U), say 
C(U) — H(U) = prY,(U). Now the chains and cycles with which we are 
dealing are defined for each U. Therefore we may assume that the cycle p,Yx(U) 
is essential in M — A, for if it is not, the chains C(U1), D(U), A(U), ete. can be 
replaced by the projections into U of their coefficients in a suitable normal re- 
finement. It follows from III that we may write p,Y,(U) = (UW), C 
M — Ai, where aC A; = A} CA. is a cycle in M — Aj, and since 
it also may be assumed to be essential, we have prsiYasi(Ul) = oY asa(ll), 
Yase(Ul) C M — Ay. Continuing in this manner we obtain a cycle p,Y,(lU) in 
M —A,-, and pnY,(U) ~ 0, hence p,¥,(U) = 0 mod L, hence ~ 0 mod L. 
Since 


pa¥a(W) = — H(U), 
we have (3.15) 
(2) C(u) — H(U) ~ 0 mod L. 


But (1) implies that D(U) + H(U) ~ Omod L. On adding this to (2), we have 
C(U) + D(U) = A,(U) ~ 0 mod L for every U, and this is impossible. 

Let A be an invariant neighborhood of a,a CL. We have of course A, ~! 
mod (M — A + L) when0 Sh S r(p). The preceding result however asserts 
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32. that A, is not ~ 0 mod (M — A + L) when r(p) < h S n. We may express 
0 this state of affairs by saying that the local value of r(p) at points of L is con- 
or, stant and equal to its value in the large. We do not know at present whether 
ce or not this holds for f = r, although a modification of the proof shows that the 
- 0) local value of r(r) can not exceed its value in the large by more than one. 
3.50. Let A(a) be an invariant neighborhood of a,a CL. If f = p and if 
0) M is HCL" (i.e. locally connected with respect to homologies in the dimensions 
ite 0, --- , n) there exists an invariant A,(a) such that every cycle of type p in A, is 
< ~ 0 mod L in A. The proof need not be given in detail; it resembles the 
latter part of the proof of 3.49 in that it is based on a building up process fol- 
lowed by a splitting down process. 
For 
3.61. If r(f) S n — 2 (f = por r) there exists a cycle X,,,; mod L which is not 
(Ut) ~Omod L. If f = p, X+41 7s not ~ 0 mod (M — A + L) where A is an arbi- 
trary neighborhood of a, a C L. 
= Proor. Since A, ~ 0 mod L, there exists a relation of the form ¢p,H,.,U = 
mod L for every U. Since = the chain X/,,(U) = 
pr — is a cycle mod L. Let UU; be a normal refinement of U 
relative to cycles mod L and let = mX’(Uh), m = m(Uh, Then 
and since all (r + 1)-cycles in M are ~ 0, it follows from 1.6 that X,41 = {X,4:(U)} 
A. isa cycle mod L. We have 
(1) Prat X (Ul) = m1 Pr Pr Uy) 1 Xr41( Ui) 
say = ~ Ari mod L. 
= If X,41 ~ 0 mod L, then by 3.16 p,.1 ~ 0 mod L, that is A,41 ~ 0 mod L which 
(U) is impossible. If f = p and if ~ 0 mod (M — A + L) then also X,41 ~ 0 
| be mod (M — A, + L) where a C A; = A} CA and hence p,41.Xr41 ~ 0 mod 
. (M — A, + L) which by 3.49 is impossible. 
wag 3.52. Let f = p and let A(a) be an invariant neighborhood of a,a CL. Let 
(U), X,(0 Sh < n) be a cycle mod (M — A +L) such that pX is a cycle mod (M — A), 
))in of type (p, M — A). If pX, ~ 0 mod (M — A) then for each Ul there exists a 
dL. cycle Xo,(W) mod (M — A) such that X,(1) = Xoa(W) mod (M — A + L). 
Proor. The relation pX,; ~ 0 mod (M — A) implies a relation of the form 
pYnsi(Ul) = pX,(U) mod (M — A) for every UU. Let 
(1) ZAU) = — 
Then pZ,(Ul) = 0 mod (M — A), hence mod (M — A + L) and therefore by 
have 3.12, we may write Z,(W) = pZ’(U) mod (M — A+L). Now since X,(U) 
isa cycle mod (M — A + L), (1) shows that the same is true of Z,(U). Hence 
wv) p2,(U) is a eyele mod (M — A + L), hence it is also a cycle mod (M — A) 
by 3.35. Let = — pZ’(U). Then Xo,(U) is a cycle mod 


(M — A) and we have Xo, ,(U) = X,(W) mod (M — A + L). 


P. A: SMITH 


4. L 


4.1. We are now in a position to draw certain conclusions concerning the 
homology characters of L. It will be sufficient to examine the relative and 
absolute M-cycles in L (i.e. the cycles defined in terms of the coverings of M), 
For, as Cech has pointed out, the homology groups of L defined in terms of 
L-cycles—that is, intrinsically in terms of coverings of the space L (regarded 
as a subspace of M) are the same as the groups defined in terms of the M-cycles 
in L (see [1] p. 168). 


4.2. If r(f) < n — 2 there exists an absolute r-cycle 6, in L which is not ~ 0 
inL. If f = ,6,is not ~0mod L(M — A) in L where A is an arbitrary neigh- 
borhood of a, a C L. 

Proor. Consider the cycle X,,; of 3.51 and let 6, = $X,41 (see 1.2). If 
5, ~ 0 in L, it follows from 1.3 (since every (r + 1)-cycle in M is ~ 0) that 
Xi41 ~ 0 mod L which is impossible. If f = p and if 6, ~ 0 mod (M — A)L 
in L, then since there exists an A,(a) C A(a) such that every (r + 1)-cycle 
mod (M — A) is ~ 0 mod (M — A,) (8.43) we may again apply 1.3; we con- 
clude that X,4; ~ 0 mod (M — A, + L) which is impossible. 


4.3. The second part of 4.2 holds forr = n — 1. 
Proor. We have A,_:(U) = ¢p,H,(U) mod L so that 


Yn(U) = xn(U) — prH,(U) 


is a cycle mod L. Let @Y,(U) = 6,4(U) = a U-cycle in L. Since 
Ap, H,(U) = 0, we have AY,(U) = Axn(U) and = = 
(say) = acycle in L*. But by 3.19 {Ax,(1)} is a cycle mod L* in M*; hence 
52-1 = {5n-4(U*)} is a cycle in L* (1.2). But by 3.6,-A induces a correspondence 
between cycles in Z and cycles in L* in such a manner that all homology rela- 
tions are preserved. We conclude that 6,1 = {6,-:()} is a cycle in L. Sup- 
pose 6n1 ~ 0 mod L(M — A) in L, say 6,,(U) = $Z,(U) mod L(M — 4), 
Zu) CL. Then Y,(U) — Z,(U) is a cycle mod (M — A) and we may assume 
as usual that this cycle is essential. Therefore on account of 3.44 there exists an 
Ai(a) which we may assume to be invariant, such that A, C A and 
Y,(U) — Z,(W) ~ 2A,(U) mod (M — A;), rep. Since Z,(U) C L, we have 
Y,(U) ~ 2A,(U) mod (M — A; + L). Hence p,Y,(U) ~ xpnAn(l) mod 
(M — A, + L) by 3.16; but p,A, (Ul) = pA,(U) = 0 (mod p), hence A,(U) ~? 
mod (M — A, + L) for every U; hence by 3.35 A, ~ 0 mod (M — Aj) which 
is a contradiction to 3.42. 
CoROLLARIES OF 4.2 AND 4.3: B,(a, L; p) = 1. Also (taking A 

BAL;p) 21, and whenr S n — 2, BAL; = 1. 


4.4. We shall make one more assumption concerning M: 

VI. Let P,1 be a cycle in G C M and let a, b, c be distinct points in M — 6. 
For at least two of the points, say a, b, there are neighborhoods A(a), Bi) 
such that T,.1 ~ 0in M — (A + B). 
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4.5. r(p) can equal n — 1 only if p = 2. 

PROOF. Suppose p > 2 and r(p) = n — 1. By 4.3 there exists a cycle 
yn. in L which is not ~ 0 in L. Let 6 be a point in M — L. The points 
b, b', b’ are distinct. By VI there exist neighborhoods of two of the points, 
say B(b) and B,(b') such that yn. ~ 0 in M — (B + B,). On replacing B 
by a smaller neighborhood if necessary, we may assume that B, = B’. Thus 
for each U we have yna(U) = ¢Y,(U), Y.(uU) C M — (B + B’) CM — 
Obviously C M — (B’ + B’) CM — B' and = = 
y»1(ll). The absolute cycle Y,(U) — Y.(U) is therefore in M — B’. We 
may by the usual argument assume that Y,(U) — Y%(1) is essential in M — B’. 
Hence Y,(U) — Y;(U) ~ 0, hence Y,(U) = Y7(U) mod L, hence by (3.11) 
Y,(Ul) = oZ,(U) (say) mod L. But in this case it follows from 3.35 that 
Y,(1) is an absolute cycle, hence for each U, yn1(Ul) = ¢Y,(U) = 0 which is 
impossible. 


4.6. M — L can have more than one component only if r(p) = r(r) = n — 1. 

Proor. Suppose that M — L has more than one component. Then (by 
3.38) p = 2 and the components are say A, A’. Moreover AL ~ —A,. Now 
consider the chain “ D(U;) in the proof of 3.38. It was shown that 


(1) D(Us) ~ 2, (U) 


and that z = 0. Now if f = p, ¢®D(Us) = o®D(Us) = pa” D(Us); if f = rt, 
it follows from the relation A, ~ —A, that p, = ¢. Thus in either case (1) 
implies that 


pn( D(Us) — txn(Us)) ~ mod L. 
Hence by 3.15 


¢(°D(Us) — xn(Uls) ~ 0 mod L. 


But D(Us) = 0 mod L and = An+(Us). Thus we have A,1(Us) ~ 0 
mod L. Since every U possesses a refinement of the sort Us , we have A, ~ 0 
mod LZ and hence r(p) = r(r) = n — 1. 


4.7. Let f = p and let A(a) be an invariant neighborhood of a,a CL. Let 
yr be a cycle mod L(M — A) in L. There exists an invariant A,(a) C A(a) 
and an x €p such that y, ~ x8, mod L(M — A:) in L, where 6, is the cycle defined 
in 4.2 and 4.3. If A = M, A, can be taken equal to M. 

Proor. Assume first that r <n — 2. Then by 3.43 there exists an Ao(a) C 
A(a) such that y, ~ 0 mod (M — Ao) and such that every (r + 1)-cycle mod 
(M — A) is ~ 0 mod (M — Aj). Therefore, by 1.5 with Ki = M — Ao. 
there exists a cycle Y,41 mod (M — Apo + L) and a cycle yo,- mod (M — Ao)L 
in L such that ¢Y,41 = o,, mod (M — Ao) and yo,- ~ yr mod (M — Ao)L 
in L. By 3.47, prui¥,4u1 is a cycle mod (M — Ao + L) of type (pri, 
M — Ay + L). Hence by 3.35, priiYru1 is a cycle mod (M — Ao) of type 


he 
nd 
f), 
of 
ed 
les 
If 
at 
JL 
cle 
2 

nce 
A), 
me 
an 
ud 
ave 
~0 
ich 
M): 
3(6) 


158 P. A. SMITH 


(pr41, M — Ao). By 3.46, there exists an Ago(a) C Ao(a) such that 
rA,4, mod (M — Aw); that is 


(1) — 2xr41(Ul) 0 mod (M — Aw) 


for every U1; this relation holds of course mod (M — Aw + L). Let X,; be 
the cycle mod L of 3.51, such that X41 = 6,. By (1), 3.51, we have 
& mod L, hence mod (M — Ao + L). Therefore (1) 
becomes 


— ~ 0 mod (M — Aw + L). 
Therefore by 3.15, we have 


(VY — ~ 0 mod (M — Aw + L). 


By 3.35, this last relation holds mod (M — Ao) and $(Y,4:(U) — 2X,4:(l)) 
is a cycle mod (M — Ao) of type (p41, M — Aw). By the usual argument we 
may assume that ¢(Y,4(U) — 2X,4:(U)) is essential and therefore by 3.43 
there exists an A,(a) which we may assume to be invariant, such that A; C Aw 
and such that — ~ 0 mod (M — But 


— 2X = — 28, mod (M — A)). 


Hence by 1.4, y, — 76, ~ 0 mod (M — A,)Lin L. It will be seen that in case 
A = M, then Ap, Ao, and A; can all be taken equal to M; we must then 
appeal to V (3.33) rather that 3.43. 

We have still to consider the case r(p) = n — 1. For simplicity let us take 
A = M and thus deal with absolute cycles; the modifications necessary for 
relative cycles will be evident. 

We have now p = 2 (4.5). Let us suppose that yn_; is not ~ Oin L. Since 
Yn-1 ~ O (in M) we may write y,1(U) = ¢Y,(U). Now by 3.35, cY,(U) is 
an absolute cycle and we may as usual assume that oY,(1) is essential, hence 
we have oY,(U) ~ 2A,(U) where (since p = 2), x = Oor1. Suppose zx = 0. 
Then we have cY,(U) ~ 0, hence cY,(U) = 0 mod L, hence by 3.11, Y,(U) = 
mod L, and $Y,(U) = mod L. But by 3.33, L fl 
= 0, therefore since ¢Y,(U) = C L, we have $Y,(U) = 
yn-1(Ul) = 0 for every U, which is impossible. We conclude that x = 1 so that 
oY,(U) ~ A,(U). In the same manner, since 6,_; is not ~ 0 in L, we have 
oX,(ll) ~ A,(U). Therefore o(X,(U) — Y,(U)) = 0 mod L, so that 
X,(U) — Y,(U) = @Z(U) mod L (say), and hence as above, 


o(X,(U) — Y,(U)) = 0 


—that is, O63 — = 0. 

Coro.iary oF 4.7 (with reference to the corollary of 4.3): B-(a, L; p) = 
BAL; p) = 1. In particular, if r(p) = 0, L has two components (see 3.23 and 
[1], pp. 168-170). 
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4.8. Let | = p and let A(a) be a neighborhood of a,a CL. Let yn be a cycle 
mod (M — A)LinL. If0 Sh S nandh # 1, there exists an A,(a) C A(a) 
(with A, = M if A = M) such that y, ~ 0 mod (M — A,)L in L. 

Proor. Suppose h = n. Then by 3.44 we have y, ~ rd, mod (M — Aj) 
wherea CA; CA. If A = M, we may take A; = M by V (3.30). Obviously 
we may assume that A, = Ai. The homology then implies that y, ~ 2A, 
mod (M — A, + L). Since y, C L, we have zA, ~ 0 mod (M — A, + L). 
Hence by 3.49 (or by 3.37 when A; = M),x = 0. Thusy, ~ 0 mod (M — A)). 
Hence we may write 


(1) ¥n(U) $¥ + H,(U) 


where H,(U) C M — A;. Since every U-simplex not in L is of dimension S n 
(2.16) we have Yasi(U) C L. Hence, since y,(U) C L, it follows from (1) 
that H,(U) C L. Therefore, since M is completely normal we may assume 
that H,(U) C (M — A,)L (Cf. footnote 8 and the proof of 1.1) and hence (1) 
implies that y, ~ 0 mod (M — A,)L in L. 

Suppose that h S nm — 2. Then by 1.5 there exists in A an Ao(a) which we 
may assume to be invariant, a cycle Xo,4: mod (M — Ay + L) and a cycle 
yo, mod (M — Ao)L in L such that ¢Xon41 = Yo,, mod (M — Apo) in L and 
Yo. ~ yx mod (M — A»)L in L. Now by 3.47 pass Xon41 is a cycle mod 
(M — Ao) of type (prs, M — Ao) and is therefore ~ xA,,; mod (M — Aw + L) 
where a C Aw Ago Ap (3.46). If h <r we have ~ mod 
(M — Aw +L). This same relation holds mod (M — Aw) by 3.35, and hence 
we have Xo,as1(W) = Xo,n41(U) mod (M — Aco + L) where Xo,44:(1) is a cycle 
mod (M — A) (3.52). Since h + 1 < n — 1, and since Xo,.4:(U) may be 
assumed to be essential mod (M — A), we have (by 3.43) Xo,a4:(U) ~ 0 mod 
(M — A;) where a C A; C Aw, and hence Xo,nyi(ll) ~ 0 (M — A; + L) and 
therefore yo,, ~~ 0 mod (M — A;)L in L by 1.4, hence yo ~ 0 mod (M — A;)L 
in L. 

Suppose next that r < h S n — 2. The relation pry: Xap. ~ TAny1 mod 
(M — Aw + L) can be written 


— ~ 0 mod (M — Aw + L). 
Hence by 3.15, @Xo,a41(W) — xxa41(Ul) ~ 0 mod (M — Aw + L), that is 
— ~ 0 mod (M — Aw + 


But yo.(U) = 0 mod (M — Aw + L) and since A, is not ~ 0 mod 
(M — Aw + L) (3.49), we must have « = 0. Thus pay: Xo,n41 ~ 0 mod 
(M — Aw + L) and we continue the argument as before. 

We have finally to consider the case h = n — 1. Since yx-1 is a cycle mod 
(M — A), there exists by 3.43, an X,(U) such that @X,(U) = yn«(U) mod 
M-A(@CA, Cc A). We may obviously assume Ao invariant. Hence 
prX(Ul) is a eyele mod (M — A») and as we may assume it to be essential, 
we have p,X,(U) ~ mod (M — (a C Ai = Ai Ao). Now the 
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argument used in the preceding paragraph shows that x = 0. Hence 
pnXn(U) = Omod (M — Ai + L) and hence X,(U) is a cycle mod (M — A, + J) 
of type M — Ai +L). Hence by 3.35 X,(U) is a cycle mod (M 4)). 
It follows that ¢X,(U) = 0 mod (M — Ai) that is, yna(U) = 0 mod (M - A), 
Thus yn1(U) C M — Ay. Since also yn«(U) C L, it follows readily (by an 
argument which makes use of a refinement U, of U such that chains which are 
simultaneously in M — A, and L are in (M — A,)L; see footnote 8) that 
yn-1(U) ~ 0 mod (M — A;)L in L. This completes the proof of 4.8. 

Corouiary or 4.8: B,(L;p) = L;p) = O00 Cl). 
In particular if r(p) > 0, L is connected. 


From the corollaries of 4.7 and 4.8 we have now the following: 


TureorEM. With respect to the coefficient field p, the Betti numbers of L, both 
locally and in the large, are the same as those of an r(p)-sphere.” 


4.9. Alexandroff [2] has introduced certain local invariants that differ slightly 
from the local Betti numbers B,. These new invariants are called the Betti 
numbers of L in a (a C L) and are denoted by pi(L; f). Let ya be a cycle 
mod (M — A)L in L. In the language of Alexandroff, y, is a cycle in L 
through a. If there exists an A;(a) such that y, ~ 0 mod (M — A,)L in L, 
then 7, is homologous to zero in a. The numbers pi(L; f) are the Betti nun- 
bers of the h-cycles through a relative to homologies in a (the coefficient field 
being f). It will be seen from 4.2, 4.3, 4.7, 4.8, that the Betti numbers in a 
have the same values as the local Betti numbers at a,—thus pi(L; p) = 1, 
p) = 0 when h ¥ r(p) (0 S h Sn). Since » is a field, it follows that 
relative to p the Betti group in an arbitrary point a of L vanishes for each 
dimension greater than r(p) but not for r(p). 


4.10. We may remark finally, before considering further restrictions on M, 
that if M is HLC” with respect to the coefficient field p, then so is L. This 
follows readily from 3.50 and we shall omit details of proof. 


4.11. Let us consider the special case in which the space M is compact and 
metric. We can now assume that M is immersed in a Euclidean space of a 
finite number of dimensions and therefore certain theorems of Alexandroff are 
applicable. In particular it follows from the last sentence of 4.9 and from [2], 
theorem II’, §7, that dim, L = r(p), where dim; = ZL means the dimension 
of L relative to the field f ([7]). Alexandroff has shown that dim; L < dim 


11 Since dim L S dim M = n, the h-dimensional Betti numbers of L are all zero whet 
h>n. (This follows immediately from the existence for L of complete families of coverings 
of order <n.) 
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({(7], p. 195). Hence dim L 2 r(p). Moreover, dim, L < n — 1 (since 
r(p) $m — 1). 

Suppose r(p) = 0. Then L consists of two points (so that now dim L = 
r(p) = r(t) = 0). For in any case L has two components say K; and Ke. 
Let a be a point of K,. If K, contains points other than a, it is easy to see 
that every relative (0, U)-cycle mod (M — A)L (a C A) in L is ~ 0 mod 
(M — A,)L in L if A;(q) is sufficiently small. But this situation is impossible 
since B)(a, L;p) = 1. Therefore K, is a single point and so, of course, is Ke . 

If dim L = 0, then again L consists of two points, for we have 0 S r(p) = 
dim, L < dim L = 0so that r(p) = 0. 

Suppose that dim = 1. Thenr(p) = 1. Forin any case r(p) dim L = 1 
and if r(p) = 0, we would have dim L = 0 as we have just seen. Since L is 
now connected and since fi(a, L; p) = 1 for every a C L, it follows from a 
theorem of Alexandroff” that L is a simple closed curve and hence that dim L = 
r(p) = land r(r) S 1. 


4.12. If M is compact metric and if dim L = 0 and n is odd, then Al, ~ —A, 

Proor. Since dim L = 0, we have r(p) = 0 (4.11). Moreover L consists 
of two points and hence there obviously exists in L a cycle 69 relative to the 
field f of rational numbers, such that 6) is not ~ 0 in LZ and such that if all 
coefficients are reduced mod p, (so that f becomes p), do is still not ~ 0 in L. 
Let X, be a cycle mod L and 40,0 a cycle in L such that ¢X1 = 60,0, 50,0 ~ do 
in (1,5). Then ¢X,is a cycle of type ¢. Now suppose that A, ~A,. Then 
pn = o (3.31) and since n is odd we have p; = o. Hence &¢X; is of type fj; and 
by 3.41, ¢X: ~ 0 mod L. This relation obviously subsists if we reduce the 
field f modulo p. Hence from 3.52 there exists an absolute cycle Xj mod L 
(relative to p) such that X») ~ Xo mod L. From 1.2, 6) = $Xo is a cycle in L 
and from 1.4 6) ~ 4) in L. But since ¢Xo = 0, we have &) ~ 600 ~ 0 in L 
which is impossible. 


4.13. Suppose that M is locally euclidean. Then since L is nowhere dense 
in M, we have dim L S n and consequently if r(p) = n — 1, we have dim L = 
n — 1, since r(p) S dim L. 


4.14. It is obvious that the assumptions I-VI hold when M is an n-sphere H, . 
Hence all the results up to this point hold for H,. In addition, we have for 


"Corollary 1 of the theorem of p. 12 [8] asserts that in order that a one-dimensional 
continuum L be a simple closed curve, it is necessary and sufficient that the one-dimensional 
Betti number p'!(a, L) (relative to the field of rational numbers) be one “‘around’’ each 
pointa of L. For every field f, the numbers p*(a, L) relative to f are equal to the local 
Betti numbers 6,(a, L ; f). On several occasions in [8] it is pointed out that the results 
obtained hold equally well when the coefficient field is (say) p, and although it is not clear 
whether or not this is implied for the theorem just quoted, an examination of the proof 
shows readily that this theorem also, holds relative to p. 
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M = H, the relation r(t) < r(p). For it is easy to show that A” (i.e. the cycle 
A, relative to the field p) as well as the cycles AS, , A®s, ete. are obtainable 
from AS”, AS?, ete. simply by reducing all coefficients modulo p. Obviously 
the relation Af? ~ 0 mod L implies A,” ~ 0 mod L (mod p). Hence 


r(p) 2 r(r). 


4.15. Suppose that M is a 3-sphere. If 7 preserves orientation then L is a 
simple closed curve. For we now have Ai, ~ A, both for f = p andf =r. 
Hence from 4.12, r(p) # 0. If r(p) = 2, then B.(L; p) = 2 and hence by the 
Pontrjagin duality theorem [9] @ — L has two components. Hence by 3.37 
Al ~ —A, which is impossible. We conclude that r(p) # 2, hence r(p) = 1. 
Now in a 3-sphere, the dimension of every closed subset equals its dimension 
modulo p ((7], page 209). Hence we have dim L = dim, L = 1, and therefore 
(4.11), L is a simple closed curve. We have thus the following 


Turorem. If T is an orientation preserving transformation of a 3-sphere into 
itself and if the period to T is a prime number, then either T has no invariant 
points or else its invariant points constitute a simple closed curve. 

It seems probable that this theorem holds even if p is not a prime. Suppose 
for example that p contains the prime number p; as a factor, say p = pr¥4. 
Then 7” is of period p; and hence, if 7 has any fixed points, they consti- 
tute a simple closed curve 7. Now if T has any fixed points they constitute a 
closed subset jo of 7 and it seems improbable that j, can be a proper subset. 
For example if 7 contains an isolated point a, various reasons seem to indicate 
that 7 could not preserve orientation. We shall not, however, investigate 
this question further at present. 


4.16. Suppose again that M is a 3-sphere, that p is a prime and that T re- 
serves orientation. It is well known that 7 leaves fixed at least one point. 
From 3.31 we see that p = 2, ps = &. Suppose r(p) = 1. Let y: be a cycle 
with coefficients in the field of rational numbers and such that y; is not ~ 0 
in L. Since L is now a simple closed curve, it is easy to see that 7: can be 
chosen in such a way that it will not be ~ 0 in L if all coefficients are reduced 
modulo 2. Let X2 be a cycle mod L such that ¢X_ ~ 7; in L (see 1.2 and 1.4). 
@X- is an absolute cycle and since ¢ = je, it follows from 3.41 that ¢X: ~ 0. 
This relation subsists if all coefficients are reduced mod 2. Since f now be- 
comes p, we may apply 3.52 and infer that 7; ~ 0 in L (mod 2) precisely as in 
the case of 6) in the proof of 4.12. This contradiction proves that r(p) = 1 or3. 
We have then the theorem that if T is an orientation-reversing transformation of 4 
3-sphere into itself and if its period p is prime, then p = 2 and either there are two 
fixed points or else the set of fixed points is of dimension 2 and has the mod 2 Betti 
numbers of a 2-sphere both locally and in the large. 
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FinaL REMARKS 


1. Suppose that p is not a prime. Let p,, --- , p, be the prime factors of p 
and let q; = p/pi. If it is known that the set L of fixed points of T is identical 
with the set of fixed points of every power of J (a condition which is not in 
general satisfied as simple examples show) we can study L by considering the 


transformations T’', --. , 7”. Since T*' is of period p; it follows, for example, 
that if assumptions I-VI are satisfied, the Betti numbers of L, modulo q; 
(i = 1,---, A) are the same as those of an r-sphere where 0 S r S n — 1. 


There are various reasons why the methods which we have developed are not 
applicable directly to T. For example if a is an arbitrary point of M, it is no 
longer true that ca is a single point or else consists of p distinct points, and this 
condition played an essential part in the construction of special coverings. 
It seems certain, however, that the modifications which are necessary to make 
the whole development apply for arbitrary p, will not be difficult to carry out. 


2. The homology characters of M* modulo L* can be computed by the aid 
of 3.19 and 3.20. It turns out readily that 


B,(M*; L*;p) = 1 whenh =r+1,---,n 
= 0 whenh = 0,---,r. 
B,(M*; L*; r) = 1 when h is of same parity asn andr <h Sn 


= 0 for all other values of h. 


3. Although the integer r(p) depends in its definition on the manner in which 
the chains xn, Xn-1,--- are chosen, it is nevertheless topologically definite 
since it equals the dimension of the sphere whose Betti numbers mod p are 
the same as those of L. We have not shown however that r(r) is topologically 
definite. There seems to be some reason for thinking that under suitable 
restrictions (e.g. M = a hypersphere) if not in the most general case, r(p) must 
equal r(r) and both numbers must be of the same parity as n except when 
p = 2. We must however leave these questions open as well as the question 
of determining completely the Betti numbers of L other than those modulo p. 
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ON PROJECTIVE NORMAL COORDINATES 
By SHIING-SHEN CHERN* 
(Received August 11, 1937) 


1. Introduction. The normal coérdinates in a projectively connected space 
were first introduced by O. Veblen and J. M. Thomas.’ In a purely geo- 
metrical way E. Cartan has also defined a system of projective normal coérdi- 
nates.” In this paper we shall give an analytic characterization of the normal 
coordinates of Cartan, from which it results that the two definitions are not 
the same. Further, some necessary conditions for the spaces for which the 
two definitions agree are obtained. I want to express here my hearty thanks 
to Professor Cartan for his valuable suggestions and criticisms. 


2. Analytic Characterization of the Normal Codrdinates of Cartan. Con- 
sider a space of n dimensions with the codrdinates u’, --- ,u". According to 
Cartan a projective connection is defined in the space if there is given at each 
point A a projective reference (‘‘repére projectif’) AA: --- A, and a law of 
infinitesimal displacement between the references 


dA = wAy+ --- +w"An, 
(1) dA, = + wiAit --- 
dAy = wrA + wnAit +anAn, 


where w', w; , w; are differential forms in uw‘, thus 
; i 0 0 k 
= Qo, = Tix du 
= Ij, 


(2) 


It is possible to change the projective reference AA, --- A, about its origin A 
without changing the projective connection. For a given system of coérdinates 
w' there is at each point a uniquely determined reference, called the natural 
reference (“repére naturel’’), for which we have 


(3) =o, = 0. 


* Research fellow of the China Foundation for the Promotion of Culture and Education. 

‘O. Veblen and J. M. Thomas, “Projective normal coérdinates for the geometry of 
paths,” Proce. N. A. S., vol. 11 (1925), pp. 204-7. See also T. Y. Thomas, Differential In- 
variants of Generalized Spaces, pp. 91-96. 

*E. Cartan, Legons sur la théorie des espaces 4 connexion projective, Paris 1936, pp. 
220-4. This book will be cited as “Cartan, Lecons.”’ 

* For all details the reader is referred to Cartan, Lecons, Part 2. 
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For the sake of avoiding ambiguity we shall denote by Ti, the components 
II’, when the space is referred to the system of natural references. It may be 
verified that the components T?,, are the components of a projective connection 
in the sense of T. Y. Thomas.* This would mean that under a transformation 
of coérdinates 

au’ 


(4) ui =u(a@,---, A= ¥ 0, 


they are transformed according to the equations 


aww’ au’ au” 1 aw alogA aw’ Aloga 
aut ™ aa n+1loaa au’ 


which play a fundamental part in the theory of Thomas. 
The codrdinates u' are said to be normal codrdinates in the sense of Veblen 
and Thomas’ if the following relations are satisfied 


(6) = 0. 


The codrdinates u' remain normal when they undergo the transformation 


1+ | 0, 


(7) ul 
where the a}, a; are arbitrary constants. 

The definition of Cartan’s normal coérdinates is purely geometrical. The 
coérdinates wu‘ are said to be normal in Cartan’s sense at the point O(u' = 0) if 
the geodesics through O are given by the equations 


(8) u'=a't 


and if by developing the geodesics through O in the tangent space associated 
at O and by assigning the corresponding points the same coérdinates u’ the 
coérdinates u’ form a system of projective codérdinates in the tangent space 
at O. The existence of Cartan’s normal coérdinates and the fact that they 
remain normal under the transformations (7) are geometrically evident. Ana- 
lytically, in order that the codrdinates u' be normal it is necessary and suff- 
cient that along the curves u' = a't (a’ being arbitrary constants) the prv- 
jective acceleration of the geometrical point A be zero, i.e., there exists a factor 
Au’, ---,u") ¥ O such that, for = a't, 

_ 


(9) 


*T. Y. Thomas, ‘On the projective and equi-projective geometries of paths,” Proc. 
N. A. S. vol. 11 (1925), pp. 199-203. 
5 Veblen and Thomas, loc. cit. 
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But we have, on referring to the system of natural references, 


dA du 
Hence the condition (9) is equivalent to the conditions 
a‘a’ = 0, 
dui du? 


= 0. 


As this is true for all values of a’, we get 


u'u’ + u'w? = 0 
dui dui 
wu = 0. 
The necessary and sufficient conditions such that a solution A(u’, --- , u") ¥ 0 


of the system (10) exists, which is holomorphic at the origin, are 
uu — 2Fu' = 0, 


(11) 


where F is the common ratio of T'j,u’u*:2u'. Consequently, the conditions (11) 
are the necessary and sufficient conditions such that the codrdinates u' be nor- 
mal in Cartan’s sense. 


3. Question on the Coincidence of the Two Kinds of Normal Coérdinates. 
From the analytic definitions of the two kinds of normal codrdinates it is evi- 
dent that they are in general not the same. The question naturally arises of 
investigating those projectively connected spaces for which the two definitions 
agree. For a given point a necessary and sufficient condition that the normal 
codrdinates u* of Veblen and Thomas be also normal in the sense of Cartan is 
that they satisfy the equation II{,u'u* = 0. 

A more difficult but also more interesting problem is to characterize intrin- 
sically the projectively connected spaces for which the two kinds of normal 
coordinates always coincide. For this purpose we shall follow the manner by 
Which Cartan studies his normal coérdinates. Let O be a fixed point and Ro 
4 reference with the origin O. Suppose u‘ be a system of normal coérdinates 
with the origin O(u' = 0). In a sufficiently small region about O in which 
every point can be reached by one and only one geodesic through O, we get, by 
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displacing Ry along all the geodesics u' = a't, a uniquely determined reference 
at each point. Let 


: i k 0 0 k j j k 
wo = du = du’, wi = Ili, du 


be the components of the projective connection with respect to this system of 
references. If we put u' = a't and vary ¢ only, the reference undergoes a 
translation. That is to say, by putting da’ = 0 in 


w = + dt, 


wy = 11°, t da* + dt, 
wi = Ii, da* + Ii, a” dt, 


we have 


We get thus the conditions 


7 0 k k 
I,a =a’, = 0, = 0. 


Since this holds for all values of a‘, we have 


i The relations (12) characterize the space to be referred to a system of normal 
Hie coérdinates (in Cartan’s sense) and to a system of references as defined above. 
: If we define the quantities b, by 


(13) bi 0; = 8, 


the components of Thomas are given by 


] 
ri, = of + + mi) ! 


The coérdinates u' are also normal in the sense of Veblen and Thomas when 
and only when 


(14) 


| =0, 


i.e., when and only when, 


auk 


| II; | = constant. 


|| 
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w dt, = w; = 0. 
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But | 0} | = lat 0. Therefore the necessary and sufficient condition that the 
coordinates u* be normal in both senses is that 


(15) w")] = [du .-. du”). 


In order to give the condition (15) another form let us recall how the pro- 
jective connection can be found when we know the values of the tensor of 
curvature and torsion and of its successive covariant derivatives 


at the point O. Let 6 be an operation such that 6¢ = 0, the éa‘ being arbitrary. 
Put 


The system of differential equations® 


= 6a‘ + — { (Rio + ---} 
(16) = ing dia‘ a { (Riso + a't + as ata, 
-0 
= + + ---} 


where the a’, 6a‘ are regarded as constants, has a solution a'(t), a(t), &9(t) 
satisfying the initial conditions 


@'(0) = ai(0) = a$(0) = 0. 


The components w’, w? , w; defined above are then obtained from @, a , a by 
putting ¢ = 1 and by replacing the a‘ by uw‘. It follows that the condition 
(15) is equivalent to the condition 


(17) [a = --- 
Put 

6 = a‘ a, 

= a’ 


* Cartan, Legons, p. 223. 
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The system (16) gives 


= + 0° — + a*a't + 


ai? 

at 
In order that the normal coérdinates of Cartan coincide with those of Veblen 
and Thomas at the point O it is necessary and sufficient that the system of 
equations (17), (18) has a solution a‘(¢), 6°(t), @'(t) satisfying the initial con- 
ditions 


~ a’ a+ (Ro a? +. 


&'(0) = 6°(0) = a0) = 
By expanding @' according to powers of t 


from the equations (18) and substituting in (17), we get, on equating the 


coefficients of t"*?, the relations 


(Rixioa” = 0, 
{ + (Roip)o (Rix:)o} = 0, 
{ + (Rojo a’a*a’ = 0, 
{4(Rospixdo (Roriim)o + 16(Rixpo — 4(Rojpixdo (Roig)o (REmido 
— 8(Rijxp)o + (Rbeq)o (Romido 
+ 16(Rixy)o (Rimido} a’a*a'a™ = 0. 


These relations must hold for all values of a’ and since we consider the spaces 
for which the two kinds of normal coérdinates coincide at every point, we cal 
drop the last subscript 0. We get thus the necessary conditions 


Roxi 0, 


+ Riip = 0, 


an | | 
Do (AR RBiiim + 16Rigy — 


(jklm) 

—8Rixp Roig Romi + Rijn Roxq Olr Romi + 16Rixp Rimi) 0, 
where the summations are extended over all the permutations of j, k and j, |; 
l, m respectively. 
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When the space is without torsion, the expansion has been carried out to 
t"*® inclusive and the following necessary conditions are found: 


| Rixi + Riis = 0, 
Ri Ri; = 
(20) 
a ) (QRimj\p 32Rimj = 0. 
(lmpars 


Unfortunately, there is no reason to expect that the conditions (19) or (20) 
be sufficient for general values of n. For n = 3 it is clear that the condition 
that the space be with normal connection is not sufficient. 

As Professor Cartan communicated to me, he has arrived at the necessary 
and sufficient conditions in the case n = 2. In this special case, in fact, the 
first two equations of (19) give 


(21) Riv = Riv = 0, Riv = Riv = 0, Riv = Riu. 


To show that the conditions (21) are also sufficient, it is only necessary to 
differentiate the equation (17) five times and take account of the equations 
(18). The fifth equation obtained is a consequence of the preceding ones. 
Therefore there exists a system of solutions satisfying (17), (18) and the given 
initial conditions. Consequently, in order that the normal coérdinates of 
Cartan and those of Veblen and Thomas coincide at every point of a projec- 
tively connected space of two dimensions it is necessary and sufficient that the 
conditions (21) be satisfied. In this case, the condition that the connection be 
normal is sufficient. Geometrically, the conditions (21) signify that the infini- 
tesimal displacement associated with any infinitely small cycle with origin A 
leaves invariant the point A and all the directions through A. 


Tsinc-Hva UNIVERsITY, 
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RELATIONS BETWEEN RANKS OF A GENERAL MATRIX 
By Rurus OLDENBURGER 


(Received December 3, 1936) 


1. Introduction. A p-way matrix A = (aj;...,) of order n is a matrix with 
p indices i, j,--- ,s and such that these indices have the range 1, --- , n, 
With A are associated ranks’ which are positive integers invariant under non- 
singular linear transformations 


i= Yi = Ys, % = Asy2y, 


on the form 
Qij..-s Zs 


associated with A. Some dependence relations between the ranks of a given 
p-way matrix, where p = 3, were proved in a memoir’ by the author. In 
particular it was shown that if a certain rank of a 3-way matrix A is equal to 
one, another rank of A is one. In the present paper the author proves that if 
the ranks of certain subsets S’ of the set S of ranks of a p-way matrix A, p 2 3, 
are equal to one at least one of the ranks of S not contained in S’ is equal to one. 

Ranks which are equal to one are of particular interest because a p-way 
matrix A is the direct product of two or more matrices of lower dimension 
than p if and only if certain ranks of A equal one. 

Applications of the theory to ordinary forms of any degree are given in 4 
paragraph at the end of the paper. 

It is assumed that the elements of A belong to any given field of numbers and 
that these elements are not all zero. 


2. Definitions. An ordered set of indices r = pq ---r of the indices of A 
is called’ the partition r._ The partition 7 is said to contain the indices Dy 09h 
written tr D p,q,---, 7. If the indices in 7 are — numerical values 
p’, 7’, --- ,7’, then 7 is said to have the value r’ = p’q’ --- 1’. 

Let a, B, ---, be mutually exclusive, exhaustive wigan of the indices 
«++ of A The element will be denoted by where 
a, B,---,y are understood to have the values a’, B’,--- , respectively, 


'F. L. Hitchcock, Multiple invariants and generalized rank of a p-way matrix or tens0t, 
Journal of Mathematics and Physics, vol. 7 (1927), pp. 40-79. 

? R. Oldenburger, Composition and rank of n-way matrices and multilinear forms, Annals 
of Mathematics, vol. 35 (1934), pp. 641-643, 649-650. 

3 R. Oldenburger, Op. Cit., p. 623. 
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obtained by setting 7, 7, --- ,8 respectively equal to 7’, j’,---,s’ in these 
partitions. 
Let a’, a’ denote two values of a; 6’, B” two values of 8; ete. Consider the 
relation 
Qa’ 
where the summation is over all permutations of the pairs of values in the sets 
7”), ---,W, If (1) is satisfied for all choices of a’, a’, --- , 
not necessarily distinct the rank‘ rlaB, y --- ¥] of A is said to be one. If a 
relation of type (1) is not satisfied the rank r[eB, y --- y] = 2. In particular, 
if one of the partitions a, 8 > only one index, r[af, y --- ¥] S n, where n is 
the order of A. If in (1) the partitions y, --- , ¥ do not occur, there is only one 
term in the left member of (1) and the associated rank is r[a8,]. The value of 
rlaB, y --- ¥] does not depend on the ordering of the indices in the respective 
partitionsa,---,y. Ifwesety’ = = in (1) we obtain 
Lemma l. Ifthe rank r[aB,y --- of A = (aj;....) is 1, the matrix 


) 
is singular for every choice of the values a’, a’’, B’, B’’,y', , 


We also note the obvious 
Lemma 2. If the matrix 


Dal 
is singular for every choice of a’, a’, --- , the rank r[aB, y --- of Ais 1. 


3. Theorems on ranks. We shall prove 

THEorEM 1. Leta set S’ of the ranks of A = (dijrm...») be defined by the property: 
for every index in the set j --- s there exists a rank r[aB, y --- ¥] in S’ such that 
8 > this index anda Di. If the ranks of S’ are all equal to 1, the rank r[i¢,] = 1, 
whered =j--- 8. 

Let p, o, r, --- , ¢ be partitions such that p Di, ¢ Dj andripo, 7 --- = 1. 

Let 7’, --- , 8’ be a set of values of 7,---,s. Let 7”, 7” be another pair of 


values of 7, j not necessarily distinct from 7’, j’. By Lemma 1 and r[po, - - 
= 1 we have 


(2) 


singular. 


*R. Oldenburger, Op. Cit., p. 633. 
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Now let A, u, », , be partitions such that D7, 4 Dk, andr[Ay,v --- = 
1. Let k” be a value of k not necessarily distinct from k’. By Lemma 1 and 


r[\u,v--- = 1 we have 
(3) 
singular. 
By (2) and (3) the matrix 


is singular. Thus by induction we obtain 
Aj! 
(4) | 


singular for all possible values of the subscripts. By Lemma 2, r[%,] = 1. 


By a theorem’ of another paper a rank r = r[aB, y --- ¥], where a = i, 


satisfies the relation 
r 


Hence we have the 


Coroutuary. Let a set S’ of ranks of A = (aj;...s) be defined as in Theorem | 


where a =i. The ranks of the set S’ equal 1 if and only if r[id,| = 1. 
We shall prove 


THEorEM 2. Let a set S’ of the ranks of A = (aj;...n1...5) satisfy the properties: 
a.) For every index in the set l, --- , 8 there exists a rank r[aB, y --- py] in 8’ 


such that B > this index and a D1. 


b.) For every patr of indices f in the set j,---, h, and g in the set l, --- , s there 


exists arank --- ¢|inthe set S’ such that 6 Df,¢@ Dg. 
c.) The set S’ contains a rank R = r[po,7 --+ pw] such that p = yj --- h. 
If all of the ranks in the set S’ except R equal 1, then R = 1. 
Denote the partitions p, o’ of R’ = r[po’,] by 


p = akf ---h, o =Img.---s. 


It follows by the same sort of argument as was used to obtain the singularity of 


(4), that the matrix 


5 R. Oldenburger, Op. Cit., p. 641. 
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is singular. If p = 7, the theorem is now proved. Assume henceforth that p 


contains more than one index. 
Let a, B, Y, --- , ¥ be partitions such that a Dj, 8 Db, where b is in the set 


|,.--,8, and r[aB, y--- ¥] = 1. This is possible by the property (b). By 
Lemma 1 this implies that the matrix 


(5) 


is singular for all values ¢ = 2’; 7 = 9’, 9”; --- ;s = 8’. Again if p contains 3 
or more indices by property (b) there exists a rank r[Ay, v --- £] = 1 such that 
\Dk,u 2b. By Lemma 1 the matrix 


(6) 


issingular. By (5) and (6) the matrix 

is singular. Thus by an induction process we obtain the singularity of 


(7) 


Transposing and taking b = I, we get 
(8) 


If the set 1, --- , s contains at least two indices take b = m and | = l” and 
obtain from (7) the singularity of 


(9) 
whence by (8) and (9) 


issingular. Thus by induction we obtain the singularity of 


(10) hil 8 8 


for all values of the subscripts. 


= 
( 
1, 
1 
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Setting j’ = --- , A’ = in (4’) we obtain 
(11) 
By (10) and (11) we obtain the singularity of 


By Lemma 2, R’= 1. By SR’, R =1. 


for all values of the subscripts. 


4. Remarks on the weakening of the assumptions of Theorems 1 and 2. 
That S’ in Theorem 1 cannot in general be replaced by a subset S’’ of S’, where 
S” # S’ is apparent from the following example. 

Consider A = of order 2 where = 1 for (7,j,---, h,l,--+,8) 
= (1,1,---,1,1,---,1), (2,1,---,1, 2, --- 2), and all other elements of A 
vanish. Then 


= 1 


for B = j, --- , h respectively, and | 
r[iB,6--- = = 2 i 
for =I, --- , srespectively,and® =j--- s. 
That property (b) of Theorem 2 can not be omitted without changing the 
results of Theorem 2 is evident from the example where . 
(12) in = Gen = 1, 
and all other elements of a matrix A = (ajjx:) of order 2 vanish. Then 
(13) r[(@)k, = = 1; r[@j)k, = 2, 
where (7), (tk), (77) denote the partitions il, ik, ij respectively. 
That property (a) cannot be omitted from Theorem 2 without changing 
the results is evident from the example of a matrix of order 2 whose only non- 
vanishing elements are 


(14) = = 1. 
Then 
(15) 


It can be shown that the above examples also prove that conditions (a) or (b) 


of Theorem 2 cannot be weakened in general to proper subsets of the ranks 
defined by (a) or (b). 


"| 
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5. Application of Theorems 1 and 2 to forms and symmetric matrices. A 
symmetric matrix a = (a;;...m) is a matrix whose elements satisfy the property 


where jr, » are obtained from 7, j, --- , m by any substitution on 
i, Thus 
= = = Qy...122 = Qy...212 = +++ = ete. 
With any n-ary form F of degree p, whose elements belong to a field ¢ not having 
characteristic 2,3, --- , p!, can be associated a unique symmetric p-way matrix 
(a;;...m), Where 7, j, --- , m range over 1, --- , nm, and 


By symmetry a rank r(aB, y --- ¥) of A depends only on the number of 
indices in the partitions a, --- , ¥, and not upon the choice of indices in these 
partitions. By a theorem of another paper’ for « sufficiently restricted 


(16) rlaB, y --- ¥] S 


By Theorem 1 if any rank r(a6, y --- ¥) = 1, r(#¢,) = 1. In this case (16) 
becomes an equality. We have proved 

TurorEM 3. If any rank r(aB, y of a symmetric matrix A = (dijj...m) 
is 1, the matrix A is a direct product of vectors and the associated form F can be 
written as a product of linear forms, a;x;, bjx;, +++ 

In another paper the author defined “signant’’ ranks’ of a matrix. These 
include the ranks of this paper. If the conditions of Theorem 3 are satisfied, 
it can be shown that any signant rank of A is 1. 

If r[a8, y --- ¥] = 1, parts a and b of Theorem 2 are satisfied for any choice 
of indices j --- h. Hence Theorem 2 implies that any rank r[pc, 7 --- u] of 
Aisl. This result was already obtained from Theorem 1. 

We shall say that the 2 partitions «, 6 are signant in r[aB, vy --- ¥]. We have 
proved 

TuEorEM 4. For a binary form 


F = Lm 
of any degree the ranks with 2 partitions signant are equal. 


Armour INsTITUTE OF TECHNOLOGY. 


* Oldenburger, Op. Cit., p. 641. 
"See Oldenburger, Op. Cit., pp. 633-635. 
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THE CANONICAL FORM OF A MATRIX 


By J. H. M. WeppDERBURN 


(Received November 10, 1937) 


If o(A) = A” + aA"! + --- + ay is irreducible in a field F, it is well known 
that we may take as the canonical form of a matrix of order n for which ¢ is 
the reduced characteristic function 


A= 0 1 


0 


1 


and also, subject to certain restrictions on the field or on ¢, a matrix of order nr 
whose characteristic function is [g(A)]’ is given by 


A i, 
A 


1, 


(r rows) 


| 
| 
| 
(2) | 
| A 


where 1, is the identity matrix of order n and coérdinates not indicated are 0. 
If the terms in (2) are rearranged by taking the (7, 7) codrdinate of each block 
of terms to form a new block, we get the equivalent matrix 


— + k, 
1, 


— Ao, eee 
| 0 0 


(n rows) 


0 
0 


0 
0 


where k is the nilpotent matrix of order and index r in which the coérdinates 
of the diagonal immediately to the right of the main diagonal equal 1 and all 
other cobrdinates are 0; and aj, is the scalar matrix of order r correspond- 
ing to a;. 
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We may also write (3) in the form 
C=C,+K 


where C, is formed in the same way as A in (1) except that the codrdinates are 
scalar matrices of order r; and K has k, in the main diagonal and 0 elsewhere 
0 that it is a nilpotent matrix of order mr and index r. Since the matrix 
codrdinates of C are commutative, we have the integral identity 


But ¢(C,) = 0 and ¢’(C,) ¥ 0 unless g’(A) = 0; hence, if g’(A) # 0, the r* 

power of ¢(C) is the first which is 0, that is, the reduced characteristic function 

of C is [p(A)]’ and (2) and (3) give available rational canonical forms for C. 
The exceptional case, g’(A) = 0, can only occur if the characteristic of F is 

p > 0 and g(a) is a polynomial in \”. The following short discussion gives a 

canonical form which remains valid even in this exceptional case; it is a re- 

arrangement of one communicated orally to me by my friend Dr. N. Jacobson. 
Let D be the matrix of order nr 


—dy 
1. 0 .-- 0 0 

(4) . (n rows) 
0 


where d; is any matrix of order r; also let D; be the matrix with d,; in the main 
diagonal and 0 elsewhere. Then the same method as is used in showing that 
y(A) = 0 in (1) shows that 


(5) + = 0 


when the d; are commutative and, when this is not assumed, it is easily seen 
that (5) follows from the recursion formula for the coefficients of D™** in terms 
of those of D’. Suppose now that d; = ai, (¢ = 1,2, --- ,m — 1), dn = Gnr — hy 
where the notation for a;, is the same as in (3) and h, is at first arbitrary and is 
later taken to be the same as k, , that is, a nilpotent matrix of order and index r; 
further let A; and H be formed from a;, and h, in the same way as D; from d; . 
We have then on using (5) 


= D" + + 
= 
= H 


and, if we take H to be nilpotent with the index r, it follows that [p(D)]" = 9, 
lo(D)J"" ¥ 0. Hence the reduced characteristic function of D is [y(A)]’. 


| 
0. 
he 


180 J. H. M. WEDDERBURN 


If we change D in the same way as in passing from C to B, we get 
A Qn 
A Qn 


(6) A. (r rows) 
A Qn 

A 
where g, is the matrix of order n all of whose coérdinates are 0 except the one 
in the position (1, m) which is 1. This is Jacobson’s canonical form. By 


modifying a different a;, we may clearly take the codrdinate which is not 0 
to be any one in the first row except (1, 1). 

Another, and perhaps better, form can be found as follows. Let the char- 
acteristic of F be p ~ 0 and suppose that ¢(A) = ¥(A”") is a polynomial in )\” 
but not in \”””’; let 


VA) = MN 


1 0 O 0 
0 0 1 0 
u. i, 
U = ; (r rows) 
i, 
Us 
0 
1,s 
(7) V=|0 1,--- 0 0 (p™ rows). 


It then follows as above that the characteristic function of V is [g(A)]’.. When 
the characteristic of F is 0, the only change is that V reduces to U and y to ¢. 
Form (7) is more convenient than (6) when functions of the canonical matrix 
are under consideration. 
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SIMPLE LIE ALGEBRAS OF TYPE A’ 
By N. Jacosson? 
(Received March 24, 1937) 


In a recent paper’ the author discussed the Lie algebras of characteristic 0 
obtainable as the set of skew elements of an involutorial normal simple asso- 
ciative algebra. The present paper gives an extension of these results to 
simple associative algebras of second kind as defined by Albert.* The resulting 
Lie algebras in this case constitute Landherr’s class Ay.’ We reduce the 
problem of classifying these Lie algebras, as in our earlier work on Lie algebras 
of types B, C, D,° to two standard problems in associative algebra, namely, 
classification of involutorial simple algebras and of generalized hermitian ma- 
trices relative to cogredience. In this sense a complete determination of normal 
simple Lie algebras of characteristic 0 except those of a finite number of orders’ 
results from Landherr’s work on the algebras of type A; and our own on types 
Ay, B, C, D. 


1. Let & be a simple associative algebra of order 2n” over the field @ of char- 
acteristic 0 and P = &(q), q = u e®, be its centrum. Suppose % is involutorial 
of the second kind i.e. there is defined a (1 — 1) correspondence J in 2% such that 


(a+ b)’ + (ab)” = b’a’ (ta)’ Ea’ on 
where & = —§ = a — Bq if — = a + Bg, a, Be®. We shall call J an involu- 
torial anti-automorphism (i.a.a.) of second kind. It is easily seen that ©, the 
set of J-skew elements (a” = —a) forms a Lie algebra over @ relative to com- 


mutator multiplication [a, b] = ab — ba.® , the set of J-symmetric ele- 
ments (a’ = a) is a vector space over ® and if ae $,, qaeS,. On the other 


‘Presented to the Society March 26, 1937. An abstract of this paper appeared in the 
Proc. Nat. Acad. Sci. 23 (1937) pp. 240-242. 

* National Research Fellow. 

* A class of normal simple Lie algebras of characteristic 0, Annals of Math. 38 (1937) pp. 
508-517, referred to hereafter as J. 

‘A. A. Albert, Involutorial simple algebras and real Riemann matrices, Annals of Math. 
36 (1935) pp. 894-910. 

*W. Landherr, Uber einfache Liesche Ringe, Hamb. Abhandlungen 11 (1935) pp. 41-64, 
referred to as L. 


"The exceptional orders are those of the five exceptional Lie algebras of Killing and 
Cartan and order 28 corresponding to an algebra of type D. Cf. E. Cartan, Thése Paris 
1804, Chap. 5 and J. p. 513. The Lie algebras of type Ay over a p-adic field were deter- 
mined prior to the present work by Landherr loc. cit. 

J. p. 508. 
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hand if aeS,, qae Hz. Thus the two vector spaces S, and $y, have the 
same order over ®. Evidently the intersection S; ~ §, = 0 and if a is any 
element of %, a = 3(a + a’) + Fa a’) = b + c where be and ce 
Thus = S, + and hence the order of S, over ®, (Ss: = (Hr: ) = 
If ay, (m = — 1) is a basis for S, over ®, gay, qa, --- , 
is one for over ® and so a, ,@m is a basis for over P. Hence 
Sp’ is isomorphic to % over P regarded asa Lie algebra relative to commu- 
tator multiplication. If 8 is any Lie algebra we denote its derived algebra 
[B, B] by B’. Evidently (B,)’ = (%’), for A any extension field of the field 
of 8. In particular Sjp ~ A’ (over P). 

If Q is the algebraic closure of P (or of &), for 2 over P we have Ao ~ ©, the 
matrix algebra of n rows and columns over @ and hence Sj = @, .”” Since 
2, is simple,” G; is a normal simple Lie algebra. We note also that S; has 
order m over ® since 2, has this order over 2 and we may suppose that in the 
basis do, @1,---,@m for over P, a1, --- ,@m form a basis for over 6. 
Since [q, a] = 0,  ¢S, for otherwise S; would not be simple. Hence we may 
suppose also that a = qin the basis a , a1, --- , @m for %& over P or S, over &. 

Considering %{ over P, the condition %_ ~ Q, means that %& over P may be 
represented by matrices in Q, such that the linear combinations of these ma- 
trices with coefficients in Q is Q,. Hence if a; — A; in the representation 
Ao, Ai, ,Am form a basis for Q, and Ai, , Am for over 2. Employ- 
ing a matric basis Z;; such that E;;Ex. = 6;.Ei we see that Q!, is generated by 
E;; (¢ # j) and E;; — E;; and hence consists of all the matrices of trace 0 and 


so A,,---,Am is a basis over 2 for these matrices. 

The enveloping algebra over of G, (smallest algebra over © contained 
in Y% and containing S,) is A% itself since it contains q, ai, --- ,@m and 
q, +++ We shall require the stronger result: 

Lemma 1. If n > 2 the enveloping algebra over ® of S; is A. 

Let 8 denote this algebra. Since $ contains a, --- , Gm it suffices to show 


that 8 contains qg also and by the above discussion $ will contain q if it con- 
tains any element of S, not in G;. Now there exists a matrix W in ©, such 
that tr W = 0 but tr W’ + 0. For example we may take 


W= + p2 Hoe PnEnn 


where pi: + po +--- + pp = 0 but pi + ps + --- + p§ 0. Then W = 
+--+ + @mAm, wi€Q. It follows that there are elements a1, 
in ® also such that tr A*° # 0 where A = aA; + --- + amAm. Then the 


* If Mis a Lie algebra or an associative algebra with basis a, , a), --- over ® and 2 
an extension field of ® then %y denotes the algebra having the basis a; , a), --* , but with 
coefficients in 

19 In general we shall denote the algebra of n-rowed matrices with codrdinates in an 
algebra by . 

1 Q, is one of the simple algebras (class A) in Killing-Cartan’s classification. If 2 
is the field of complex numbers @, is the infinitesimal group of the unimodular linear group. 
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clement a = + --- + € and a’ is an element of contained in 
z, but not in . 

It is well known that the field of the coefficients of the characteristic equa- 
tions of the matrices (representing the elements) of % over P in @, is P.” By 
Newton’s identities this field is the same as the field of the traces of the ma- 
trices of Y&. It follows that if n > 2 the field A of the characteristic equations 
of the matrices of S) is also P. For by a result of an earlier paper™ the traces 
of the matrices of an enveloping algebra of a Lie algebra & are expressible 
rationally in terms of the coefficients of the characteristic equations of the 
elements of & Hence by Lemma 1 A = P. Following Landherr™ we shall 
say that a Lie algebra % over ® has type Ay if Yo ~ Q', and in the representa- 
tion of & by matrices in Q!, the field of the characteristic equations of the ma- 
trices of £ is a proper overfield of . With this definition we have 

TueorEM 1. Jf % ts an involutorial simple algebra of second kind and order 
Qn’, n > 2, over ® and J is an i.a.a. of second kind in U then S; is a normal simple 
Lie algebra of type Ay. 

Ifn = 2 we have for any a in & that a’ — tr (aja + N(a) = 0 where N(a) 
is the determinant in the representation in 2,. Hence if ae@,, a’ = a and 
since a’ is J-symmetric ae. Thus the field A = © in this case and the en- 
veloping algebra over ® of S; is B ¥ A. 


2. If G is an automorphism of % over ® it induces an automorphism in P. 
Hence we have either ¢ = ¢ for all € in P or &¢ = £. In the former case G is 
an automorphism of %{ over P and hence is inner i.e. there exists an element g 
in % such that a@ = gag for all a.” If S is a second automorphism then 
S"GS is the inner automorphism a — (g8)~‘ags. Thus the inner automor- 
phisms constitute an invariant subgroup of the complete group of auto- 
morphisms. If S; and are outer automorphisms we must have 
and hence = It follows that S,Sz' is inner and so if there exist 
outer automorphisms the index of the group of inner automorphisms in the 
complete group is 2. 

We note that if S is an outer automorphism and J an i.a.a. of second kind 
then &” = and hence V = SJ is an anti-automorphism of % over P. Since 
over P is normal simple it follows from a theorem of Brauer’s that % over P 
has exponent 1 or 2 and if % = §, where § is a normal division algebra then the 
degree of § is 2°,e = 0." Conversely if % over P has exponent 1 or 2 it has 
an anti-automorphism V and hence Y over ® has an outer automorphism S = W/. 


" See for example M. Deuring, Algebren, Ergebnisse der Math. Springer 1935, pp. 50-52. 

*\N. Jacobson, Rational methods in the theory of Lie algebras, Annals of Math. 36 (1935) 
pp. 879-880. 

TL. p. 50. 

For a proof of this theorem see Deuring’s Algebren, p. 43. 

" R. Brauer, Uber Systeme hyperkomplexer Zahlen, Math. Zeitsch. 30 (1929) p. 103 or 
Deuring’s Algebren p. 45 and pp. 58-59. 
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If K is a second i.a.a. (not necessarily distinct from J) cogredient to J ie, 
K = S'JS for some automorphism S then K is also of the second kind and it is 
easily seen that G; ~ Sx = GS and hence also GS 2 S..” The following 
criterion for cogredience will be used below: 

Lemma 2. Suppose n > 2 and J and K are 1.a.a. of the second kind such 
that there is an automorphism S of %X over ® carrying S; into Sx. Then K = 

Since = (S))* = Sx = S’ we have for a e S’ that 
But by Lemma 1 any element b of has the form > Bs, ...4,@s, 
(tn = 1,---,m; 6 €®) and hence 


= re ai, b* 


and K = S“JS. 

As a special case of Lemma 2 we note that if S is an automorphism mapping 
GS} into itself then S’JS = J i.e. S commutes with J. The converse of this 
is immediate. If S = G is inner, say a¢ = gag, then a° “° = (g’g) ‘a’ (g’g) 
and the condition GJ = JGis that g’9 = y «P. Thengg’ = y also and (gg’)’ = 
= 9'9 = ye®ie. g is a J-orthogonal element.” 


3. The following lemma, proved by Landherr,” is fundamental for the re- 
mainder of the paper: 

Lemma 3. Let A — A® be an automorphism of the Lie algebra ®;, over ®, then 
there exists a matrix G in ©, such that either AY = GAG or A® = —G'AG 
where A’ is the transposed of A. 

The automorphisms which may be expressed in the form A — G@ ‘AG vill 
be called inner. As in the preceding section we may show that they form 
an invariant subgroup @» of the complete group of automorphisms ©. If 

= 2 we have —A’ = Q“‘AQ where Q = ( . : 
trace Oie. in®,. Hence G = G. On the other hand if n > 2 there exists 
no such Q since this condition implies tr A* = 0. Hence in this case G # G 
and it is easily seen that Gp» has index 2 in G. 

Now suppose %, and % are two involutorial simple algebras of order 2n’, 
n > 2 over P; = = their centrums and J; and i.a.a. of 
second kind such that the Lie algebras over 6, ©}, and ©, are isomorphic. 
By passing to isomorphic fields if necessary we may suppose that P; and Py 
have the same algebraic closure 2. Then %,; and % have representations | by 
matrices in 2, such that the linear combinations in Q of the matrices of Sy, 
or of S;, constitute Let ay", aj”, ---, a, be a basis of S,, over and 
hence of over P; such that af” = n , a” is a basis of Si, over ®. 


) and A is any matrix of 


17 J. p. 509. 
18 J. p. 509. 

1° L. p. 59. Cf. A. Weinstein, Fundementalsatz der Tensorrechnung, Math. Zeitsch. 16 
(1923) pp. 78-91. 
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are the elements corresponding to aj”, --- , in the iso- 


morphism between and and aj” = q, then aS”, i = 0,---,misa 
basis of over ® and of over P2. If — A{” and aS? in the 
representations of %f; and %2 then the correspondence A? 


where the w’s are arbitrary in @ is an automorphism of @), over Q. Hence by 


Lemma 3 there exists a matrix G in @, such that either AJ” = G ‘ASG or 
4° = —G"(A§”)’/G. By Lemma 1 the matrices of % and Y%z have the form B, = 
Bi. AD and Be = AP = m; 


8%) respectively. Thus if A = G'A$G then the correspondence G defined 
by BY = @ 'B,G is an isomorphism between the matrices of 9%; and those of %> 
which extends the isomorphism a;A$” — a;A‘” between the 
matrices of Sj, and those of G;,. On the other hand if AS? = —@"(A‘”)'G 
then G defined by Bf = (@ ‘Bi G)”? has this property. In any case %, and % 
are isomorphic. 

If %, and Y%, are identical, say = YA, the argument shows that the isomorphism 
between G), and S;, may be extended to an automorphism G of % over ®. 
Evidently the correspondence B, > G'B,G and B, > G'B;G leave the ma- 
trices of P (scalar matrices) unaltered. Hence in the first case G is an inner 
automorphism of 2{ and in the second case it is outer. As noted earlier the 
latter possibility is excluded if the exponent of 2 over P > 2. By Lemma 2 
we have 

TuroreM 2. Jf %, and % are involutorial simple algebras of order 2n*, n > 2, 
over & and J; and Jz 1.a.a. of second kind in %, and %. respectively such that 
then = and when and are identified J, and Jz are co- 
gredient. 

TuzoreM 3. Jf % is involutorial simple of order 2n’, n > 2, over ® and J an 
ia. of second kind in X then any automorphism in SG; may be extended to an 
automorphism of the associative algebra YA. 

This results by noting that the above argument is valid even when S}, and 
2}, are the same, say, = G,. 

The automorphism G of extending the isomorphism between S}, and 


is uni 1 1 

is unique. For by Lemma 1 we have b = )> Bi,...:,a$) --- a for any b 

in and since G is an automorphism = = 


2D h,...,08 tee a’. If J; = Je = J we have seen that G commutes with J. 
Thus the group of automorphism Y, of G; is isomorphic to the subgroup of the 
automorphism group of Y%, consisting of those automorphisms commutative 
with J. The elements of %, which correspond to inner automorphisms of %& 
form an invariant subgroup YY of index 1 or 2in %. If Ge then a? = g ‘ag 
Where g «, the group of J-orthogonal elements. The correspondence g —> G 
a homomorphism between @, and %) and it is easily seen that the elements 
of ©; mapped into the identity of %° i.e. such that gag = a for all a have 
the form 61,5 P. If we denote the subgroup ofthese elements by D we obtain 
the isomorphism 49 = @,/D. 
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4. Now suppose that & is a normal simple Lie algebra over © of type A ie. 
Lo > @),. Then & has a representation by matrices in Q', such that the linear 
combinations in @ of these matrices constitute @,. Let a, --. On 
(m = n° — 1) be a basis of & over 6, a; — A; in our representation, and 9 
denote the enveloping algebra over ® of the matrices of %. The A; have 
coordinates in an algebraic field = of finite degree over ©. Hence the coirdi- 
nates of all the matrices of % are in Y. Since Aj, --- , Am are linearly inde- 
pendent over every element of >), is a Z-linear combination of A;, 
and so fs x,,. By passing to an algebraic extension we may suppose that 
> is a Galois field of finite degree over @ with g = (7, s, t, --- ) as Galois group. 
If M = (u;;) is any element of =, we denote (u;;) by M°* and note that M > M’ 
is an automorphism of 2, regarded as an algebra over ® and (M”*)’ = (M’)’. 
Thus if [a;, aj] = vijnax (y then [Ai, Aj] = vi; for all sing and the 
correspondence M = > u;A;—> M® = > u;A} is an automorphism S of 2’, 
over >. By Lemma 3 S is either inner i.e. there exists a G, such that A} = 
Ai = G,'A;G, or else there exists a G, such that A} = —G,'A;G,. As shown 
above, if n = 2 the automorphisms of 2), are all inner but if n > 2 the auto- 
morphisms of the form A — —GA’G are outer. Let G, be a fixed matrix 
satisfying our conditions. Then any other matrix H, having this property is a 
multiple of G,. For G,'H, commutes with all A; and hence with all the ele- 
ments of It follows that G;'H, = p.1, = p.G,. 

Let go be the totality of elements s of g such that the corresponding S is inner. 
Then the following table holds: 

1. If s, t ego then st ego and Gu = , ps. Oin 

2. If s ego, t then st and Gu = . 

3. If s €go, t ego then st and Gu = 

4. If s éqo, then st ego and Gu = Gi. 

We shall prove 1 and leave the others, which are derived in a similar fashion, 
to the reader. Assume A} = G,'A;G, and A} = G;'A;G,. Then Aj = 
(Aj)’ = = (G4) Hence st ego and Gu is a multiple 
of GG. Our table shows that go is an invariant subgroup of index 1 or 2 ing. 

Suppose first that go = g. Set Ao = 1 and A = 07) a;A; where aje?. 

Then 


A’ = G,'AG, 8 


The matrices satisfying these equations form an algebra 8 over containing 
the algebra 9%. On the other hand if N = > »;A; is in S then 


> vi Ai = N’ = Gy'NG, = 


and so vy; = v;e%. Thus B has order m + 1 = n’ and 8 D A D the matrices 
d+ a;A; of &. Hence either % = B or A is the set of matrices of &. But 
the latter is impossible since the matrices of trace 0 do not form an algebra 
under ordinary multiplication and so % = B. %’ D the matrices > ajAi 
of = Y and since tr Ay = n, Ace A’ and YA’ is the totality of matrices 
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ajA; ie. Since =,, is normal simple with as a splitting 
feld. It follows that the traces of the elements of Y and the coefficients of the 
characteristic equations of the matrices of ¥ are all in @ and hence & has type 
4yin the sense of Landherr.” ‘ 

If Q is of type Ay 9/go has order 2 and n > 2. Corresponding to go there 
isa quadratic subfield P = #(q) such that the group of = over P is qo. p 
is isomorphic to the set of matrices £;A;, and Since 
the automorphisms s of the Galois group of = over P induce inner automor- 
phisms S in >»; we conclude by the above argument {> = W where Bis a 
normal simple algebra over P, namely, the set of matrices }°7-o & Ai, & € P. 
Now let be an element of g not in go. Then ¢ induces an automorphism 
distinct from the identity in P and so if &eP, & = & Since té€q, A; = 
-G,'A/G, and hence for H = G; we have —A; = H™'(Aj)'H. Let Ap = q1. 
Then the correspondence X = t;A; > X’ = H(X')'H = £; A, is 
readily seen to be an i.a.a. of second kind in % regarded as an algebra over ®. 
2, is the set of matrices }* a;A;, ae and S; whose order is m is the set 
i.e. S; ~& Hence by Lemma 1 = XY, the enveloping algebra 
of & the set of matrices of &. 

Turorem 4. If Q is a Lie algebra of type Ay then n > 2 and & x S; where J 
isan t.a.a. of second kind in a simple algebra %. 


5. In this section we consider the question of cogredience of i.a.a.’s in Y. 

By Wedderburn's theorem & ~ §, the r-rowed matrix algebra with codrdi- 
nates in a division algebra, and as has been shown by Albert” there is an i.a.a. 
a— din § such that Jo: A = (a;;) > (Gj) = A’ = A”® (ai; €§) is an iaa. 
of second kind in Y&. Since Jo'J = P is an automorphism leaving the elements 
of P invariant it is inner, say A” = P~'AP where the matrix P is determined 
only to within a multiple = 0 in P. Thus J = JoP and A’ = P'A’P. The 
condition that J is involutorial is A7? = P“'P’A(P’)'P = A ie. P’ = pP, 
o#0inP. But then P = pP’ = fpP so that pp = 1. Hence there exists a 
vin P such that p = o(¢)" and oP is hermitian.” We may therefore suppose 
that P is hermitian in the expression P™'A’P for A’. P will then be deter- 
mined to within a multiple 0 in &. Thus associated with the i.a.a. we have 
unique ray {P} of non-singular hermitian matrices consisting of all é-multiples 
* 0 of a fixed one of the set. 

We shall say that the rays {P} and {Q} are cogredient if for any P ¢ {P} and 
Q {Qj here isan Sin §, and aw in & such that Q = uS’PS ie. Q is cogredient in 
the usual sense to a multiple of P. 

IK = S"JS where A* = SAS and {Q} is the ray of K then A® = 
QQ = (8’PS)14’(8’PS) and hence uS’PS = Q or {P} and {Q} are co- 
gredient. The converse of this is immediate. If there exist outer automor- 


p. 50. 
* Albert loc cit. in (4) p. 897. 
Cf. Albert p. 897. 
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phisms of % and Sp is a fixed one then any other outer automorphism is the 
product of Sj by an inner automorphism. The mapping So JoSo is an i.a.a. 
of second kind which we may suppose has the form A — U9'A’U) where U, 
is a fixed hermitian matrix in the ray {Uo}. Consider So 'ISo = So'Jy PS, = 
(Sp'JoSo)(So'PSo). As we have seen So'PSp is the inner automorphism A 
Hence = Thus the deter- 
mines an i.a.a. cogredient to J also and the ray of any i.a.a. cogredient to J 
is cogredient either to {P} or to {Up P*}. 

In particular if § = P (r = n) we define Jo as before and let Sp be the auto- 
morphism A — A. Then So'JoSo = Jo and we may suppose that U) = 1, 
Hence the i.a.a. cogredient to J have rays cogredient to either {P} or {P}. 
However we note that P and P are cogredient matrices. For P is cogredient 
to a diagonal matrix D, say P = V’DV and since D is hermitian D = D. Then 
P = V’'DV and hence P = V'(V’)'’PV'‘V = W’PW where W = VV. 
It follows in this case that a necessary and sufficient condition that J and K 
be cogredient is that {P} and {Q} be cogredient rays. 
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ON THE TOPOLOGY OF REAL PLANE ALGEBRAIC CURVES 
By I. Perrowsky 


(Received February 4, 1937) 


INTRODUCTION 


As early as 1876 Harnack’ showed that the maximal number of components 
(maximal connected subsets) of a real algebraic curve of order n in the pro- 
jective plane is precisely 3(n — 1)(n — 2) + 1. At the same time Harnack 
proposed a process for the construction of curves with this maximal number 
of components. Such curves we shall call in the sequel, M-curves. Harnack 
showed that these M-curves have no singular points. 

Take a sphere in the three-dimensional space in which the projective plane 
containing our algebraic curve is situated, and join the centre of this sphere 
to every point of the projective plane by a straight line. We thus project the 
plane on the sphere. A component of an algebraic curve is called an ‘‘oval” 
(or an ‘“even’”’ component) if its projection on the sphere consists of two ordinary 
closed curves. If this projection on the sphere S consists of a single closed 
curve the corresponding component is called ‘‘odd.”’ Algebraic curves having no 
real’ singular points possess at most one odd component. Hence every algebraic 
curve (having no real singular points) of even order consists of ovals only while 
acurve of odd order has (besides ovals) exactly one odd component. 

In 1891 D. Hilbert® proposed a new method of constructing M-curves. In 
the same work Hilbert announced without proof that an M-curve of order 6 
cannot have all its ovals lying outside each other. At least one of these ovals 
must lie within another oval. Here the words “an oval lies within another 
oval” mean that the cone projecting the first oval on S lies within the pro- 
jecting cone of the second oval. Hilbert considers this a remarkable fact, 
since it proves that M-curves cannot have a too simple topological structure. 
In his report to the International Mathematical Congress in 1900 on modern 
problems of mathematics Hilbert considers the investigation of the topology of 
M-curves and of the corresponding algebraic surfaces as most timely." After 
a series of attempts the above mentioned theorem announced by Hilbert was at 
last proved in 1911 by K. Rohn.® In the same work Rohn proved that an 


‘Math. Annalen, Bd. X. p. 189. 
* In the sequel, whenever we mention the singularities of the curve we shall mean only 
real singular points. 
Math, Annalen, Bd. XX XVIII. p. 115-138 (1891). 
Gottingen Nachrichten, 1901. 
‘K. Rohn, Leipzig. Ber. Dezember 1911. Die Ebene Kurven 6. Ordnung mit elf Ovalen. 
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algebraic curve of the sixth order cannot possess an oval with ten other ovals 
of the same curve interior to it. 

The object of the present paper is to give a general method which enables us 
to obtain some of the above mentioned results of Rohn and to extend them to 
plane curves of arbitrary order. We shall obtain the following results: When 
n is even, an algebraic curve of order n consists of at most }(3n” — 6n) + 1 ovals 
exterior to each other. Curves having this number of ovals exterior to each other 
do exist. They may be constructed by the same method as that Harnack used 
for M-curves. 

Hilbert’s construction of M-curves leads us to curves having among their 
components [}n — 1] (where [k] denotes the greatest integer contained in k) 
consecutive ovals lying within each other (i.e. every oval within the preceding 
oval). In order to extend our theorem to such curves we shall call an oval 0 
of a curve of even order, F(x, y) = 0, “positive” (‘‘negative’’) if when we cross the 
oval in the outward direction the value of the function F(z, y) decreases (resp. 
increases). In the case of an even n we can always suppose (changing the sign 
of F(x, y) if necessary) that the ovals not lying within other ovals or lying 
inside an even number of consecutive ovals are positive while the ovals lying 
within an odd number of ovals are negative. Then we can prove the following 
general theorem which is an extension of the one formulated above. 

Denote by p the number of positive ovals and by m the number of negative ovals 
of an algebraic curve of an even order n. Then 

2 
and there are curves for which this limit is reached. 

The proof will give us a somewhat more precise bound for | p — m|. We 
shall see, in particular that the number of ovals lying outside each other and all 
within the same oval can not exceed }(3n” — 6n) + 1, if the algebraic curve 
does not contain other ovals. We can prove by examples that this number can 
not exceed the precise limit by more than 3 in the case when n = 4k (k an 
integer) and by more than one in the case when n = 4k + 2. Rohn’s result 
(that there do not exist curves of order 6 with ten ovals all lying inside the 
eleventh oval) shows that this bound is not precise. 

In the case of an odd order n, Harnack’s process already yields the M-curve 
consisting (besides an odd branch) of ovals none of which lies inside another 
oval. This case may be treated with the same methods which we used in the 
case of an even n with the following modifications. 

Just as in the even case, any finite oval of the curve of odd order F(z, y) = 9 
shall be called positive if when crossing the oval from the inside we pass from 
the values of F(x, y) > 0 to the values of F(z, y) < 0. In the opposite case 
we shall call the oval negative. This definition evidently does not apply to the 
oval of a curve of odd order intersecting the line at infinity. These ovals we 
shall call “‘zero-ovals.”’ 
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Now for an odd n we can prove that 


2 
2 8 
where m is the number of negative ovals, 
«© nositive ovals, 

hk“ “ “ © veal points at infinity of the curve F(x, y) = 0 and 

A is a certain positive integer < k, depending upon the character of the in- 
tersection of F(x, y) = 0 with the line at infinity. Amore precise definition of this 
number will be given in §2 (see lemma 3 and the proof of the second Funda- 
mental Theorem).° 

We shall give in this paper examples showing that this is the precise limit of 
'p — m|, in the sense that the limit is reached by some curves. 

As an immediate corollary of this theorem we obtain the following result. 
The odd branch of an algebraic curve of an odd order n together with the line 
at infinity divide the projective plane in several regions. If the algebraic curve 
F(z, y) = 0 contains only ovals lying in one of the above regions and which 
are exterior to each other, then their number is not more than 


k—-1 
2 


— 4n +1 
8 


Since the line at infinity does not differ (in the sense of projective geometry) 
from any other straight line in the plane we can substitute in this theorem any 
other straight line for the line at infinity. 

The proofs of all these theorems are based on a formula of Jacobi-Euler 
concerning solutions of systems of algebraic equations’ and on the consideration 
of the deformations of lines F(x, y) = C when C crosses the critical values of 
F(z, y). These last investigations are analogous to those of Morse on the 
critical points of a function. 

The method which we apply to the investigation of plane algebraic curves 
admits of a natural generalization to algebraic hypersurfaces 


F(a, +++ , 2a) = 0 


2 
< 3n —4n+1 


s 8 + 


in a projective space of an arbitrary dimension d. This question we propose 
to treat extensively in another paper. 

The results of the present paper could be obtained as a corollary from the 
theorems concerning hypersurfaces in a d-dimensional space (which shall be 
considered in the subsequent paper). Nevertheless we preferred to treat them 
; t failed to take into account the number A in my note in Comptes Rendus, Paris, 1933, 
- 197, p. 1270. 

; "Euler, Instit. Cale. Integr. Petrop. 1768-70, 2, 1169. Jacobi, Gesammelte Werke, 

" 3, p. 329-354. Cf. also Kronecker’s Werke, Bd. I, p. 133. 

Transactions of the American Math. Society, V. 27, 1225, p. 345. 
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separately because they are quite evident geometrically and besides they help 
to understand the character of the general method of our investigation. 

We recall that everywhere in the sequel we consider only algebraic curves 
without (real) singularities. 


1. Some PRELIMINARY LEMMAS 
Lemma 1. Let 
(1) F(z, y) = 0 


be the equation of a real’ algebraic curve. If we now continuously vary its coefi- 
cients the topological structure of the curve changes only when the coefficients pass 
through the values for which the curve has a singularity, 2.e. through values taken at 
points which satisfy simultaneously (1) and 


(2) Fi(2, y) = 0; F,(a, y) = 0. 


Proor. Evidently the topological structure of the curve (1) can change only 
when two different points of this curve unite, or when an isolated point appears 
or disappears, i.e. when the curve has singular points. Of course these singu- 
larities may lie at infinity. Then we must pass to homogeneous coordinates in 
order to take care of these points. 

Lemma 2. Let 


(3) F(z, y) = 0 


be the equation of a (plane) algebraic curve of order n without singularities. Then 
we can so change its equation without changing either its order or its topological 
structure that the equations (2) will have (n — 1)? different finite solutions, real or 
imaginary, and that for any two different real solutions (2; , y:) and (xe , ye) of (2) 
we have ; 


F(x, ~ F(ae, ys). 


Proor. By lemma 1 if we vary the coefficients of the equation (3) so little 
that no singularities arise the curve does not change its topological structure 
(if only as we have supposed, the curve (3) has no singular points). On the 
other hand the conditions that the system (2) have infinite solutions or equal 
solutions or an infinity of solutions etc. are that certain polynomials in its 
coefficients vanish. Therefore if only these polynomials do not vanish iden- 
tically we can always vary the coefficients a little in such a way that the modified 
equation satisfies the conditions of lemma 2. The fact that the polynomials 
spoken of above do not vanish identically can be easily established by con- 
structing examples of functions satisfying the conditions of lemma 2. 


* In future we shall consider only the equations of algebraic curves with real coefficients. 
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Lemma 3. Let (20, yo) be a real finite critical point of the function F(z, y), 
ie. a point satisfying (2). If at this point 


D( ) ax? axdYy 
= 
0» Yo. a F 
axdy Oy” 


(such critical points we shall call plus-points) then when C varies from F (xo , yo) + € 
to F(to, yo) — € (€ > O) the difference p — m between the number p of positive 
ovals of the curve F(x, y) = C and the number m of negative ovals’ of this curve 
increases by 1. 

If D(a, yo) < 0 (such critical points we shall call minus-points) and if the 
polynomial F(x, y) is of even order, then when C varies from F(x, yo) + € to 
F(a, yo) — ¢ the difference p — m decreases always by 1, except once when it 
decreases by 2. 

Finally if D(a, yo) < 0 and if F(x, y) is of odd order, then the difference 
p — m either decreases by one or remains fixed. 

It is supposed here that all critical values (i.e. values at critical points) of 
F(z, y) are different and that € is so small that the interval 


yo) — F(x, yo) + €) 


contains no critical values of F(x, y) except F(2%o , yo). 

Proor. If D(xo, yo) > 0 then at the critical point (ao , yo) we have a maxi- 
mum or a minimum of F(x, y). If F(a , yo) is a maximum, then as C in decreas- 
ing passes through the critical value, a new positive oval arises. If F(x, yo) 
isa minimum value of F(z, y) then a negative oval disappears when C passes 
through the value F(zo , yo). 

If D(x , yo) < 0 we have at the point (xo , yo) a saddle point of the function 
F(z, y). We must distinguish here between the cases of n even or odd. 

If the order n of F(x, y) is even, there are three possibilities: 

1. A positive oval touches another (positive or negative) oval. In this case 
4 positive oval disappears. 

2. An oval (positive or negative) touches itself. Here we must distinguish 
two cases. 

2a. An “odd branch” can be traced in the region where F(z, y) > F (zo , yo) + € 
or in the region where F(z, y) < F(ao, yo) — € (€ > 0). Then, as C varies 
from F(x» , Yo) + € to F(a, yo) — € a new negative oval appears. 

2b. Though we can trace odd branches in the regions F(x, y) > F(x, yo) — € 
and F(x, y) < F(a», yo) + €, no odd branches can be traced in either of the 
regions F(x, y) < F(a», yo) — ¢, F(x, y) > F(a, yo) +. It is evident that 
this case may present itself at most once as C varies from +% to — «©. When 
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it does, as C passes from F'(xo , yo) + € to F(2o, yo) — €, @ positive oval becomes 
negative. 

The cases 2a and 2b resp. can be defined also as the cases when the sign of 
the outer ovals (i.e. of ovals not contained in other ovals of the curve) does not 
change, resp. changes from + to —. 

Two negative ovals cannot touch when C decreases because then such ovals 
recede from each other. 

If n is odd (and D(x , yo) < 0) we can distinguish the following cases: 

1. A positive oval touches another oval or the odd branch. Then this posi- 
tive oval disappears. 

2. A (positive or negative) oval touches itself. Then a new negative oval 
arises. 

3. A zero-oval or an odd branch touches itself or another zero-oval. In order 
to represent in the simplest manner all the possibilities which can arise in this 
case we shall consider the projection of our projective plane upon a hemisphere 
S bounded by a great circle L representing the line at infinity. Consider the 
set of all points of this hemisphere which correspond to the points of the plane 
where F(z, y) > C. This (open) set contains a number of regions G,, G2, ---, 
G;., , the boundaries of which contain segments  , kh, --- , lk, of L. WhenC 
decreases these regions expand while the segments 1, , 2 , --- , i, remain intact. 
If now a boundary of one of these regions G; touches itself a new negative 
oval arises; if it touches the boundary of another such region then the regions 
coalesce and a zero-oval disappears or a new zero-oval arises (because this oval inter- 
sects the line at infinity). In this case the number of the regions G; decreases 
by one. Thus in all three cases lemma 3 is proved. 

Lemma 4. Suppose that the curve F(x, y) = C meets the line at infinity in k 
different points (k evidently does not depend on C) and that all critical points" of 
F(a, y) are finite and different; then the difference D between the number of minus- 
points and the number of plus-points of this function is k — 1. 

Proor. Denote by Cy the maximal critical value of F(z, y) and C,, the 
minimal critical value and consider again the projection of the plane (z, 4) 
upon the hemisphere S bound by the great circle corresponding to the line at 
infinity. Let Mc be the set of all points of the hemisphere which correspond 
to the points (x, y) of the plane for which F(z, y) > C. 

If k 2 1 then when C > Cy the set Me consists of k regions Gi, --- ,“; 
k being the number of (real) points in which the curves meet the line at infinity; 
and when C < C,, the set Mc consists of a single simply-connected region; 
Hence when we vary C from C > Cy to C < Cp all k regions G; must coalesce. 
This would give exactly k — 1 minus-points because two of the regions 4 
can coalesce only when C passes through a minus-point. Besides new ovals 
may arise and subsequently disappear while C varies from Cy + € to Cm — & 
But as every new positive oval can arise only in a plus-point and disappear in 4 


11 The number of which is finite. 
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minus-point, while a negative oval arises in a minus-point and disappears in a 
plus-point; and as in every plus-point a positive oval arises or a negative oval 
disappears; and in a minus-point either a negative oval arises, or a positive oval 
disappears, or two of the original regions G; coalesce; all this does not affect the 
difference D which remains k — 1. 

If k = 0 then either when C > Cy the curve consists of a single negative oval 
and when C < C,, the curve is imaginary, containing no real points of the 
plane, or conversely when C > Cy the curve is imaginary and when C < C,, 
the curve consists of a single positive oval. In both cases there must exist a 
plus-point in which this oval arises or disappears. All other ovals, arising and 
subsequently disappearing as C' varies from Cy + € to Cy, — «, give rise to an 
equal number of plus and minus points. Therefore the difference D is —1 and 
the lemma remains true in this case also. 

Lemma 5. Let Fi(x, y) and F.(x, y) be two polynomials of degree n in x and y 
vanishing simultaneously at exactly n° different (finite) points, and f(x, y) a poly- 
nomial of degree l < nin x, y not identically zero. Then f(x, y) cannot vanish 
in more than nl points at which F\(x, y) = 0 and F.(x, y) = 0 simultaneously. 

Proor. The polynomials F; and F, have no common factor because they 
vanish simultaneously at a discrete set of points. Denote by M,(z, y) the 
greatest common factor of F; and f, and by M,(z, y) the greatest common factor 
of F; and f and let the degrees of M,(z, y) and M,2(z, y) be m and mm (nm and ne 
can of course be equal to 0). F, and F, having no common factor, we can write 


F\(a, y) y)- Mi(z, y), 
F,(x, y) = M,(z, y)-M2(a, y), 
f(z, y) = Mi(z, y)-M2(z, y)-M(z, y), 


where M(x, y), Mo(x, y) and M (x, y) are polynomials in 2g, y. 
The functions F; , F, and f can vanish simultaneously only at those (finite) 
points of the plane (x, y) which satisfy at least one of the following three systems: 


1, y) = 0, F(a, y) 0, 

2. M,(z, y) = 0, F,(z, y) = 0 

3. M(x, y) = 0, Fi(x, y) = 0 (or F(z, y) = 0). 

The left-hand members of each of these systems of equations are relatively 
prime. Therefore the first of these systems has at most 7:7 (finite) solutions, 
the second at most nen, and the third at most (J — m — m)-n.” The sum of 
these numbers is In <n’ because 1 < n. Therefore the lemma is proved. 

Lemma 6. Let A be a fixed imaginary number different from 0 and f(z, y) 
@ polynomial in x, y with real coefficients. Then the condition that the real part 
*Fthe product ALf(x, y)]* = 0 at a given point (9 , yo) (real or imaginary) can be 


” Cf. Encyklopadie der Math. Wissenschaften, Bd. I, p. 263, Kronecker’sche Methode. 
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expressed in the form of a linear homogeneous equation, with real coefficients, in the 


coefficients of f(x, y). 
Proor. Let A = a + bi and f(a, yo) = ¢ + di, where the numbers a, }, 


c,d are real. Then 
A[f(ao, = (a + bi)(e + ai)’ 
and 
R{A[f(ao, = ac” — ad” — 2bed = c'(a — 2bx — az’) 
where « = d/c and R{k} denotes the real part of k. The equation 
ax’ + 2bx —-a=0 
has (for any real numbers a, b) at least one real finite root. Denote this root 


by k. Then d = ke implies R{A[f(z, y)J’} = 0 and the equation d = kcisa 
linear homogeneous equation with real coefficients in the coefficients of f(z, y), 


q.e.d. 


2. Two FUNDAMENTAL THEOREMS 


First FUNDAMENTAL THEOREM. Denote by p the number of positive ova's of a 
curve F(x, y) = 0 of even order n and by m the number of its negative ovals. Then 
2 = 
8 8 
where 6 = 0 if the outer ovals are positive and = 1 if the outer ovals are negative. 
From this formula it follows of course that 


2 
lp —m| 


Proor. The critical points of F(x, y) are given by (2). By Lemma 2 we 
may always suppose that this system possesses (n — 1)” different finite solutions 
and that if (a, y:) and (x, ye) are two different solutions then F(x, y:) # 
F (x2, y2). In this case the following theorem of Euler-Jacobi holds: 


(n=1)? 
(4) P(z;, Yi) = 0 
J yi) 

where J(z, y) is the Jacobian of (2) and P(z, y) is an arbitrary polynomial in 
a and y of degree lower than 2n — 4. The sum in the left hand member of (4) 
is taken over all solutions of the system (2)."° The system (2) having no 
multiple solutions, the denominator J(x; , y:) of any member of the sum in (4) 
is not zero. 

In particular (4) holds if we take 


(5) y) = Fi(z, 
'8 Jacobi, Werke Bd. 3, p.329. Cf. Kroneckers Werke Bd. 1, p. 133. 
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where f(z, y) is an (arbitrary) polynomial of degree }(n — 4) and 
y) nF (z, y) (x, y) yF,(a, y). 


The function F,(x, y) thus defined is of degree n — 1 at most (this follows 
easily from Euler’s theorem on homogeneous functions); at any critical point 
of the function F’, F, has the same sign as F. The function f(x, y) may be so 


n—4 
+2) 


n—4 
chosen that it has real coefficients and vanishes in 5 —1 
arbitrarily chosen critical points of F(z, y). Lemma 5 shows that it cannot 
vanish in all critical points of F(z, y). 

After these preliminary remarks we pass on to the proof of our first funda- 
mental theorem. Denote by k the number of points in which the curve 
F(x, y) = C meets the line at infinity. Ifk > 0andC > Cy the curve consists 
of 3k positive ovals. When C decreases from Cy + ¢ to 0 the curve obtains 


pta- : new positive ovals, 


m-+ 8 new negative ovals, 
and loses 
a positive ovals, 
B negative ovals. 


Accordingly C passes through the critical values of F(x, y) in 


ptat+B-—- plus-points (A-points) and 
minus-points (B-points) 


(see lemma 3). Here 6 = 0 if the outer ovals are positive and = 1 if they are 
negative. These last formulae, giving the number of A and B points which 
were proved under the assumption that k > 0, still hold when k = 0. This 
can be proved by direct consideration of the two possible cases: when we have 
; the outset (C > Cy), 1) an imaginary curve (6 = 0), or 2) a negative oval 
= 1). 
We have thus proved that F(z, y) > 0 at 


plus-points and at 


m-+a-+68-—6 minus-points of F. 


b, 
root 
is a 
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But by lemma 4 there exist besides these 


2 


(n-1) —2y-1 
2 


p —a-— 8 plus-points (B’-points) and 


—m—a-—B8B +3 +6 minus-points (A’-points) 


where F(z, y) < 0. Here 2y denotes the number of imaginary critical points 
of F(a, y). 
At the A and A’-points, F/J > 0. There are all told 
(n—1)?-1 
2 


such points. At the B- and B’-points, F/J <0. The number of these points is 


(n 1)? +1 
2 


On the other hand it is easy to see that the sum of the number of A-points 
and A’-points exceeds §n(n — 2) — y — 1. Im fact, supposing the contrary, 
chose n(n — 2) coefficients of the polynomial f(z, y) entering in (4) and (5) 
so that it vanishes at all A- and A’-points and so that, besides, the real parts 
of the components P(z; , y:)/J (xi, yi) of the sum entering in (4) corresponding 
to imaginary solutions of the system (2) vanish also (we suppose that f(z, y) 
does not vanish identically). This last condition can be fulfilled in consequence 
of lemma 6. f(z, y) differs from 0 in at least one real critical point of F(z, y). 
In fact if 


n(n — 2) 


8 


(evidently only this case need be considered) then the number of the real 
critical points of F(x, y), which is (n — 1)° — 2y, exceeds the number 


while the number of critical points of F(z, y) where f(x, y) vanishes can not 
exceed (by lemma 5) 


(n — 1)(n — 4) 


Then the left-hand member of (4) reduces to a sum of non-positive numbers 
which cannot all vanish simultaneously, while the right hand member is 0; 
which is absurd. In the same way we can prove that the number of the B- 
and B’-points exceeds in(n — 2) — y — 1. 
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If we combine these last results and those obtained above there results 


2 2 
sp-mtis q.e.d. 


In particular when n = 6 we obtain 
10. 


When m = 0 we obtain p < 10, i.e. an algebraic curve of sixth order can not 
consist of more than 10 positive ovals; in other words of more than 10 ovals 
lying exterior to each other (Hilbert-Rohn’s Theorem). 

Srconp FUNDAMENTAL THEOREM. Denote again by p the number of positive 
ovals and by m the number of negative ovals of a curve of order n without singu- 
larities; and let n this time be an odd number. Then 
int) 

2 8 
where k is the number of real points at infinity of our curve, and A is the number of 
the regions G;, corresponding to the curve F(x, y) = 0, which were defined in 
lemma 3 (1 S$ A S k). We can also write this formula in the following more 
symmetrical form 


2 8 
where Av = A, while A = k + 1 — Ais the number of the regions G;, corre- 
sponding to the curve —F (zx, y) = 0. 
Proor. Our starting point is again the identity (4) with 


(6) P(z, y) = Fi(z, wif(z, 


f(z, y) being this time a polynomial of degree }(n — 5). Suppose that the 
curve 


(7) F(z, y) =C 


meets the line at infinity in k points. k is then an odd number independent of C. 
When C > Cy the curve (7) evidently consists of its odd branch. If the curve 
F(z, y) = 0 consists (besides the odd branch) of p positive and m negative 
ovals, and if A is the number of the regions G@; (defined in lemma 3), then as 
C was varied from Cy + € to 0 


p +a new positive ovals, 
m+ new negative ovals 
appeared (where a and 8 are non-negative integers) and 
a positive ovals, 


negative ovals, 
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were lost, while the number of the regions G; was decreased by k — A. Conse- 
quently there exist 


p+a+B_plus-points (A-points), 
minus-points (B-points) ; 


here F(a, y) > 0. 
From lemma 4 it follows that besides these points there exist 


2 
-&+1 _ p—a-—B-—vy_ plus-points (B’-points), 


2 
— 1) 

(n ) m—-a—8B—y—k+A_ minus-points (A’-points), 
where F(x, y) < 0; 2y again denotes here the number of imaginary critical points 
of F(a, y). 

At 

(n-1)? +k-1 


+p—m—y-k+A 


A- and A’-points we have F'/.J > 0 while at 
(n-1? —k+1 
2 


B- and B’-points we have F/J < 0. Hence it is easy to see that both of the 
numbers 


— 2 — 
and. 
— 
(n 
exceed 
n—5 
1 
+3) 
2 8 


In fact supposing the contrary we can so chose the }(n — 1)(n — 3) coefficients 
of the function f(z, y) not vanishing identically that it will vanish at all 4- 
and A’-points (resp. at all B- and B’-points) and besides that the real parts of 
all complex members P(z; , y:)/J(ai , yi) in (4) corresponding to the imaginary 
critical points of F(z, y) vanish also. Lemma 6 apprises us that such a choice 
is possible. Using lemma 5 we can prove (in the same way as we proved an 
analogous assertion above; see the proof of the First Fundamental Theorem) 
that this function f(x, y) differs from 0 in at least one real critical point of 
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F(z, y). Then the left hand member of (4) will be the sum of real quantities 
having the same sign, one of which at least is #0. This sum cannot be 0. 


Hence 


k 


which completes the proof of our theorem. 


3. DISCUSSION OF THE RESULTS OBTAINED. SOME EXAMPLES 


First of all we must prove that the limits obtained for | p — m |, viz. 


3n” — 6n 


8 +1 


|p—m|s 


for n even and 


for n odd are the best possible. 

To this end we shall construct for every even n an algebraic curve of order n 
consisting of #(3n” — 6n) + 1 ovals lying exterior to each other and for every 
odd n a curve of order n consisting of }(3n” — 4n + 1) — 3(n — 1) positive ovals 
lying exterior to each other and all in the one and the same region bounded by 
the odd branch and the line at infinity, and besides such that the number of 
the regions G; , defined in lemma 3, will be equal (for this curve) to n. The 
process of constructing these curves will be a slight modification of Harnack’s 
construction of M-curves. We shall prove the existence of such curves in- 
ductively. 

First of all for n = 1 and n = 2 these curves exist. 

Suppose now that for a certain even n there exists a curve a‘” = 0 of order n 
consisting of 3(3n? — 6n) + 1 ovals lying exterior to each other. Suppose 
moreover that one of these ovals intersects a straight line a” = 0 in two real 
points AS” and AS” and touches the same line at 3(n — 2) points A?” = 
4 @ = 1, 2,---, 3(n — 2)); we suppose that the order of the points 
4°, A®, 4™ on a® = 0 coincides with the order of their indices. In the 
initial case n = 2 we can take for a” = 0 an ellipse meeting a line a” = 0 
in two different real points. 

Consider the curve 


(n 


1 
= aa” + = 


Where \ is a certain real constant and q"*? = 0 is the equation (with real 
coefficients) of an algebraic curve of order n + 1 without real singularities 
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which meets the line a” = 0in n + 1 different real points 
all lying outside the segment A” A(?A\”."* 
Then taking \ sufficiently small we can choose its sign in such a way that the 
curve 

= @ 


consists of 
1) an odd branch meeting the line a” = Oinn + 1 points AS}, A), ... 


and 
2) of 
6n _ 3n'—2n_ +1 +1 
8 2 8 8 2 


ovals which all lie in the same region defined on the projective plane by the odd 
branch of the curve a‘"*? = 0 and the line a” = 0. Besides when all these 


Fie. 1 


ovals are positive, then n + 1 is the number of the regions G; (defined as in 
lemma 3) bounded by the line a” = 0 (which plays here the part of the line 
at infinity) and the odd branch of the curve a‘"*” = 0. All these constructions 
are represented schematically in fig. 1, where the dark line represents the curve 


av? = 0 and the light curves represent the curves a” = 0, a” = O and 
=0. 


‘4 Tn order to construct such a curve take any real algebraic curve of order n t} meeting 


the line a =0 inn +1 real different points none of which lies on the segment _ ce : 
If this curve has singularities we can vary its equation a little so that the new curve will be 
free of singularities; the displacement of the points of intersection of the curve with the 
line a“ = 0 will be arbitrarily small so that these points will remain real and distinct and 
will lie exterior to the segment 

1° We shall give here a detailed proof that for a sufficiently small ) different from 0 the 
curve a+) = Q will have no singularities and will contain no ovals except those shown in 
fig. 1. 

We begin with the first of these statements (viz. that the curve a("*) = 0 will have 00 
singular points). Let us call “‘critical’’ such values of \ that the curve a(t) = a\)-a™ + 
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Suppose now that for a certain odd n there exists a curve a” = 0 of ordern 


consisting . 
1) of an odd branch intersecting the line a’ = 0 in n different real points 


(1) (2) (n) 


2) of 1(3n° — 4n + 1) — 3(m — 1) ovals all situated in the same region 
defined by the odd branch and the line a“ = 0 and lying exterior to each other. 
Consider the curve 


(n+l) .@) (a) (1) (2) (n+1) 
=a -a + Anti Inti = 0, 


\y") = 0 has singular points. Evidently our statement will be proved if we prove that 
there is only a finite number of critical values of \. A value of \ will be critical if it is a 
solution of the following equations (in x, y and )) 


=0 and 


(9) a(ntl) = 0, 


Eliminating z and y, we obtain an algebraic equation for \. Therefore in order to prove 
our statement (that there is only a finite number of critical values of \) it is sufficient to 
demonstrate that these equations are not satisfied identically for all values of \. This is 
evident since it is not satisfied for \ = ©, the curve q‘*) = 0 having no singularities. 
Hence it follows that for A» sufficfently small there are in the interval (—Xo , +Ao) no critical 
values of \ with the exception of \ = 0; so that all curves a*) = 0,0 <A < Ao, have the 
same topological structure, and so do all curves a“*) =0, —Ay <A <0. 

On the other hand it is evident that for small values of |\| the curve a‘*) = 0 passes 
“near” the curve a)-a™ = 0. Here the word ‘‘near’’ must be understood as meaning 
that if we project the projective plane on the hemisphere, the image of the curve a‘“*?) = 0 
will lie in the neighbourhood (in the ordinary sense) of the image of the curve a“)-a™ = 0. 
Evidently the curve a‘+) = Q lies on that side of every portion of the curve aa” = 0 
for which aa and Aq"*») have different signs. Take one of these portions and continue 
it until it intersects the curve g(t) = 0. When we pass through a point _ we shall 


continue so as to be near the dark curve of fig. 1. In fig. 2 the segment AB of the curve 
aa = 0 is schematically represented; its endpoints A and B belong to the curve g°"*) = 
0; the shaded part represents that part of the plane where a“-a and d\q"*» have opposite 
signs. This region of the plane we shall denote by G. The black line represents the curve 
a“) = 0. If this curve (for a small | \ |) contains any other oval O; beside those repre- 
sented in fig. 1 this oval must lie wholly within the region G (fig. 1) or another such region. 
Suppose now that » approaches O. Two cases only are possible (because in the region G 
the expressions a)-a() and q*) preserve their signs). 

First case. The oval O, contracts. Then this oval cannot disappear without passing 
through a critical point. Therefore (since there are no critical values of \ within the 
interval considered) it must approach either an oval or a point which would have to be a 
Singular point of the curve aa = 0. Both these situations are impossible. 

Second case. The oval O, expands. Then it cannot approach the segment AB of the 
curve a)-a(™ = Q so as to merge with it when = 0. 

We point out in conclusion that the ovals of the curve a+ = 0 which in fig. 1 lie within 
the corresponding ovals of the curve a“) = 0 can very well have the opposite mutual posi- 
tion 1.e. the oval of the curve a‘"*)) = 0 can contain the oval of the curve a) = 0 in its own 
interior. They can also intersect. This will happen if they are intersected by the curve 
a") = 0 (they will intersect then in the points of intersection of the curve q“*) = 0 with 
one of these ovals). The same remarks apply to all the other figures of this paper. 
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where (2, = 0 (i = 1, --- ,m + 1) are the equations of the straight lines inter- 
secting the line a” = 0 in the points respectively 
which are all situated exterior to the segment AVPAMA™ and where d is a 
constant. We shall also suppose that = fori = 1,---, 3(n— 1), 
while all the points --- , are different. 


Then we can so chose the sign of \ that if we take ) sufficiently small nu- 


merically the curve a‘"*” = 0 will consist of 
2 
8 2 8 
ovals all lying exterior to each other; the line a = 0 intersects one of these 


ovals in two points AS), and AS” and touches it in 3(m — 1) more points 


AGH (i = 1,+--,4(n — 1)), while it does not meet other ovals of the curve. 


Cc D 
Fic. 2 (n-4) 


OOOO 


3n 


Fic. 3 


This construction is represented schematically in fig. 3. Here again (as in 
fig. 1) the dark line represents the curve a‘"*” = 0 while light lines represent the 
curve = 0 and the lines = 0, = 0. 

We shall now apply the inequality obtained for an even n (First Funda- 
mental Theorem) to the case when an algebraic curve (of order n) consists of 4 
number of ovals lying exterior to each other and an outer oval containing in its 


interior all the other ovals. 


6 We can prove, just as we have done for the case of an even n, (see footnote 15) that if 
| \ |is sufficiently small the curve a‘"*)) = Q will have no singularities and will contain n0 
ovals other than those shown by dark curves in fig. 3. Only here we see that the system (9) 
of equations has solutions for every \ using the theorem of Bertini. 
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Changing the sign of F(z, y) if necessary we can make the outer oval positive; 
all other (inner) ovals will then be negative. Then in the First Fundamental 
Theorem we must make 6 = 0. Denoting by S the number of inner (negative) 
ovals we obtain (the number of positive ovals being 1) the inequality 


— 6n 


(10) Ss 8 


+1. 


On the other hand for any n = 4k + 2 (where k is an integer = 0) the algebraic 
curves of the order n exist consisting of an outer oval and of S = }(3n” — 6n) 
ovals lying interior to it and exterior to each other. 

In proving this we shall apply, with some modifications, Hilbert’s process. 
The proof is inductive; suppose that for a certain n = 4k + 2a curve a” = 0 
of order n exists consisting of an oval and in its interior }(3n” — 6n) other 


4 


ovals lying outside each other. We suppose besides that the outer oval inter- 
sects a certain ellipse b” = 0 in two real points A{” and A” and touches it in- 
ternally inn — 1 points AS, ... , AS” coinciding, respectively with 
it ee , AY" (see fig. 4, light line) and all lying on one of the two 
ares of 6 = 0 having for its ends the points A” and A‘”. 

In the initial case n = 2 we must take for a” = 0 an ellipse touching another 
ellipse 6° = Q internally (at the point A”) and meeting it besides in two other 
points and AM. 

On the are A,” A?” of the ellipse b® = 0 which does not contain the points 
A,’ take 2n + 4 different points ---, and draw through them 
acurve g"*? — Q (of order n + 2) without real singular points. Such curve 
can be obtained for instance if we vary a little the coefficients of the equation 


(2) (n4+2) __ 
= 0, 
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where q{2 = 0 (for i = 1, --- ,m + 2) is the equation of a line which passes 
through the neighbouring points A‘... Then for a X sufficiently small nu- 
merically and of a suitable sign the curve with the equation 


2 2 


will resemble the curve represented by the dark line in fig. 4 and by the light 


line in fig. 5. 
This curve consists of 
3 
1) 3n 6n 


ovals lying exterior to each other and within the ellipse bd” = 0. Herel denotes 

the number of ovals of the curve a‘”” = 0 lying outside the ellipse b® = 0. 
2) an oval meeting the ellipse b® = 0 in 2n + 4 different real points A}"/2; and 
3) l ovals lying within the preceding oval and outside the ellipse. 


(n+2) 


That for | \ | sufficiently small the curve a = 0 will contain no singular 
pomts and no other ovals than those represented in the figure can be proved 
in the same way as the analogous proposition was proved in footnote 15. 


Peay the are AS?,AC* of the ellipse b® = 0 containing no other points 
A,.42 we shall take 2n + 8 points 
AG 
such that the Ave and AGH = 1, 2,---, n + 3) coincide while 
all the points Anis ; Ants Ante (fig. 
the points A}, and ; and ASY, and 
y the lines | 
( n 
= 0; = 0. 


Then if \ is sufficiently small numerically and its sign is conveniently chosen, 
the curve 
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(fig. 5, dark curve) consists of 


— 6n +n+2n+3= 3(n + 4)" — 6(n + 4) 

8 8 
ovals all lying exterior to each other and interior to another oval which inter- 
sects the ellipse b” = Oin two points A‘), and A@\*® and touches it internally 
at (n + 3) other points AG (@ = 1,---, m + 3) which all lie on the same 
are A“, AG of the ellipse. Consequently our curve a‘"*® = 0 of order 
n + 4 possesses all the required properties, q.e.d." 

K. Rohn proves in his work already mentioned which deals with the curves 
of order 6 that such a curve cannot consist of an outer oval and ten other ovals 
lying interior to it and exterior to each other. This proves that the upper 
bound of the number of such ovals which we have found viz. 


2 


cannot be attained in the case n = 6, as well as in the case n = 2. 
When n = 4k (k an integer) there exist algebraic curves of order n consisting 
of an outer oval and 


— 6n 
S= 2 
other ovals lying exterior to each other but within the outer oval. 

To start the induction we begin with the case k = 1 (n = 4). Let a” =0 
and b® = 0 be the equations of two ellipses, of which the second lies in the 
interior of the first. Take 5 different points A{”, Aj? = Aj”, Ai? = A.’, 
A? = A{? and A$® on the ellipse 6° = 0 and draw four lines through the 
points and = 0), and A{® (qi? = 0); AS” and A,” = 0) 
and Aj” and = 0). Then the curve 


2 
a’ 


a + Aq 429391 = O 


(if \ is sufficiently small numerically and has the suitable sign) consists of two 
ovals (one of which lies within the other) differing but little from the two 
ellipses a” = 0 and b® = 0. The inner oval intersects the ellipse b® = 0 
in two points A$? and A{® and touches it from without at three points A{”, 
Ay”, AS which all lie on the same arc A{?A®® of the ellipse. 

Suppose now that for a certain n = 4k we have constructed an algebraic 
curve a” = 0 of order n consisting of an outer oval and of 1(3n” — 6n) — 2 
other ovals lying within the outer oval and outside each other; one of these 
ovals intersects an ellipse b” = 0 in two points A” and AY” and touches it 
from without inn — 1 points A®, AW, ... ,A@"” (coinciding respectively 

‘That for || sufficiently small the curve a+ = 0 contains no other ovals besides 
those indicated in fig. 5 and has no singularities, can be proved in the same way as the 
analogous statements in footnotes 15 and 16. 
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with A®, AS, ..., 42") all lying on the same are AsA,” of the ellipse 


(fig. 6, light curve). 
Take, on the other are AS?A@”, (ie. on the arc Ay Ay” which does not 


: (1) (2) (2n+4 
contain A®, 2n + 4 different points ACh. 


Through these points we draw an algebraic curve of q"*” = 0 order n + 2 with- 


Fic. 7 


out singularities. Then (if || is taken sufficiently small and the sign of ) 
is suitably chosen) the curve 


2 2 2 
a” .b® + = 


will have the form like that indicated schematically in fig. 6 (dark curve) and 
fig. 7 (light curve). 


Now take on the are A‘S},AC/3" of the ellipse B® = 0 which does not 

contain any other points AS?,, n + 5 different points Atta, Anu = 
3 4 5 2n+6) __ (2n+7 (2n+8 i 


1 2 4 1 (2 3 (4) oe 
Quis = 0, 0, tea through Ant and Ant, Aw and Anis) 
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42? and ACY, resp. Then (if d is sufficiently small numerically and of a 


nt+4 
suitable sign) the curve of order n + 4a°*® = 4 


(see fig. 7, dark curve) consists of an outer oval and 


2 2 


inner ovals (all lying within the outer oval and outside each other) one of which 
intersects the ellipse b® = 0 in two points A‘), and A@?;** and touches it at 


n + 3 other points ---, (coinciding resp. with 
AS, ASM”) which all lie in the same are AS), 


The analogous constructions as well as the inequalities analogous to (10) 
can of course be effected for the case of an odd n. 

I shall conclude this paper with the remark that in all examples that I know 
not only do we have 


2 
8 
for even n and 
3n? — 4 1, 


for odd n, but the same inequalities are true for p and m separately. We 
could prove this to be so if there existed a method which allowed us to destroy 
an arbitrary oval of a curve of order n without affecting either its order or the 
topology of other ovals. All curves constructed by Harnack’s or Hilbert’s 
process admit of such a wiping-out of their ovals. In fact the examples given 
above are exactly such Harnack or Hilbert curves with some of their ovals 
wiped-out. But whether it is possible to destroy ovals (without affecting the 
topology of other ovals) of every algebraic curve I do not know. 

In the same manner we could prove that S does not exceed }(3n° — 6n) 
if we could make the outer oval (expanding) touch itself without affecting the 
topology of other ovals. Then either a new negative oval would appear or the 
outer positive oval would become negative. In both cases the inequality 
S < 4(8n"° — 6n) would be established. 


I wish to thank E. M. Livenson for the help he has given me in the editing 
of this paper. 


Moscow, U.S. 8S. R. 
'* In the same manner as was done in the case of n = 4k + 2 we can prove that the curve 
a**) = ( will not have a more complicated topological structure (i.e., it will not have any 
ovals other than those represented in fig. 7, and it will not have singular points). 
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ARITHMETICAL PROPERTIES OF SEQUENCES IN RINGS 
By Morcan Warp 
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INTRODUCTION 


1. Let S be the set of numbers 0, 1, 2, --- , ©, a commutative ring of ele- 


ments A, B, --- , Z, --- containing a unit element, and let U, be a one-valued 
function on S to ©; that is, a sequence 
(U): 


of elements of ©. The object of this paper is to study the periodicity and 
divisibility of such sequences relative to ideals of ©. If we extend’ U, over 
the ring of rational integers by letting U_, = U, , we have a special instance of a 
correspondence between a commutative ring and a structure (lattice) studied 
in a previous paper in these Annals (Ward [1]’). 

The less general hypotheses of the present paper allow us to prove as theorems 
many of the axioms assumed in W. A. The results of the paper are however 
of a quite different character from those in W. A., and the paper may be read 
independently. 

In conjunction with W. A. this paper gives a general theory of the arithmetic 
properties of sequences which renders any half-hearted generalizations of the 
ordinary theory of linear sequences of rational integers’ such as to linear se- 
quences of algebraic integers, to a large extent superfluous. In addition, we 
obtain many results for the special case of linear sequences of rational integers 
under much less restrictive hypotheses than heretofore.‘ 

The existence of a smaller period for the places of apparition of a divisor of a 
linear divisibility sequence than the restricted period of the sequence which 
we prove here abstractly’ is a fact of some arithmetical interest which does not 
seem to have been observed previously. 


1 We include the case when U, is defined over a sub-set 7 of S by letting U, be the 
zero of D over the complementary set S — T. For example a function defined merely 
for n = 0, 1 and 2 is regarded as a sequence in which all terms vanish after the third. 

* The bracketed numerals refer to the reference listed at the close of the paper. I shall 
refer to this particular paper as W. A. 

3 See W. A. for references to recent papers. 

* See for example theorems 3.2, 4.1, 4.2 and 4.3. Theorem 3.2 is given in Ward [2] fora 
very special case. See also Carmichael [1]. Theorems 4.1-4.3 are closely connected with 
Marshall Hall’s Theorem III (Hall [1], p. 579). 

5 Numerical examples over the ring of rational integers can be constructed without 
much difficulty, but unfortunately satisfy difference equations of quite high order. 
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9. We shall adhere to the following scheme of notation based on van der 
Waerden [1] and used in W. A. Elements of © are denoted by roman capitals; 
small italic and Greek letters denote ordinary integers. The ideals of © are 
denoted by German letters U, B, --- (2, B) and [%, B] denote the union and 
cross-cut of the ideals Y& and B; (a, b) and [a, b] the greatest common divisor 
and least common multiple of the numbers a and b; (A, B) the union of the 
principal ideals [A] and [B]. The letters U and V are reserved to denote se- 
quences. Thus (U) stands for a function. If the ideals %f and [A] are co-prime 
(“teilerfremd,” van der Waerden [1], §85), we write (2%, A) = ©. a divides b 
is written as usual a | b. 


Il. MopuLarR PERIODICITY AND DIVISIBILITY SEQUENCES 


3. We begin with some definitions. The sequence (U) is said to be finite 
if it contains only a finite number of non-vanishing terms. It is said to be 
linear over © if its terms satisfy a recursion relation 


(3.1) Unie = CiU nye t+ (n = 0, 1, 2,---) 


with coefficients C; in ©. 

(U) is said to be a divisibility sequence (M. Hall [1], Ward [1], [4]) if U, divides 
U,, in © whenever n divides m. If (U) is both a linear sequence and a divisi- 
bility sequence we shall call (U) “‘Lucasian’” in honor of the French mathema- 
tician E. Lucas who first systematically studied a special class of such sequences. 
(Lueas [1], [2], Dickson [1].) 

It may happen that the terms of (U) become periodic when taken to a fixed 
ideal modulus % of ; that is, there exist numbers \ and y such that 


(3.2) = (mod %), n = 


The least such \ and » are called the period and numeric of (U) for the modu- 
lus 2. This minimal period is easily seen to divide every other period. If 
v = 0, (U) is said to be purely periodic modulo Y%. 

If there exists at least one term U; of (U) such that U; = 0 (mod 2%) then & 
is called a divisor of (U). If all terms of (U) are divisible by & # © from a 
certain point on, then & is called a null divisor of (U), and (U) a null sequence 
modulo %{. Every finite sequence is thus a null sequence for any modulus. 

A positive integer u is said to be a restricted period of (U) modulo & if there 
exists an element A of © such that 


(3.3) Uni» = AU, (mod %), all large n.’ 


Here A depends on ». We call A a multiplier of (U) modulo %. The least u 
for which (3.3) holds is called the restricted period of (U). 


a The more euphonious term ‘Lucas sequence” already has a precise meaning in the 
iterature. 


"It usually suffices to consider (3.3) for n greater than the numeric of (U) modulo W. 


| 
| 
l 
2 
y 
a — 
th 


212 MORGAN WARD 


TueoreM 3.1. Let (U) be a sequence of D, and A any ideal of D such that no 
divisor of X is a null divisor of (U). Then if (U) is periodic modulo A, the minimal 
restricted period p of (U) modulo U exists, and divides every other restricted period, 
and in particular the actual period \. Furthermore the multipliers of (U) modulo 
are all prime to %,° and form a group with respect to multiplication modulo YX. 

Proor. If % is a null divisor of (U), (3.3) becomes a triviality. In any 
event, if (U) is periodic modulo Y, the actual period ) is a restricted period with 
A =I. Hence a minimal yp exists S A, and we may write \ = su — t where 
s 21,0 <t<uy. Then for all large n, 


Unset = Unseen = Unto, = (mod 
Hence t = 0 by the minimal property of y, and 
(3.4) — 1)U, = 0 (mod 2), all large n. 
I say that 
(3.41) (A, A) = ©. 


For if (A, %) = B # O, then (A* — 1, 8B) = OD so that by (3.4), U, =0 
(mod 9), all large n, contradicting the hypothesis that no divisor of Y is a null 
divisor of (U). 

Let ¢ be any other restricted period with multiplier B, and write ¢ = uy + 8, 
u21,0<56<4. Then by (3.3) 


(3.5) A*U nse = Unsorun = Unig = BUn (mod Y%). 
Therefore 
(3.51) (B, XM) = ©. 


For if (B, 2) = B # O, then by (3.5) and (3.41) Unie = 0 mod B for all large n, 
contradicting the hypothesis that no divisor of & is a null divisor of (U). 

Now the set of all elements of © which are prime to % form a group with 
respect to multiplication modulo %. (van der Waerden [1], Chapter XII.) 
Hence by (3.41) there exists an element A’ of D such that A’A = I (mod Y) 
Thus by (3.5) 


Unie = (A’A)"Unys = (mod 


Therefore 6 = 0 by the minimal property of u, and yu divides ¢. 

It remains to prove the group property of the multipliers. It follows from 
(3.51) that the multipliers of (U) form a semi-group. All that remains is to 
show the existence of an inverse for each multiplier B. 


§ This statement is taken as an axiom in the discussion of the restricted period in part 
IV of W. A. 
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Since (B, %) = ©, there exists an element B’ of D such that BB’ = 1 (mod %) 
while Unig = BU, (mod M1), n 2». On replacing n by n — ¢, we obtain for 
nzv+¢ 

Un» = (B’B)Un-s = (mod YM). 


Determine positive integers z, y such that x@ = yd where } as usual is the 
period of (U). Then 


= Un-sin = = BU (mod Y%). 


Hence B’ is a multiplier. This proof fails ifz = 1. But theng =A, B=T] 
(mod %) so that B’ = I (mod A) directly. 

TuroreM 3.2. Let © be a ring in which the chain condition (‘‘Teilerketten- 
forderung’”’) holds for ideals. Let (U) be a sequence of OD and % an ideal such 
that (U) is periodic modulo A, but such that no divisor of WU is a null divisor of (U). 
Then if \ is the period and yu the restricted period of (U) modulo A, the multipliers 
of (U) form a cyclic group of order \/y. Furthermore the multiplier A of (3.3) 
associated with the restricted period is a generator of this group. (Ward [2].) 

Proor. Consider the sequence of ideals 


Ao U,), Wi (2, U,, Ye (2, U, U,+42), 


where r is a fixed number greater than the numeric of (U). Then %i41 D YW, 
(i = 0, 1, 2,---). Therefore by the chain condition, all the %; are equal 
from a certain point on. This resulting ideal T divides both % and every term 
of (U) beyond a certain point. Since (U) has no null divisors dividing Y%, 
T=. Thus for some number I, 


(2, U,, U,41-1) ©. 
It follows that the ideal (U,i1, --- contains a number 
(3.6) W = X,U, + eee + XinD 


such that (W, %) = ©. 

With the notation of the previous theorem, choose r so that the congruences 
(3.4) and (3.5) hold for n =r. Then by (3.6) (A° — 1)W = (B — A*)W =0 
(mod %), or A* = 1, B = A“ (mod %). Now if we define s as the least integer 
such that A* = 1 (mod 9%) the multipliers are seen to form a cyclic group of 


order s with A as a generator. From the minimal property of \, \ = us and 
8 = d/p. 


4. The following easily proved theorem on the divisors of any sequence 
extends a previous theorem of mine (Ward [1] theorem 5.3) and is the basis for 
the study of divisors of divisibility sequences. 

. TuroreM 4.0. Let (U) be a sequence over OD, and M any divisor of (U). Then 
FM = [M, B], the set of places of apparition of M in (U) is the cross-cut of the 
sets of places of apparition of % and B in (U). 
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If in particular (U) is a divisibility sequence, the places of apparition of any 
divisor of (U) have the property of being closed under multiplication by positive 
integers. Furthermore, for any place of apparition s of a divisor % of (U) 
there will exist a number r dividing s and such that 


(4.1) U, = 0 (mod %), U, 0 (mod if 


Following M. Hall [1], we call such a number r a rank of apparition’ of % in (U), 
Of paramount interest and simplicity are the cases when a divisor of (U) has 
only a finite number of ranks of apparition. We then say the ranks of appari- 
tion constitute a multiplicative set. The theory of such sets is developed in 
part III of this paper. In the present section, we give a series of theorems on 
the finiteness of the ranks of apparition. 

TueroremM 4.1. If % is a divisor of the divisibility sequence (U) and if (U) is 
also periodic modulo X, then a necessary and sufficient condition that X shall have 
only a finite number of ranks of apparition are that all its ranks of apparition 
divide the restricted period of (U) modulo %. 

Proor. The sufficiency of this condition is obvious. To establish its 


necessity, let r be a rank of apparition of 2 which does not divide the restricted . 


period y, and let (r, 4) = d # r. For any positive integer ¢, we can choose posi- 
tive integers 2:, y: such that td = yr — ap. Then if t = v/d (where + is the 
numeric of (U)), 


U A* Ya = = 0 (mod 


for (U) is a divisibility sequence and U, = 0 (mod %). By theorem 3.2, 
(A, %) = D, so that Urq = 0 (mod Y%). Hence éd is a place of apparition of %f 
in (U) and is hence divisible by one or more ranks of apparition r’ of %. Ift 
is a prime number, 7’ must be divisible by ¢t. For otherwise 7’ | td implies 
r’ |d, so that 7’ |r, r’ = 7r,d = r. Hence 


(4.2) id =r’ 2=t t a prime. 


Since the number of primes is infinite, we may choose an infinite sequence of 
primes , tr, f, --- such that > tnd, td =v. Then the inequality (4.2) 
implies the existence of an infinity of ranks of apparition. 

THEorEM 4.2. Let (U) be a divisibility sequence, and X a divisor of (U) such 
that (U) is purely periodic modulo A. Then X has only a finite number of ranks 
of apparition and each such rank divides the restricted period of (U) modulo 1. 

Proor. Let r be a rank of apparition of {in (U). In view of the previous 
theorems we need only show that r divides ». Let (r, u) = d. Then it suffices 
to show that d is a place of apparition of {, for then since d |r, r = d and r'| p. 


*In Ward [1], [3], [4], a rank of apparition was defined by the stricter requirement 

, = 0 (mod A), Uz # 0 (mod A) if 0 < x <r, or in the case considered in Ward [1], the 
places of apparition were required to form an ideal. Although such a definition leads to 
many interesting results and is apparently met with frequently in the numerical cases 
of the Lucasian sequences from which the theory springs, (4.1) appears preferable. 
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Now there exist positive integers z, y such that d = rr — wy. Then by (3.3) 
and our hypotheses on r and (U), 


= Varw = = 0 (mod %). 
But (A, %) = ©. Hence Ua = 0 (mod YA). 


III. SEtTs 


5. Let 71, 72, --° 7 be m fixed numbers. The set M consisting of all their 
integral multiples will be called the multiplicative set based on 1, r2, +--+, Tn. 
If r; divides r; only for 7 = j, (¢, 7 = 1, --- , ), the r; will be called the gen- 
erators of the set. A generator is thus any element of the set which is irreducible 
in the set. Henceforth we assume that 7, , --- , 7, are a set of generators of M. 

The multiplicative set based on 7, , --- , 7, is thus the maximal multiplicative 
semi-group containing 7; , --- ,7, as its only irreducible elements. 

The number r = [r, r2, --- , 7n] (where here and later [z, --- , z] denotes 
the least common multiple or L.C.M. of the numbers 2, --- , z) is called the 
rank of the set M. 

TueoreM 5.1. If r is the rank of the multiplicative set M, every element of M 
is congruent modulo r to an element of the set greater than or equal to zero and 
less than r. 

Proor. If x lies in M, there exists a generator r; dividing x: x = yr;. Also 
r = ar; by the definition of L.C.M. Hence if x = qr + t where 0 S t <7, 
then t = 0 (mod r;) so that ¢ lies in M and x = t (mod r). 

We call a set of distinct elements of M which lie in a complete residue system 
modulo r a representative set of M. 

TuroreM 5.2. The number of elements in a representative set of M is given by 
the formula 


> 


s=1 (i) [ri, Tig ri,] 


Here the inner summation is taken over all the (") distinct combinations 


4,--+,7%, of the subscripts 1 to n of the generators r; taken s at a time. We 
omit the (simple) proof of this theorem here.” 

TuroreM 5.3. The cross-cut of any two multiplicative sets is a multiplicative 
sel, and each generator of the cross-cut is the L.C.M. of generators of the compo- 
nent sets, 

Proor. Let the sets be M, and M,z and let M; = [M,, M] be their cross-cut. 
M; is obviously a multiplicative set. Every clement of M; lies both in M; 


” For example take r; = 6, r2 = 10,73 = 15. Thenr = 30. A representative set consists 
of the eight numbers 0, 6, 10, 12, 15, 18, 20 and 24. The formula gives 
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and M; and is hence divisible by a generator 7; of M, and a generator r; of M, 
and hence by their L.C.M. [r;, 73]. Therefore Ms; is based on the set of nm 
elements [ri , ri], 5 5 where the r; and are respectively the generators 
of M; and M,. Hence the generators of M; consist of the irreducible elements 
in the set [r;, rj]. 

In like manner it is easy to prove 

TurorEem 5.4. The union of two multiplicative sets is a multiplicative set. 


If m1, 50m are the generators of the two sets, the generators of 

their union consist of the irreducible elements in the set of n + m elements 


Tueorem 5.5. The aggregate of all multiplicative sets forms an arithmetic 
structure (O. Ore [1])——or (distributive) C-lattice—(G. Birkoff [1]) with respect 
to the operations of forming the union and cross-cut. ~s 

PROoF. Let M,, M: ; M 3 be any three multiplicative sets with generators 
Let [M;, M,], (M;, M,) stand for 
cross-cut and union seupeotively. Then it suffices to show that 


But this equality is obvious, since by the preceding two theorems, both sets 
are based upon the numbers [r,, ri], , [Ta , tel, Tr], tn» 


It is evident that the theorems of this section will also be true with slight 
changes of wording for multiplicative sets defined over a principal ideal ring D 
all of whose quotient rings D/2 are finite. 


IV. SEQUENCES 


6. THrorEM 6.1. Let (U) be a linear sequence, and let X be an ideal of 
whose quotient ring O/%X is of finite order. Then (U) is periodic modulo Yt. 
Furthermore, if % is relatively prime to the last term C, in the recursion (3.1) 
defining (U), then (U) is purely periodic modulo Y%. 

Proor. (Ward [2].) The sequence (U) will become periodic modulo 2% if 
any set of k residues of k consecutive terms of (U) modulo % occurs more than 
once. Now the first n + k — 1 terms of (U) contain the n + 1 sets of k con- 
secutive terms Uy), --- , Unger. Let T be the order of 
the finite ring O/%, so that a complete residue system modulo % contains T 
distinct elements. Then the period \ of (U) modulo 9% is at most 7” — 1. 
Thus (3.2) holds with A < 7* — 1,» < T* — 1. 


11 No simple relation appears to exist between the rank of two sets and the ranks of 
their cross-cut and union. For example, let Mi = {36, 54}, M, = {18, 24}. Then 
[M,, M.] = M,, (M,, M.) = M, so that M, contains M,. The rank of M, is 108, while 
the rank of M, is72. Thus, the L. C. M. of the ranks of M, and M, is not the rank of their 
cross-cut, the G. C. D. of their ranks is not the G. C. D. of their union, nor does one rank 
divide the other. 
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Now assume that (2%, Cx) = ©. If (3.2) holds for n = np) > 0 we have from 
the recursion relation 


But by (3.2); = (mod (r = 1, 2,---,k). Hence by 
subtraction 


Und ae (mod %). 


Since (C,, U) = O, (8.2) holds for n 2 m — 1. Therefore (3.2) holds for 
n = 0 and (U) is purely periodic. 

TurorEM 6.2." Let: be a domain of integrity, K a finite extension of its 
quotient field. Let® = ® (a,,---, a, 3 y) be a polynomial in the r + 1 indeter- 
minates 2, ---,2%,, y with coefficients in K and let w, , we, --- ,w, be r fired 
integers of K. Define a sequence (V) over K by 


Vn = ,w2 ,--- 5M), (n = 0,1, 2, ---). 


Then (V) is linear, and satisfies a recursion of the form (3.2) with coefficients in ©. 
Every sequence which is linear over D may be thus obtained by a suitable choice 
of the extension field K and polynomial ®. 

Proor. Let N be the maximum degree of @ in the z, and M the maximum 
degree of in y. Suppose that the polynomial ® when written in the form 


(k) 
has precisely s terms X = ait... 2%", Here the I'u)(y) are polynomials in y 
of degree < M with coefficients in K. Let & = wi! --- ws’. Then there 
exists a polynomial f(z) = — — --- — with coefficients in such 
that fra(Qu)) = 0, (k = 1,---,8). Let: 
F(z) = f(x)” = x _ Dix Dr. 


Then each Qu) is a root of F(x) = 0 of multiplicity at least M, and D,, --- Dr 
le in ©. But 


Hence (V) satisfies the recurrence 
(6.2) = dD, + + DrY» 


associated with F(z). 
Now let (V) be a linear sequence of © defined by (6.2) and assume that the 


. We discard the scheme of notation explained in section 2 for the statement and proof 
of this theorem. 
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distinct roots of the associated polynomial F(x) are Qa), --- ,Q6). The g 
then lie in a finite extension K of the quotient field of ©. Furthermore |et 
each Q be of multiplicity < M. Then every solution of (6.2) in © is of the 
form (6.1) if the coefficients of the polynomials I'«)(”) are suitably chosen in K. 


It suffices then to take = >> Ta (y)Xa where Xq),--- , Xv and y are 
imi 


now our indeterminates. 

TuroreEM 6.21. If © is a domain of integrity and (U), (V) are linear over 9, 
then the sequence (UV) whose general term is U,V, is also linear over ©. 

Proor. It suffices to observe that the product of two polynomials 4, and @, 
with different indeterminates x but the same y with coefficients in the finite 
extension fields K, and Kz is again a polynomial of the same form whose coeffi- 
cients lie in the union of K, and Ke. 

We shall call (UV) the product of the sequences (U) and (V) writing 
(U)-(V) = (UV). The operation of obtaining (UV) from (U) and (V) will be 
called multiplication of sequences. If we define the sum of two sequences as 
in Ward [5] by (U) + (V) = (U + V), the following theorem is evident. 

THroreM 6.3. The set of all sequences linear over a domain of integrity forms 
a commutative ring with respect to the operations of addition and multiplication 
defined above. 

This ring contains as its unit element the sequence 1, 1, 1, --- satisfying the 
recursion Y,,; = Y,. It in general has no finite basis and is not a domain 
of integrity. 

We may apply the operation of multiplication to divisibility sequences. The 
following theorem has important applications (Ward [6]). 

THEOREM 6.4. The product (U)-(V) of two divisibility sequences (U) and (V) 
is again a divisibility sequence. The set of places of apparition of any prime 
divisor % of (U)-(V) is the union of the sets of places of apparition of $ in (U) 
and (V). The ranks of apparition of in (U)-(V) are contained among the 
ranks of apparition of J in (U) and (V). 

The proof is simple, and will be omitted here. It is essential that the ideal 
divisor be a prime. 


V. LucasiANn SEQUENCES 


7. We lose little generality’ by assuming that a given divisibility sequence 
is normal; that is, Up) = 0, U; = 1. (Ward [1], section 11.) If in addition (U) 
is Lucasian, the results of part III and IV of the paper yield at once a great 
deal of information about the divisors of (U) and their places of apparition. 
For any ideal & prime to C; and such that the quotient ring 0/2 is finite is at 


18 Since any number divides zero, every divisor of a divisibility sequence divides Uo. 
This fact restricts the divisors at the outset unless Uy = 0. Since 1 divides every number, 
U; divides every term of (U). If U, is not zero, we can divide it out of the sequence ob- 
taining a new divisibility sequence in which U, = 1. 
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once a divisor of (UV), and all its ranks of apparition divide the restricted period 
of (U). The least common multiple r of these ranks of apparition gives us the 
period of the places of apparition of %{ in the sequence. In contrast to the 
behavior of the period and restricted period of (U) modulo &, the rank r modulo 
% does not appear to be effectively calculable merely from a knowledge of the 
ranks of constituent factors of &. However if % = [%, GC], the set of places of 
apparition of 2 are effectively calculable from the places of apparition of B 
and € by virtue of theorems 4.0 and 5.3. 

I hope to discuss the theory of Lucasian sequences in relation to the opera- 
tion of multiplication of sequences defined in part IV in some detail elsewhere. 
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GROUP RINGS AND EXTENSIONS. I 
By MarsHatu 
(Received May 25, 1937) 


1. Introduction: The problem of extension. A group @ is said to be an 
extension of a group A by a group H if A is anormal subgroup of G and G/A = H. 
There is always at least one extension of A by H, namely their direct product, 
but in general there will be other extensions. The problem of extension is to 
construct and investigate all extensions of a given A by a given H. 

We may write 


(1.1) 


where each coset %A (and in particular its representative @) is associated by the 
homomorphism which maps G onto H with an element u of H. The identity 
will always be taken as the representative of A. O. Schreier’ has shown that a 
knowledge of (a) the automorphisms A or symbolically 


(1.2) aA", 
and (b) the factor set of (u, v) in 
(1.3) ad = wuv(u, v) 


is sufficient to determine an extension G uniquely. The automorphisms and 
factor set are not arbitrary, and he gives the conditions which they must satisfy. 
R. Baer’ has investigated the problem of extension in some detail, treating in 
particular the case when A is abelian. 

This paper investigates central extensions, that is extensions in which the 
factor set of (u, v) is in the center of A, and includes the case A abelian. The 
automorphisms must form a group homomorphic to H. It is shown that the 
conditions which the factor sets must satisfy are paraphrases of identities on the 
defining relations of H. And principally it shows that the problem of central 
extensions of A is equivalent to a problem on vector moduli (or invariant vector 
spaces) over the group ring of H. This leads to the determination of all central 
extensions of A by H. For the proof of the principal theorem it is necessary to 
include (§5) two theorems of some interest in themselves, one very special 
theorem on extensions closely related to Galois theory, and another on a sort of 
algebraic-topological closure in semi-simple algebras. 


10. Schreier “Uber die Erweiterung von Gruppen I’’ Monatshefte fur Mathematik und 
Physik, vol. 34 (1926) pp. 165-180, in particular Theorem I, p. 168. 

?, R. Baer “Erweiterung von Gruppen und ihren Isomorphismen’’ Mathematische Zeit- 
schrift, vol. 38 (1934) pp. 375-416. 
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As an application of this theory, a new criterion is given for direct factors. 
This includes a theorem of Burnside’s® and the well known theorem on com- 
plete groups as special cases. Further applications will appear in part II of 


this paper. 


2. Central extensions. The conditions (see reference to Schreier) which the 
automorphisms and factor set must satisfy are that 


(2.1) (a’)" = (v, w)'a™(v, w) 
and 
(2.2) (uv, w)(u, v)” (u, vw) (v, w) 


hold for all a of A and all u, v, w of H. Now if all factors (u, v) are in B, the 
center of A, (2.1) requires that the automorphisms A = A“ form a group homo- 
morphic to H. Let us denote by x a particular way of assigning to each element 
of H an automorphism of A, where the automorphisms as assigned form a group 
homomorphic to H. Furthermore x shall be fixed throughout this paper. A 
central extension of A by H inducing automorphisms in A by the rule x will 
be called, with Baer, an H — x extension, or, when no ambiguity can arise, 
simply an extension. This settles the condition (2.1) and we need now con- 
sider only (2.2). 

The automorphism A” depends solely upon the choice of @ modulo B, and 
so we may alter @ by a factor from B without changing the rule x. We shall 
require that a representative @ be changed only by multiplication by a factor 
from B. This requirement is vacuous if A is abelian. There always exists at 
least one H — x extension of A, namely that in which all factors (u, v) are the 
identity, for then (2.2) is certainly satisfied. In this case, from (1.3), the 
representatives of the cosets form a group isomorphic to H, and we shall say 
that G is the normal product of A by H. 

If in an extension G we change the representatives of the cosets by putting 


i = da(u),--- , = Ga(w), where a(u), --- , a(w) are elements from B, then 
we find 
(2.3) iid = v) 


determining the new factor set: 
(2.4) (u, v)* = a(u)’a(v)a(uv)*(u, v). 


Since the extension G has not been altered, it is reasonable to consider factor 
sets so related as equivalent and we shall write 
(2.5) (u, v)* ~ (u, v) 
* Burnside “Theory of groups of finite order.’’ Cambridge, 2nd edition 1911, p. 327. 
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whenever a function a(u) with domain H and range B exists satisfying (2.4), 
It is easily verified that this is a true equivalence, being reflexive, symmetric, 
and transitive. 

If (u, v); and (u, v)2 are factor sets satisfying (2.2) and we define (u, v); = 
(u, v):(u, v)2, then it follows that (u, v)s also satisfy (2.2) and are a permissable 
factor set. In this definition of product for factor sets, there is an identity, 
the set in which all factors are the identity, and an inverse, the set in which 
(u, v) is replaced by (u, v) 7; moreover if (u, ~ (u, and (u, v)2 ~ (u, 
then (u,v); (u, v)2 ~ (u, »):(u, v)2. Hence the totality of all factor sets forms a 
group (necessarily abelian since (wu, v):(u, v)2 = (u, v)2(u, v)1) even if we identify 
all equivalent sets. The group in which equivalent sets are identified will be 
called the group of extensions. 

If H is finite we define, following N akayama* 

(2.6) fe) = IT»). 


Multiplying (2.2) over all u, we obtain 

(2.7) f(w)fy” = w)", 

where n is the order of H. On comparison with (2.4), we see that 
(2.8) (v, w)"~ 1. 


Again if m is a multiple of the order of every element of B, since the (u, v) are 
elements of B 


(2.9) (v, w)” = 1. 


Hence the following theorem holds: 
THEOREM 2.1: The order of any element of the group of extensions divides the 
order of H and the least common multiple of orders of elements of B. 
Coro.uary: If m and n are relatively prime, then the only H — x extension 
of A by H is the normal product of A by H. 


3. Operators and defining relations. Let a be any element of B and let 
a = a” under the automorphism of A induced by any element u of H. Ifn 
is any rational integer (a")" = (a”)" which we may denote by a”. Let us 
write a” = *™ Tn this way we may attach an unam- 
biguous meaning to a’ where h is any element of the group ring H* formed 


of sums of elements of H with rational integral coefficients. We shall speak 


*T. Nakayama “Uber die Beziehung zwischen den Faktorensystemen und der Norm- 
klassengruppe eines galoisschen Erweiterungskérper’’ Mathematische Annalen, vol. 112 
(1935) pp. 85-91. The application of this ‘Japanese homomorphism’’ to groups is due to 
some unpublished work of R. Baer. 
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of H* as the group ring of operators on B. The operators have the following 


properties: 
(a")* a* 
The free abelian group on symbols 
(3.2) a’, Cr (1, u, v, --- from H) 


has among its automorphisms the permutations of its generators 


(3.3) w= 


and these automorphisms form a group isomorphic to H. Its elements are of 
the form a" with operators h from H* and obey the rules (3.1). In addition, 
since the generators (3.2) are bound by no relation, the following implication 
holds 


(3.4) a = 0. 


Such a group or the direct product of such groups will be called operator free. 

Let x, y, 2, --- be a set of generators of H and let each element of H be repre- 
sented by a definite ‘‘word” in z, y, z,---. Now let us choose the representa- 
tives of the cosets as the corresponding words on @, g, Z,---. These generate 
asubgroup Gof G. The free group F on x, y, Z, - - - is mapped homomorphically 
onto @ by the correspondence x — #, y > ¥, etc., and in turn the correspondence 
#~2,9— y etc. maps homomorphically onto H. Hence we have F > G— H, 
x—Z-— xz. Let the defining relations of H be 


(3.5) $(z, y,2,---) =1 $= 1,2,---,r. 


Those words of F mapped onto the identity of H form’ the least normal sub- 
group R of F containing #;(x, y, z,--- ). The factor set 


(3.6) (u, v) w ad 


is mapped onto the identity of H, and so the corresponding words of F lie in R. 
These words in fact generate R° and since the factors are in B 


(3.7) R—> B-1, 
where B is a subgroup of B. Hence 
(3.8) 9, Z,---) = a; ¢=1,---,f 


with @; in B. Moreover (3.8) serves to determine the image in B of any ele- 
ment of R, since we need only calculate the automorphs of the a’s (i.e. trans- 


Reidemeister “Einfiihrung in die Kombinatorische Topologie’”’ pp. 35-36. 
cae 0. Schreier “Die Untergruppen der freien Gruppen’’ Abhandlungen der Hamburgischen 
Universitat, vol. 5 (1927) pp. 161-183 esp. p. 173. 
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forms of the ’s) and the products of these. In particular (3.8) determines 
the values of all the factor sets. Now since B is abelian, the commutator sub- 
group C of R is mapped onto the identity of G. 


(3.9) C-1->1. 


Hence elements of F congruent modulo C are mapped onto the same element 
of G. 

TuHEoreM 3.1: A necessary and sufficient condition that ®,(Z, 9, 2, ---) = 
i = 1,---,7r define a central extension of A by H is that whenever I] =1 
in F modulo C then []; a’ = 1. 

The element |]; €;' in F modulo C is mapped into Il: ®*' in G. Hence from 
I: #3 = 1 follows []; ai‘ = 1. On the other hand, the conditions (2.2) which 
the a; must satisfy to define a central extension are homomorphs of identities 
in F and 4 fortiori in F modulo C. For (2.2) is a paraphrase of 
(3.10) (www = (ww dD). 

An identity [] 3’ = 1 (mod C) may be considered as belonging to a vector 
(3.11) , he, hr] 


of elements from H*. 
TurorEeM 3.2: The vectors [hi, ho, for which []; = 1 (mod C) 
form a right modulus M over H*. 


For 
I] =1, IIe 
a a 


since R modulo C is abelian, whence 
(hi, he, hy], [ki , ke, [ky + + k,| eM. 
Also 


(mod C) 


Ih 


=1, rAcH*> =1 (mod (), 


or 
he, hjeM, de H* hed, eM. 


The ring H* consists of the element of H with integral coefficients and may 
be imbedded in an algebra Y% consisting of elements of H with rational coeffi- 
cients. There is a least vector modulus M over A which contains M. If every 
vector of I with components in H* is in M, we shall say that the modulus M 
is closed. 

THEOREM 3.3: The right modulus M of theorem 3.2 is closed. 


A vector X of Mis of the form X,\; + --- + X,A, with Xi, --- , Xs from M 
and \1,---, A, from 9%. If m is a multiple of all the denominators of the )’s, 
then mX is a vector of M, since m),, --- , md, are elements of H*. Hence to 


prove that M is closed it is sufficient to show that X = [hi, --- , Ar with h, 
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from H* is in M if mX in M, where m is a rational integer. Now J]; #% is an 
element of R modulo C. R, a subgroup of the free group F, is a free group 
itself (see reference to Schreier above). Hence R modulo C is a free abelian 
group. Consequently 


mX eM — = (II = 1> =1>XemM. 


4. Relations in the group ring. In %;(%, 9, --- ) when the representatives of 
the cosets are changed by putting = &, 7 = ny, --- we have 


(4.1) $,(Z, Y, ) = $,(Z, 
if we move £, 7, --- to the end of the word by the rules "@ = we” and ?’w" = 
oy’ ’. The elements z;, y;, --- of H* obtained in this way play an impor- 
tant rdle in the following fundamental theorems, which taken with Theorems 
3.1 determine all central extensions of A by H. 
TuroreM 4.1: [] ©}! = 1 (mod C) if and only if D> xh: = 0, D> yshi = 0, ete. 
THEOREM 4.2: The group of H — x extensions of A 1s the group of 


[ar , Q2, +++, 


with at’ = 1 for all relations of Theorem 3.1, modulo , where 
B= F'n... i = 1,---,7, & 9, --- arbitrary elements of B. 

The proof of Theorem 4.2 is easy. [a:,--- ,a,] defines an extension [by 
putting ®,(%, 7, --- ) = a] if and only if all relations [] a:' = 1 of Theorem 3.1 
are satisfied. Since the factor sets generate B, a; = (u, v) --- (w, z), and if 
(z, y) (a, y)” = (2, y)® then af?a! = aS”. In the group of extensions 
those factor sets are equivalent to the identity which can be obtained from the 
identity by a change of the representatives of the cosets. But these yield pre- 
cisely = ... (¢ = 1, ---, r) with arbitrary &, 7, --- from B. 

The proof of Theorem 4.1 is on the other hand very difficult. Let 7 denote 
the set of vectors in H*[t,, t, --- , t,] satisfying 


(4.2) tit, + +---+2,t, = 0, 
Yity + Yote + eee + = 0. 


T is at once seen to be a right vector modulus over H*. 
Consider the set V, of all vectors [ki , ke, --- , k,] with r components from H™*. 
fA = (a, --. ,a,] and B = [b,, --- , b,] are two vectors of V,, and if 


(4.3) a,b, + --- + a,b, = 0, 


we shall say that A annihilates B on the left or that B annihilates A on the 
right. To use another term, geometrically suggestive, we may say that A is 
orthogonal to B on the left or that B is orthogonal to A on the right. It is 
evident that the vectors which annihilate any set S of vectors on the right 
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(left) form a right (left) modulus over H*. Thus 7 is the right modulus of 
vectors annihilating --- , --- , yr] ete. on the right. 

Let A be the operator free abelian group whose elements are a” with h from 
H*, and let x be the automorphisms (3.3). Then 


(4.4) $,(z, 9, ---) =a" 
defines an H — x extension of A, by Theorem 3.1 if and only if 

for every [h1, --- ,h-] of M. Since A is operator free (4.5) implies that 
(4.6) uh, + --- + = 0. 

Hence the vectors U = [m, uw, --- , Ur] associated with extensions (4.4) are 


those annihilating M on the left. Now we turn to the 

Lemma: The only extension of an operator free group A = {a"} by H is the 
normal product of A by H. This lemma is the special case of Theorem 5.1 in 
which Z = 1 and is also proved separately in §5 by a different method. By 
the lemma, for any [w, of U ~ [1,---, 1]. Asin 
Theorem 4.2 [6,,---,8] ~ [l,---,1] if and only if Bj = 
i = 1,---,r. Here a“ = whence u; = ha; + 
i = 1,---,r. Hence U is the left vector modulus over H* with a basis 
[v1,---,2rl, Yr] ete. By definition consists of the vectors anni- 
hilating on the right a basis of U (and consequently all of U). 

We now know that U is the set of all vectors annihilating M on the left, 
and that 7’ is the set of all vectors annihilating U on the right. From this itis 
a triviality that M C T. [This much could be proved easily even without the 
lemma.] But from this and the fact that M is a closed right modulus over H* 
we shall be able to conclude that M = T, proving our theorem. 

Here we turn to some very general considerations on rings. 

DeriniTion 4.1: In a ring N, the right (left) annihilators of the left (right) 
annihilators of a set of vectors S shall be called the right (left) linear closure 8, 
(or S,) of S. 

Dertnition 4.2: If every right (left) vector modulus of R is its own right (left) 
linear closure, we shall say that R is linearly closed. We note that the closure 
of S always includes S, and that if 9 is associative and distributive, then the 
closure of S always includes the least modulus including S. 

In §5 we shall prove (Theorem 5.2) that a semi-simple algebra is linearly 
closed. If % is the group algebra of H over the rational field, then 2 is semi- 
simple.’ Hence M, the least right vector modulus of 9% containing M is its 
own linear closure. Let U1 be the left modulus of vectors annihilating all vectors 
of M on the left and M’ (= M by the theorem) be the right modulus of vectors 


7 J. H. M. Wedderburn “Lectures on Matrices’? American Mathematical Society Col- 
loquium Publications, vol. 17 (1934) p. 168. 
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annihilating U on the right. U is the intersection of U with V,. For any 
vector annihilating M on the left will also annihilate Mt on the left [since any 
element of Nt is equal to an element of M divided by a rational integer]. Simi- 
larly 7' is the intersection of Mt’ with V,. But by the theorem on semi-simple 
algebras, Pt’ = Mt and so T is the intersection of M with V,. By Theorem 3.3 
M is the intersection of Mt with V,. Hence M = T and the proof of Theorem 
4.1 is complete, except for the auxiliary theorems of §5. 

As an example of the application of Theorems 4.1 and 4.2 let us suppose 
that H is a dihedral group defined by 


(4.7) = 1, y= 1, ye = 
A central extension of a group A by H will be defined by 
(4.8) = a, 7 = 8B, = y) 
with a, 8, y from B, the center of A, and they must satisfy certain conditions 
(4.9) — 1, 
From Theorem 4.1 the equations which h; , he , hz must satisfy are 
(l+a+--- + (y + = 0, 
(1 + y)he + (1 — z)hs = 0, 
and we find a basis of the right modulus [hy , he , hs] to be 


(4.10) 


[x — 1,0, 0]; [0, y — 1, 0], 
(4.11) iy +1,0,-(lt+2+--- 
— 1,1 — 
The conditions which a, 8, y must satisfy are therefore 
1; = 1, 
(4.12) 
= 1, 


We know that these must be paraphrases of identities on x”, y’, yxy ‘x and 
their transforms in F and these are in fact: 


x'(x")x-(x")* = 1, 
= 1, 
= y(x")y 


x '(y’)x. (yxy = 1, 
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(left) form a right (left) modulus over H*. Thus 7 is the right modulus of 
vectors annihilating [x , --- , , yr] ete. on the right. 

Let A be the operator free abelian group whose elements are a” with h from 
H*, and let x be the automorphisms (3.3). Then 


(4.4) 9, --- ) 
defines an H — x extension of A, by Theorem 3.1 if and only if 

(4.5) II =1 

for every [h:, --- ,h,-] of M. Since A is operator free (4.5) implies that 
(4.6) why +--+: + = 0. 


Hence the vectors U = [w, ue, --- , Ur] associated with extensions (4.4) are 
those annihilating M on the left. Now we turn to the 

Lemma: The only extension of an operator free group A = {a"} by H is the 
normal product of A by H. This lemma is the special case of Theorem 5.1 in 
which Z = 1 and is also proved separately in §5 by a different method. By 
the lemma, for any [w, we, ---, Ur] of U ~ ---, 1]. Asin 
Theorem 4.2 [6:,---,8-] ~ [l,---,1] if and only if = 
i = 1,---,r. Here a“ = ... whence u; = ha; + +---, 
i = 1,---,r. Hence U is the left vector modulus over H* with a basis 
[z71,---,2-], [yi,---, Yr] ete. By definition 7 consists of the vectors anni- 
hilating on the right a basis of U (and consequently all of U). 

We now know that U is the set of all vectors annihilating M on the left, 
and that 7 is the set of all vectors annihilating U on the right. From this it is 
a triviality that M CT. [This much could be proved easily even without the 
lemma.] But from this and the fact that M is a closed right modulus over H* 
we shall be able to conclude that M = T, proving our theorem. 

Here we turn to some very general considerations on rings. 

DeriniTi0on 4.1: In a ring QR, the right (left) annihilators of the left (right) 
annithilators of a set of vectors S shall be called the right (left) linear closure 5, 
(or of S. 

Derinition 4.2: If every right (left) vector modulus of 2 is its own right (let) 
linear closure, we shall say that R is linearly closed. We note that the closure 
of S always includes S, and that if 9 is associative and distributive, then the 
closure of S always includes the least modulus including S. 

In §5 we shall prove (Theorem 5.2) that a semi-simple algebra is linearly 
closed. If %& is the group algebra of H over the rational field, then % is semi- 
simple.’ Hence M, the least right vector modulus of % containing M is its 
own linear closure. Let 11 be the left modulus of vectors annihilating all vectors 
of M on the left and M’ (= M by the theorem) be the right modulus of vectors 


7 J. H. M. Wedderburn “Lectures on Matrices’? American Mathematical Society Col- 
loquium Publications, vol. 17 (1934) p. 168. 
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annihilating U on the right. U is the intersection of Ul with V,. For any 
vector annihilating M on the left will also annihilate 9% on the left [since any 
element of Mt is equal to an element of M divided by a rational integer]. Simi- 
larly 7' is the intersection of 2’ with V,. But by the theorem on semi-simple 
algebras, Nt’ = Mt and so T is the intersection of M with V,.. By Theorem 3.3 
M is the intersection of Jt with V,. Hence M = T and the proof of Theorem 
4.1 is complete, except for the auxiliary theorems of §5. 

As an example of the application of Theorems 4.1 and 4.2 let us suppose 
that H is a dihedral group defined by 


(4.7) = 1, y = 1, yt = xy. 
A central extension of a group A by H will be defined by 
(4.8) = a, 7 =8, gig't = y) 
with a, 8, y from B, the center of A, and they must satisfy certain conditions 
(4.9) — 1, 
From Theorem 4.1 the equations which h; , he , hz must satisfy are 
(l+a+--- + + 2)hs = 0, 
(1 + y)he + (1 — z)hs = 0, 
and we find a basis of the right modulus [h, , he , hs] to be 


(4.10) 


[x — 1,0,0]; [0, y — 1, 0], 
(4.11) 
(0,2 —1,1—2 "yl. 
The conditions which a, B, y must satisfy are therefore 
a= 1; = 1, 
(4.12) 
= 1. 


We know that these must be paraphrases of identities on x”, y, yxy x and 
their transforms in F and these are in fact: 


1 
)y-(y*)* = 1, 

(4.13) (yxyx)-x "(yxy *x)x-x (yxy x" (yxy x)x" 
= y(x")y*-x", 


(y*)7- (yxy x) = 1, 
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5. Two auxiliary theorems. 

Turorem 5.1: Suppose that (1) b:, be,---, bs are the generators of a free 
abelian group A and (2) H induces automorphmiss on A which permute b, , --- , b, 
transitively. Then, if Z is the subgroup of H which leaves b; fixed and C(Z) is its 
commutator subgroup, the group of extensions of A by H is isomorphic to Z/C(Z): 

From (2.7) we have for any factor set (wu, v) 


(5.1) (u, v)" = 


where n is the order of H. Conversely if in A there are functions Q(u, v) and 
q(u) such that 


(5.2) Q(u, v)" = 


for all u, v of H, then the Q(u, v) are a factor set. By (2.4) Q(u, v)” ~ 1 form 
a factor set and hence satisfy (2.2). The n™ roots of these relations (unique 
since A is a free abelian group) are the same relations holding for Q(u, v) and 
hence Q(u, v) form a factor set. Again, since n™ roots are unique in A, q(u) 
in (5.2) defines Q(u, v) uniquely. Moreover if qi(u) — Q,(u, v) and @(u) > 
Q2(u, v) then q@(u)qe(u) Qi(u, v)Qe(u, v). Hence the group of extensions of 
A by H is the multiplicative group of q’s for which q(w)’q(v)q(uv)~ is an n™ 
power, making equivalent those q’s defining equivalent Q’s. 

We shall first settle the question of equivalence. Let g(y) — Q(u, v) and 
q'(u) — Q’(u, v) and suppose Q(u, v) ~ Q’(u, v). Then Q’(u, v) = 
h(u)"h(v)h(uv)Q(u, v) whence 


(5.3) [h(u)"h(v)h(uv) *Q(u, v)]" = (uo), 

and if we put, defining a function a(u), 

(5.4) q'(u) = q(u)h(u)"a(u), 

we find that the condition on a(u) is 

(5.5) a(u)’a(v) = a(uv). 

To solve (5.5) set []. a(u) = b and multiply over all u. Then 

(5.6) b’[a(v)]” = b 

for allv. If b = bj! --- bf? then 

(5.7) [a(v)]” = 

where t;(v), --- , ts(v) is a permutation of t,, --- , t, according to the permuta- 


tion of the b’s induced by v. Since the right hand side of (5.7) is an n™ power, 
in particular we have t, = t:(v) (mod n). Since this congruence holds for all» 


’ This theorem has been known in one form or another for some years but has never 
been published. It has been attributed to some work on Artin’s on Class Field Theory. 
Its present form is approximately that given by R. Baer in a series of lectures at the Inst! 
tute for Advanced Study. 
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and since H induces a transitive permutation on the b’s, 4 = t = --- 
(mod n) and so 


(5.8) b = (bib: --- b,)"'a", 
whence 

(5.9) [a(v))” = = 
and 

(5.10) a(v) = a”. 


Now (5.10) satisfies (5.5) whatever a may be and hence is the most general 
solution of (5.5). Consequently q’(u) ~ q(u) if and only if 


(5.11) q'(u) = q(u)h(u)"a"™, 


and h(u) and a may be chosen arbitrarily. 
Let a decomposition of H into cosets of Z be 


(5.12) Zi, 


where it is important that the representatives be written on the right, since Z 
need not be a normal subgroup of H. As bj = b; for any z of Z, bi = by; where 
a is the representative of the coset in (5.12) to which wu belongs. Hence 
bi, bo, ---,b, = bY , --- , respectively. To solve 


(5.13) q(u)*q(v) = g(uv) (mod A”), 
put q(u) = where 

(5.14) Q(u) = q(u, 

Then (5.13) is equivalent, because of the independence of 61, - - - , bi to 
(5.15) q(u, + g(v, B) = q(ur, (mod n) 
for all u, v, wof H. For v = 1 we find 

(5.16) q(1, ®) = 0 (mod n). 
Put @ = 1 in (5.15) and we have 

(6.17) q(u, = 1) — 1), 


determining all q’s in terms of those whose second argument is the identity. 
Set q(u, 1) = r(uw) and we have from (5.17) since 


(vz) = (z from Z), 
(5.18) q(u, v) = r(uv) — r(v) = r(uoz) — r(vz). 
Now as r(1) = 0 from (5.16) it follows, putting v = 1 
(5.19) r(uz) = r(z) + r(u) (mod n). 


Thus, for arguments within Z, r(z) is a homomorphic mapping of Z onto the 
additive group of integers modulo n. Hence r(z) is a character of Z made 
abelian, that is of Z /C(Z), since n, the order of H, is a multiple of the order of Z. 
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Now we reverse the argument. Let r(z) be any homomorphic mapping of Z 
onto the additive group of integers modulo n, that is, any character of Z/C(Z). 
In addition let r(@'), @ # 1, be an arbitrary residue modulo n, and set 


(5.20) r(u) = r(e(u)) + ru”), 
where u' = 2(u)‘u-. From this we verify that 
(5.21) r(uz) = r(z) + r(u) 


for any z of Z and any u of H. Again 
(5.22) r(uvz) — r(vz) = r(z) + r(uv) — r(z) — = r(ur) — 
Hence r(uv) — r(v) depends only on the coset to which v’ belongs in (5.12) 
and we may ¢efine a function qg(u, by 
(5.23) q(u, = r(uv) — r(v). 
Hence 

q(u, — gv, ®) = r(ww') — + — rw") 
(5.24) 
=r(we — = B). 
Thus the function q(u, %) satisfies (5.15) and determines an extension of A 
by H, where 
(5.25) qu) Qu) = qu, ww. 
Here 

Qu) = qu, = [r(uw™) — rw") 

= + Q.(u)u — Qs. 

Put bY* = a, where since Q; = >r(@")@, a does not depend on u. Now since 
by" bi“, it follows that bf?“ = b%* = a. Hence 
(5.27) q(u) = bf?" (mod A") 
where Q,(u) depends solely upon the value of r(u) for arguments in Z._ By (5.11) 
it follows that 
(5.28) q(u) ~ 
with Q,(u) depending solely upon a character of Z/C(Z). Factors a“ and 
h(u)” will leave the character r(z) unchanged and so to each character there is 
exactly one extension. Moreover the product of two extensions is derived 
from the product of the two corresponding characters. And since a finite 
abelian group is isomorphic to its group of characters, it follows that the group 
of extensions is isomorphic to Z/C(Z), and the theorem is proved. 


We now give a separate proof of the lemma needed for Theorem 4.1 although 
it is the special case of Theorem 5.1 in which Z = 1. 
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Lemma. The only extension of an operator free group A = {a"} by H is the 
normal product of A by H.° 
In A every element b is expressible uniquely as 


(5.29) b= [Ta = [1 @;0%, 
t t 

where (b; t) = a“. Hence for a factor set 

(5.30) (u, ») = 950), 


w 


and (2.2) becomes because of the independence of a, a“, --- ,a 
(5.31) (uv, w; t)(u, v; tw) = (u, vu; t)(v, w; t) 


for all u,v, w,tof H. If we now put & = a@[], (u, t’; 1)“ for all u of H, we 
may verify from direct calculation and substitution from (5.31) that 


(5.32) = 


Hence the new representatives form a group, or in other words the extension 
is the normal product of A by H. 

We note in passing that the same proof will also hold when A is any operator 
free group. Theorem 5.1 may also be generalized to hold for the direct product 
of groups A;, Ao,---. The group of extensions will be isomorphic to the 
direct product of Z;/C(Z1), Z2/C(Ze), «++ . 

THEOREM 5.2: A semi-simple algebra is linearly closed. 

A semi-simple algebra is by the theorem of Wedderburn” the direct sum of 
simple algebras, and each simple algebra is a complete matric algebra over a 
division algebra. Our proof of the theorem will consist in showing (1) that a 
division algebra is linearly closed; (2) That if a ring ® with unit is linearly 
closed, then ®, , the complete matric algebra of degree n over ®, is linearly 
closed; and (3) that if rings R®, R®, --- , RN” are linearly closed, then their 
direct sum is linearly closed.” 

(1) A division algebra is linearly closed. 

Let D be a division algebra and let X = {[m,---,2,]} be a left vector 
modulus over D. We must find the totality of vectors Y = {[yi,--- , yl} 
satisfying 


(5.33) = 0 


*Compare A. Scholz ‘Ein Beitrag zur Theorie der Zusammensetzung endlicher Grup- 
pen” Mathematische Zeitschrift, vol. 32 (1930) pp. 187-189. Scholz uses the Galois theory 
of fields in the proof of his theorem. 

- H. M. Wedderburn hypercomplex numbers’ Proceedings of the London Mathe- 
matical Society (2) vol. 6 (1908) pp. 77-118. 

" The notion of a closure of a set S as 5, the annihilator of the annihilator of S, or as the 
set orthogonal to the set orthogonal to S, has appeared in various forms, and the analogue 
of Theorem 5.2 is always fundamental. See J. von Neumann “On Regular Rings’’ Pro- 
ceedings of the National Academy of Sciences, vol. 22 (1936) pp. 707-713, especially Lemma 
12. In topology see Pontrjagin ‘‘Theory of topological commutative groups’? Annals of 
Mathematics (2) vol. 35 (1934) pp. 361-388, especially page 369. 
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for every vector of X, and the totality of vectors X = {[%, --- , 2,]} satisfying 
(5.34) = 0 


for every vector of Y. We must then prove X = X. If every vector of X 
vanishes, then Y contains all vectors over D and in particular [1, 0, --- , 0]; 
(0, 1, 0,--- ,0];--- ;[0, 0,---,1] whence from (5.34) every vector of X¥ 
vanishes and X = X. If X contains non vanishing vectors, then it contains 
one vector U in which some component, say 21 , is different from zero. Hence X 
also contains 4;;U = X,, a vector whose first component is unity, X; = 
[1, a2, ---,2,]. Subtracting a suitable left multiple of X, from every vector 
of X, we have remaining a set of vectors [0, z2,---,2,]. Unless these all 
vanish, there must be one in which some component, say 22, is unity. Let 
X2 = [0, 1, x3, --- , 2] and subtract suitable left multiples of X2 from these 
vectors, leaving vectors whose first two components vanish. Proceeding in 
this way, we find a basis X,, X2, --- , X, for X and the corresponding equa- 
tions determining Y are 


Xi: t+ + + + = 0, 


(5.35) Xe: 1-y2 + as” ys = 0, 

a 1-y; + Yost + + 0. 
Here we may calculate y,; , ys-1, , Suecessively in terms of 
Hence components y.41, --- , y, are arbitrary in vectors Y and for each choice 


of these the remaining components are uniquely determined. 

Now X is a left modulus and contains X. Hence to prove X = X, we must 
show that any vector of X is a vector of X. Let X; be a vector of X. Then 
= Xi + + + [0, 0, » Pott; &,] if are suitably 
chosen. Hence [0, 0,--- ,0, 41, ---,4,] is also a vector of X, and as an 
annihilator of Y must satisfy 


(5.36) Yost + + = 0 
for any vector [y:,--- ,y,] of Y. But in Y the components ysi1, Yr ate 
arbitrary and hence from (5.36) @4: = --- = %, = 0 whence 


Xi = --- 
and X, is a vector of X. Hence X = X and X is its own left closure. This 
argument may be duplicated interchanging “left” and “‘right.”” Hence every 


right (left) vector modulus over D is its own right (left) linear closure and D 


is linearly closed. 
(2) If aring R with unit is linearly closed, then R, , the complete matrix algebra 
of degree n over Rt, is linearly closed. 
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Consider a left vector modulus over ®, , X = {[Xi,---, X,]}. With each 
vector [X,, +--+ , X,] in X let us associate a vector 
in 9, where a;,---,@n in order are the elements of the first row of X,, 
(ns1°** » Qa, in order are the elements of the first row of Xz, and so forth. 
It is easily seen that the totality of vectors A = {[a, --- , dn} arising in this 


way from X forms a left vector modulus over 9. 

Let B(k, k) = (6:;) be the matrix of ®, in which bk, = 1 b;; = 0 otherwise. 
Then B(k, k)[Xi,---,X-] = where the row of is 
the same as the k* row of X; and the rest of its rows vanish. If C(m, k) = 
where Cm = 1, ¢;; = O otherwise, then C(m, k)[Xix, ---, = 
(Usm, +++) Ur,m] = U(m) where the m™ row of Uj,n is the same as the 
k" row of X;,, and the rest of the rows vanish. Taking m = 1, we see that A 
is also the totality of k** rows from X. Any vector of X is the sum of n U ’s, 
that is, any vector of X can be formed from n appropriate vectors of A. Con- 
versely any matrix vector [X,, --- , X,] formed in this way from n arbitrary 
vectors of A is in X. 

The annihilators Y = {[Yi,--- , Y,]} of X are defined by 


(5.37) X1¥; a. = 0, 

which is equivalent to 

(5.38) = 0 i,j=1,---,n, 


where X; = (x;;), Yt = (yj,;). But the 2’s in (5.38) are the vectors of A and 
(5.38) shows that Y is formed of columns chosen arbitrarily from vectors of B, 
the right annihilator of A. Similarly X, the left annihilator of Y is formed of 
rows chosen arbitrarily from A the left annihilator of B. But as 9 is linearly 
closed, A = A whence X = X. Similarly any right vector modulus over 2, 
is its own right closure. Hence 9,, is linearly closed. 

(3) FR, R°, ... , R” are rings which are linearly closed, then their direct 
sum R= RP 4... + R” linearly closed. 

Consider a homogeneous linear equation in 9 


(5.39) TM1Y1 4. = 0. 
Now let 

(1) (h) 
(5.40) Xi = + + 


with x{” ys in RY. Then since R°R” = Oif i # j, (5.39) becomes 

(5.41) + + + ty, 


h), (h) (A), 
+ +a = 0. 
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And since u® +... + u™ = 0 with u® in R if and only if u? = y® — 
u” = 0, (5.41) involves 
(5.42) +... + = 0. 


Hence (5.39) is the equivalent of the family of equations (5.42) one in each 
of R®, --. , R” respectively and M is linearly closed if and only if its direct 
summands are all linearly closed. 


6. A criterion for direct factors. 

Turorem 6.1: If a group G has a subgroup A such that 

(1) A is normal 

(2) G induces no outer automorphisms on A 

(3) the order of the center of A is prime to the index of A in G 
then G has a subgroup H such thatG = A X H. 

Proor: Write 


(6.1) Cm 14401-4041 


Since G induces no outer automorphisms on A, A @ # ‘AZ is an inner auto- 
morphism of A and there exists an element a of A such that 


(6.2) = a 'Aa 


elementwise. Hence Za’ permutes with every element of A. We may change 
the representative of the coset to = Za. Let us suppose this done in (6.1), 
all the representatives %, 7, --- permuting with every element of A. The fac- 
tors (x, y) = zy £9 will also permute with every element of A, and must be 
in B, the center of A. Hence G is a central extension of A by a group H where 
the automorphisms x are all the identical automorphism. By Theorem 2.1 
the order of an element of the group of extensions divides the order of H and 
the order of B. By assumption these numbers are relatively prime and hence 
from the corollary to Theorem 2.1 G is the normal product of A by H. The 
elements of H induce the identical automorphism on A, is permute with every 
element of A, and so 


(6.3) G=AXH. 


Theorem 6.1 includes the Theorem of Burnside (loc. cit.) as the special case 
in which A is a Sylow subgroup. Another special case is the theorem that a 
normal subgroup which is a complete group is a direct factor. For all the 
automorphisms of a complete group are inner automorphisms and the center 
of a complete group is the identity. 
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ON FINITE SYSTEMS OF LINEAR DIFFERENTIAL EQUATIONS OF 
INFINITE ORDER WITH CONSTANT COEFFICIENTS 


By Gaines B. Lane 
(Received June 5, 1937) 
1. Introduction 


This paper treats of systems using certain operators involving derivatives 
and generalized differences, the operators being, in general, of infinite order and 
having constant coefficients. A characteristic property of the operators con- 
sidered is that they do not increase the exponential type’ of functions on which 
they operate. Only solutions of exponential type not exceeding a fixed finite 
number are considered, and all such solutions are found. For differential 
operators these results have previously been obtained by Lettenmeyer” by quite 
different methods. Martin’ considered a system of difference equations of 
finite order and real span with more general coefficients and with less stringent 
conditions on known functions and solutions. 

The method used is essentially the Pincherle transformation‘ as adapted by 
Carmichael.° 


I. THE SINGLE DIFFERENTIAL EQUATION 


2. Definitions 
Let 


= 


be analytic for |¢| <S q where g > 0. Then there exists a positive constant « 
such that B(t) is analytic for |t| S$ q+. If y(z) is a function of exponential 
type not exceeding q, then the series 


(2) 


_'Afunction f(x) is of exponential type q if lim supn—~ | f(x)" = q. For an exposi- 

tion of the characteristic properties of functions of exponential type see Carmichael: 
gerne of Exponential Type, Bulletin American Mathematical Society, April (1934) 
pp. 241-261. 

* Lettenmeyer: Systeme linearer Differentialgleichungen unendlich hoher Ordnung mit 
Polynomes beschrinkten Grades als Koeffizienten. Habilitationschrift zur Erlangung der 
Venia legendi. Miinchen 1927. 

*W. T. Martin: Linear Difference Equations with Arbitrary Real Spans. Acta Mathe- 
matica. (1938). 

‘Pincherle: Memoria della R. Academia della Scienza dell’ Istituto di Bologna, 8 IV, T 
IX, (1888) pp. 45-71, and elsewhere. ‘ 

*Carmichael: Systems of Linear Difference Equations and Expansions in Series of Expo- 
nential Functions. Trans. Am. Math. Soc., vol. 35, pp. 1-28. The author also wishes to 
express gratitude to Professor Carmichael for direction of the present paper. 
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converges uniformly as to z in any finite region, and defines a function of 
exponential type not exceeding g. We define 


Bly(x)] = (a) 


and shall call the function B(¢) the characteristic function of the operator 8, 
It is clear that 6 is a linear operator. Also it is easily verified that if two 
such operators are added, the characteristic function of the sum equals the 
sum of the characteristic functions, and an analogous statement applies to 
multiplication. Hence a polynomial (and in particular a determinant) of 
operators of this class is defined (when multiplying a function of exponential 
type not exceeding q). 


3. The Single Differential Equation 
Now suppose ¢(z) is a function of exponential type not exceeding q. Let 


Define 
(3) V(t) = 


Since (x) is of exponential type not exceeding q, the series defining y(t) con- 
verges for |t| > q. Then 


where c is the circle |¢ | = q + e where e > 0. 

R. D. Carmichael’ has pointed out that there exists a one to one correspond- 
ence between functions of exponential type and functions analytic at a point 
and vanishing there. For simplicity we take the point to be infinity. 

We shall need the following lemma: 


Lemma: If $(x) is of exponential type not exceeding q, q finite, and if 
1 zt 
6@) = 


where c is the circle |t| = q + € where « > 0 and where f(t) is analytic upon © 
then the necessary and sufficient condition that ¢(x) = 0 is that f(t) be analytic 
within c. 

That the condition is sufficient is obvious from the Cauchy-Goursat Theorem. 
Its necessity is easily shown by writing the integrand as a Laurent series 
with non-vanishing coefficients about a supposed singularity inside c and seeing 
that ¢(x) cannot vanish identically in this case. 
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LINEAR DIFFERENTIAL EQUATIONS 237 
Now consider the equation 
(5) Bly(x)] = (x) = $(z) 


where ¢(z) is of exponential type not exceeding q, and A(t) is analytic for 
't} <q. We seek the most general solution y(x) of exponential type not 


exceeding q. 
Let 
(6) = 
x=0 K. 
be a solution of (5) of exponential type not exceeding q if such exists. Define 
(7) Y(t) = y./t. 
The series in (7) converges for |¢| > g. Then 
8) y(a) = [ ede 
where c is the circle |¢| = g + «, where € > 0 is so chosen that A(t) does not 
vanish in the circular ring g < |t| S$ q+. 
We may write 
1 Y(t) B(t) e* dt 
9 
” 0) 


Now both Y(¢) and A(é) are analytic in a circular ring inclosing c in its interior. 
Hence the product Y(¢)8(t) possess a Laurent expansion (valid along c) obtained 
by multiplying the two power series (7) and (1) term by term. The coefficient 
of 1/t*", « = 0, is seen to be s, , since y(x) is by hypothesis a solution of (5). 
Hence 

(10) y(z) vo) a(t) dt 1 vo) dt + 1 6(t) dt 


 B(t) Je B(t) Je B(t) 
where @(t) is analytic throughout ¢ and its interior. 

Since the numerator and the denominator of the second integrand of (10) 
are analytic, the only singularities arise from zeros of A(t). We may write 
1/8(f) as the sum of the principal parts of the Laurent expansion about each 
zero plus a power series. The second term of (10) can then be reduced to 


the form 

[ P dt 

(t) 
where a(t) is that polynomial of degree o, where o is the number of zeros of 
(t) within and upon ¢ (multiple zeros counted multiply) such that x(¢)/6(4) 
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is analytic within and upon c, and P,-x(¢) is a polynomial with arbitrary coeffi- 
cients of degree o — 1. (If ¢ = 0, then P,_:(t) = 0.) Hence any solution of 
(5), of exponential type not exceeding g, must be in the form 


It is easily verified that n(x) is of exponential type not exceeding q, and that 
it satisfies (5); also that p(x) is of exponential type not exceeding q, and that it 
satisfies the homogeneous equation (12). 


(12) = = 0. 


It is easily seen that under the hypothesis that A(é) is analytic for |t| < ¢ 
the exponential type of 8,y (x) cannot exceed the exponential type of y(z). 
Hence we have the theorem: 


TueoreM 1. In the equation 
(5) B,y” (x) = 


let o(x) be a given function of exponential type not exceeding q, and let the B, be 
constants such that the function B(t) = >-3~0B,t’ is analytic for |t| <q. Le 


v 


= 


and define 
V(t) = ae. 


If o is the number of zeros of B(t) within and upon the circle |t| = q, define r(l) 
as the polynomial of degree o, with leading coefficient one, such that B(t)/x(t) 1 
different from zero within and upon the circle |t| = g. Let P.-s(t) be defined 
as a polynomial of degree « — 1 with arbitrary coefficients. Define P_s(t) = °. 
Choose c as a circle with center at 0, radius q + €, where € is such a positive number 
that B(t) is analytic within and upon c, and does not vanish in the circular ring 
q<|t| S q+. Then the general solution of (5) of exponential type not e1- 
ceeding q can be written in the form 


v(t) P,-x(t) e** 
y(x) = oni |. dt, 


involving just o arbitrary constants. Furthermore, if (x) is of exponential 
type q, then y(x) ts of exponential type q. 
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II. THe Non-SInGULAR DIFFERENTIAL SYSTEM 


4. A Particular Solution 


We consider now the system of equations 


(13) aiilg;(a)] = (x) = (zx), 
where ¢(z),7 = 1, --- ,, are functions of exponential type not exceeding 4q, 
and the a;;, are constants subject to the conditions that 

ai;(t) = i,j=1,---,n, 
are analytic for |¢| < g. If the determinant 


| ai(t) | = A) 


vanishes identically in ¢, the system (13) is said to be singular, otherwise non- 
singular. In this section we consider only the non-singular system. 
We define the operator a;; as follows 


ail f(x)] = aif (x) t,J 1, 


The operator A is defined as that combination of linear differential operators 
a;; resulting by the ordinary expansion of | a;;|. Its characteristic function is 
easily seen to be A(é). We denote by A;; the co-factor of a;; in A, and by A;;(t) 
the co-factor of a;;(t) in A(t). 

In system (13) we multiply the 7” equation by Ay, i = 1,---,n, and 
sum, and obtain 


(14) = Aulodz)] 


Each of the equations (14) is of the form (5), and from the preceding section 
has a particular solution of the form 


gi (x) = ae AO Ax(t) dt, k=1,---,n 


where 


v(t) = ) ¢” (0) t=1,---,n, 
and cis a circle with center at 0 and radius q + ¢ where ¢ is a positive constant 
80 chosen that each a;;(t) is analytic on c and A(t) has no zero in the circular 
ting g < ¢. Hence we have the theorem: 
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TuroremM 2. In the system of equations 


j=1 v=0 


=1,-. 


let the $,(x) be given functions of exponential type not exceeding q, and let the 
constants a;;, be such that the functions 


ai;(t) = > = 1, eee 


are analytic for |t| < q. Denote by A(t) the determinant | a;;(t) | and suppose 
A(t) # 0. Let 


= 2 ¢ = ---,a, 
and define 
v=0 


Let c be a circle of radius q + «€, center at origin, where «€ > 0 is so chosen that 
each a;;(t) is analytic upon and inside c, and such that A(t) has no zero in the 
circular ring gq < (t) S$ gq + «. Denote by A;;(t) the co-factor of a;;(t) in A(t). 
Then a particular solution of (13) of exponential type not exceeding q is 


(15) = Aix(t) e dt, k=1,---,n. 


The general solution of (13) of exponential type not exceeding q can be obtained 
by adding to g(x) the general solution of the required character, of the homogeneous 
system 


n 


(16) aijrg\’ (x) = 0 


j=1 v=0 


Furthermore, if at least one of the functions $;(x) is of exponential type precisely 4, 
then at least one of the functions g; (x) is of exponential type precisely q. 


III. Tot Homoceneous Non-SInGuLAR SysTEM 


5. The General Solution 


We see from the preceding section that in order to obtain the general solu- 
tion of exponential type not exceeding q of (13) we need to obtain the general 
solution of this character of (16). 


(16) = 


v= 


(x) = 0, i= 1, 


ar 
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We consider the slightly more general system 
y= =] y= 


where r S n, and where the matrix M(t) = (a;;(¢)) is of rank r as a function of ? 
ie., at least one r-rowed determinant of M(t) does not vanish identically in t. 
A point is considered a A-fold common zero of the r-rowed determinants of 
M(t) if (1) Each r-rowed determinant of M(t) vanishes there to an order \ 
or higher and (2) At least one r-rowed determinant of M(é) vanishes there to 
the order of \ precisely. 

The following theorem is proved by induction on r, using the results of II 
and the obvious analogy to the method of solving the corresponding algebraic 
system. 


THEOREM 3. In the system 


Tr 


(17) (x) = 0 t=1,---,n, 


j=1 v=0 


let the constants a; ;, be such that the functions 
aii(t) = i=1,---,n, j=1,---,7, 


are analytic for |t| S g. Denote by M(t) the matrix 
(a: ;(t)) 


Let M be of rank r as a function of t, i.e., some r-rowed determinant of M does 
not vanish identically in t. Then the number of linearly independent solutions of 
(17) of exponential type not exceeding q will be precisely o, where o is the number 
of common zeros of all the r-rowed determinants of M(t). Further, each solution 
of (17) is in the form 


(18) G(x) = + + xan} k=1,---,7, 


where pi,+++, pm, are the distinct common zeros, of orders of multiplicities 
M,+++,Am, respectively, of the r-rowed determinants of M. 


From Theorem 3 it follows immediately that the following two theorems 
are true. 


THEoreM 4. The system 


(19) > = 0, t=1,---,n 
j=1 »=0 


in which the constants a; jv are such that the functions 
ai(t) = i,j =1,-:-,n, 
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are analytic for |t| < q, and in which the determinant A(t) = | ai;(t) | is not 
identically zero, has o linearly independent solutions of exponential type not 
exceeding q, where o is the number of zeros of A(t) within and upon the circle 
(t) = q, multiple zeros counted multiply. If the distinct zeros of A(t) in this region 
are Of orders of multiplicities ,m, respectively, then each 
solution of exponential type not exceeding q is in the form 
m 
(18) g(x) = {Pra + +++ + Dim, k=1,---,n. 


v=1 


TuroreM 5. For the system (13), in which the hypotheses of Theorem 2 are 
satisfied, any solution of exponential type not exceeding q can be written in the 
form 


1 
(20) gia) = Oni [ G;,(t) e ‘ dt, k= 
where the functions G;,(t) are subject to the condition 
(21) ain(t) = pilt) + t=1,---,n, 


where c and the y(t) are defined as in Theorem 2, and the Q;(t) are analytic for 
|t| Sq. Conversely, any set of functions of the form (20) such that (21) is satis- 
fied, will satisfy (13). 


IV. Tue DIFFERENTIAL SYSTEM 


6. The Singular System 
We consider the system 


n 


(22) aijrg;” (x) = 
j=1 
where the determinant D(t) = | a;;(t) | is of rank r < n as a function of t, 1e., 


every (r + 1)-rowed determinant, but not every r-rowed determinant, of D 
vanishes identically in ¢. The method is an extension of those already used, 
and the development proceeds along the line suggested by the corresponding 
algebraic system. The results are given by the following two theorems: 


TuHeorEM 6. In the system 


let the $:(x) be functions of exponential type not exceeding q, q finite, and let the 
determinant D(t) = | ai;(t) | be of rank r as a function of t, i.e., every (r + 1)- 
rowed determinant of D, but not every r-rowed determinant of D, vanishes identically 
in t. Arrange the determinant so that A(t), the r-rowed determinant in the upper 
left hand corner of D, does not vanish identically. Then tog;(x),j = 7r+1,--*+™ 
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may be assigned the values of any arbitrary functions of exponential type not ex- 
ceeding q, and the system (23) reduces to 


where 


au(t) ar(t) y(t) 


an(t) 
Any solution of (23) ts of the form 
(25) = ge(z) + 
where G.(x) is a solution of (24) of exponential type not exceeding q, and 


gi (x) = AO Ax) — a;;(t) cio} 


i=1 j=r+ 
k=1,---,n 


where 


= 


pt 


Conversely, any function of the form (25) is of exponential type not exceeding q, 
and is a solution of (23). 


THroreM 7. A necessary and sufficient condition for the existence of a solution, 
of exponential type not exceeding q, of the system 


aijlgi(x)] = t=1,---,n, 

in which 

¢i(z) = 0 $=1,---,?, 
m 

¢i(z) = {ln + --- +ln a = d(x), t=r+1,---,n, 


and in which the a;;(t) are analytic for |t| < q and in which 


A(t) = | a:;(t) |1,, 0 


and A(t) vanishes to the order \, at t = p, is that (1) the rank of the augmented 
matrix is r and (2) if for t = p, the rank of the matrix iss, <7, the rank of the 
augmented matrix of the system obtained by replacing $:(x) by $ir(x) ts 8, . 
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V. DIFFERENCE AND MIXED SysTEMS 


7. Generalized Differences of Finite Order 


The preceding method is readily adapted to the solution of a class of gen- 
eralized difference and mixed systems of which the most general is 


j=1 v=0 


where the ¢;(x) are functions of exponential type not exceeding q, and the 
Ciju and ai;, are constants subject to certain restrictions. By methods analo- 
gous to those already used the following theorems are readily established. 


THEOREM 8. The system 


k 

j=1 p=0 v=0 
in which the functions $;(x) are of exponential type not exceeding q, q finite, is 
equivalent, as regards solutions of exponential type not exceeding q, to the system 
of differential equations of infinite order 


n 


aijlgi(x)] = t=1,---,2, 
j= 
in which 
k 


THEOREM 9. The system 


7=1 p=0 


in which the $;(x) are functions of exponential type not exceeding q, and in which 
the functions 


= 1,j= 1,---,n, p= 


are analytic for |t| < q, is equivalent, as regards solutions of exponential type not 
exceeding q, to the system 


in which 


o 
u=0 v=0 


in 
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8. Generalized Differences of Infinite Order 
TueorEM 10. In the equation 


(26) + a,) = 
let o(x) be a known function of exponential type not exceeding q. Suppose 
= 
v=0 


Let there exist a Q > q such that the series 


> Cy 


u=0 


converges uniformly for |t| S Q. Define 
B(t) = 
Then the general solution of (26) of exponential type not exceeding q, is given by 


1 v(t) art 1 o—1(t) zt 
= a+ w(t) e” dt, 


where 
v(t) 


cis a circle about 0 with radius R such that q < R < Q and such that B(t) ¥ 0 for 
q << |t| < R, x(t) is that polynomial of smallest degree with leading coefficient 
unity such that B‘” /x(t) is analytic and different from zero for |t| < q, and P,x(t) 
is a polynomial of degree « — 1 with arbitrary coefficients, where o is the degree of 
w(t) (and where P_,(t) = 0). Further, if ¢(x) is of exponential type precisely q, 
then g(x) is of exponential type q. 

TurorEM 11. The system of difference equations of infinite order 


n 


Dd + ain) = t= 1,---,n, 


j=1 


in which there exists a Q > q such that the series 
p=0 

all converge uniformly for | t | < Q, and in which the functions $;(x) are of expo- 


nential type not exceeding q, is equivalent, as regards solutions of exponential type 
not exceeding q, to the system of differential equations of infinite order 


> > aig)” (x) = gi(x), t=I1,---,n, 


j=1 v=0 


| 
h 
| 
toy 
at 


246 GAINES B. LANG 


an which 
aij(t) = = aijrt’, i,j =1,---,n, 
THEOREM 12. The system 
> > gs (a + = $:(2), t=1,---,n, 


j=1 p=0 


in which the $;(x) are functions of exponential type not exceeding q, and in which 
there exists a Q > q such that the double series 


Gijyt 

p=0 v=0 


converge uniformly for |t| < Q, is equivalent, for solutions of exponential type 
not exceeding q, to the system of differential equations of infinite order 


j=1 v=0 
where 
v=0 
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IRREGULARITY IN COMPLEXES 
By 8S. 
(Received July 2, 1937) 


Introduction. In a complex K, a simplex g, is said to be regular if its star 
has the homology characters of an n-cell, the star being defined as the set of all 
simplexes of K having o» as a face. If all the simplexes are regular K is said 
tobe a manifold. This paper results from investigations of irregularity and of 
questions concerning the extent to which the irregularity of a simplex implies 
the irregularity of its faces. Answers are given to two main problems around 
which interest has crystallized: a 

(i) Can K have all its simplexes regular-except some of dimension p? 

(ii) Can K have all its simplexes regular except some of dimension = p? 

The second question arises because the answer to the first is in the negative 
unless p = 0 or n — 1, and it can itself be answered in the affirmative; this can 
be seen by constructing an actual example for p = n — 1, and by further sub- 
dividing it to introduce irregularity in lower dimensions. 

Lastly we make use of the technique of the earlier part to solve a problem 
left open in Tucker’s thesis.’ He finds three conditions on a cell-complex that 
it should be a manifold,—closure, star, and intercept uniformity; but it is not 
there proved that intercept uniformity is independent of the other two. We 
construct an example of a complex having star and closure uniformity but lack- 
ing intercept uniformity, and thereby establish the required independence. 

The terminology of the paper is largely that of Lefschetz;’ however, the term 
‘complement’ is used instead of ‘link complex’. 

I am indebted to Professor Tucker for the suggestion of the problems treated 
here, and also for some of the ideas involved in their solution. 


The complement of a simplex. The complement of o, in K is defined to be 
the set of all simplexes 7, such that opt, is a simplex of K. If K is closed,— 
and that is the case we will be considering,—this is a subcomplex of K. We 
will write this as K/o,.* It is well known that the star of o, in K has the char- 
acters of a cell, if and only if the complement, K/c,, has the characters of an 
(n — p — 1)-sphere; it is this form of the condition of regularity that we will use. 

We will need the following lemma: 


an W. Tucker, An Abstract Approach To Manifolds, Annals of Mathematics, Vol. 34, 


*8. Lefschetz, Topology—American Mathematical Society Colloquium Publications. 
* This notation is due to M. H. A. Newman, in “Intersection Complexes,” Proceedings 
of the Cambridge Philosophical Society of October 1931. 
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Lemma 1. The complement of ope, is precisely the complement of o, in the 
subcomplex described as the complement of op in K. Or, written in symbols, 
K/opoq = (K/op)/o4. 

This is obvious from the definition of the complement. 


The first problem. Can K have all its simplexes of dimension ¥ p regular, 
and still have some irregular p-simplexes? Suppose that it can and that p > 0, 
and consider a o»-1, which is a face of an irregular gy» ; let op = Aop1. Since 
o»-1 is regular, K/o, has the characters of an (n — p)-sphere; but further, 
K/oy-; is a complex whose only irregular simplexes are vertices. This follows 
from Lemma 1: if 7, is an irregular simplex of K/op1, op-iTq 18 an irregular 
simplex of K; consequently from our original hypothesis, K/op1 can have only 
O-dimensional irregular simplexes, and it does have at least one such, namely A. 

If, then, K exists with the required property, it is possible to find complexes 
having the stated properties of K/op_; ,—namely to be spherelike (have the 
characters of a sphere) and to have irregular vertices but no further irregularities, 
Call such a complex M,, and we will prove that r = 1. Let Iz, a = 1 tok, 
be the irregular vertices, and let I denote the whole set; we will assume M to 
be subdivided sufficiently finely for no vertex to be joined by a 1-simplex to more 
than one J,. Then let N. be the simplicial neighbourhood, or star, of I., and 
L, its boundary. 

Now from Tucker’s thesis (loc. cit. 1) we take the observation that, if K; 
and K, are complementary sets, closed and open, of an r-spherelike complex, 


R,(Ki) = Rpys(Ke) + — 


We apply this to M, using first M — N and N, and secondly N + L and M 
mod (N + L), where N = >> Naand L = > La; we also use the fact that, 
since M mod (N + L) is a manifold R,(M mod N + L) = R,_,(M — N). 
These give us that 


R,(N + L) = Ryii(M mod N + L) + 8) — 624 
R,-pa(M N) + 50 


= R,-»(N) 


But N + L is the closed simplicial neighbourhood of J and consequently has 
the homology characters of I, which in this case can be expressed as 


R,(N + L) = = kot. 
A corresponding result obtains for the torsion groups of N, giving us that 
= 6,»(N) = 0. 
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But we also know that R,(N) = R,-1(L) — kéj, because N is a collection of 
stars of vertices, and L the corresponding collection of complements. Therefore 


RL) = + 
= + 
and 6i(L) = 0. 

But R,(L) = } eee R,(La.); if r — 1 ¥ 0, we know that Ro(L) = k, and so 
R(Le) = 1. Because Lz is itself a manifold we deduce that R,.(L.) = 1 
and hence 

R,(La) 55 + 


6i(La) = 0. 


In other words L. is spherelike and J, is regular, contrary to hypothesis. 
Consequently we have reached a contradiction unless r = 1. Or, for p > 0, 
Kn cannot have only irregular ¢,’s unless p = n — 1. 

The answer to the first problem is, then, that such a complex cannot exist 
unless p = Oorn — 1. If p = 0, it is clear that we can construct such a com- 
plex; simply identify any pair of vertices of an n-dimensional manifold. The 
question now remains,—can we construct an n-dimensional complex all of whose 
simplexes of dimension < n — 1 are regular, and containing some irregular 


On-1 ’s? 


The second problem. Before constructing the complex described at the end 
of the last paragraph we will show that the solution to the second problem 
will follow at once from that construction. This problem is,—Can we construct 
a K having all its simplexes of dimension < p regular, which has irregular o,’s? 
We will call a complex having this property (p — 1)-semiregular. Suppose then 
that we have constructed our required (n — 2)-semiregular complex; we get a 
p-semiregular complex from it by making a simplicial subdivision arising from 
placing a new vertex on a on_p-2 which is a face of some irregular o,... For 
the lowest-dimensional simplex introduced by this subdivision, which lies inside 
an irregular simplex of K, is precisely of dimension p + 1. 

Consequently we shall have given a complete answer to both of the problems 
proposed, if we can construct an (n — 2)-semiregular K, . 


Construction of an (n — 2)-semiregular K,. 

_ Lemma 2. A necessary and sufficient condition that K, be (n — 2)-semiregular 
18 that the complements of all the vertices be regular or (n — 3)-semiregular and 
be spherelike. 

This follows from the definitions, with the help of Lemma 1. Lemma 2 leads 
us to expect an inductive construction and proof for the required example, and 
80 we will aim at finding an (n — 2)-semiregular K, which also has the char-. 
acters of a sphere. 
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Consider airy on-2 which is a face of an irregular on; in such a K; to each 
irregular vertex of K/on-2 corresponds an irregular on_; incident on it. Since 
K/on-2 is 1-spherelike, the simplest example will arise from the case where it 
is just a circle containing a vertex A, and a line segment AB. In this case 
on-2 is incident on only two irregular on-1’s, namely Agns and Bons. Further 
we can observe that Aon, and Bo,-2 have unlike complements,—three points 
and one point; so that for our simplest example we will have to construct the 
set of irregular o,_1’s in such a way that only two are incident on any On-3; 
and so that we can colour these on_:’s in two colours, and have no two of the 
same colour incident along a on-2 ;—say, those whose complements are three 
points are black and the others white. 

One such an (n — 1)-complex can be described as the regular polytope which 
is the analogue of an octahedron; it is the set of all simplexes C,C; --- (,, 
where C is a variable running over the two values A and B. We can colour those 
(nm — 1)-simplexes having an even number of B’s black, and the rest white. 

Such a set is to form the irregular set of our K, ; it is an (n — 1)-sphere, and 
we will consider it to bound a simple n-cell. We call such a configuration, where 
the boundary (n — 1)-sphere is subdivided as an octahedral polytope, an 0,. 
Our example will simply be an O, with certain boundary simplexes matched 
with simplexes interior to the cell. 

To describe this matching we use the given colouring of the o,_;’s on the 
boundary, together with a colouring of the boundary on-»’s. Any such o,» 
can be written as C,C2 --- CpisCpi1--- Cn, where again C can stand for A 
or B. We colour this on_2 black if the number of B’s in C; --- Cy_1 is odd. 

We now match each black o,_; with some o,_; interior to the cell; and we 
require that all the white faces of o,-; shall be faces of its corresponding o,1 
but that otherwise the boundary of o,-1 shali be interior to On. In fact all 
the black simplexes of the boundary get matched to simplexes interior to 0, , 
and none of the white simplexes. 

We further require that the o,,_1’s shall all be distinct and shall have distinct 
boundaries in the interior. The point set described in this way admits of a 
simplicial subdivision in such a way that the irregular set, originally the bound- 
ary of O,, is subdivided precisely as it was in O,. In this case, whatever 
the subdivision of the interior, the complex will be called a Q,. We now assert 
that Q, is (n — 2)-semiregular. 


Special cases. Before we proceed to the proof of this statement it will be 
instructive to look at the simple cases. What is Q,? 0; is a line segment bounded 
by A; and B,, of which A, is coloured black and B, white; there are no on-2°. 
To get Q: we match A, with a point interior to the segment, and we have as 4 
result the configuration already described of a circle with a line segment at- 
tached to it at one end. 

For Q:, we see that O, is a square bounded by the quadrilateral A: A2B:b:; 
in accordance with our colouring convention we mark as black the sides AA: 
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and B, Bz, and the single vertex B,;. To get Q. we match A, A» with an interior 
|-cell whose boundary coincides with its own; and B,B, with another 1-cell 
whose end points are By and Bj , where B; is distinct from B, . 

Examination of this figure shows that it is spherelike, and that the vertices 
A,, Ay, B: and Bz are all regular, having complements which are Q,’s; but that 
the lines A; Ae ete. are irregular. Since these lines contain no vertices of Qe, 
it follows that Q. is O-semiregular. 


Proof that Q, is (n — 2)-semiregular. Lemma 2 states that we can make the 
proof by showing that the complement of each vertex is regular or (n — 3)- 
semiregular, and spherelike; and the discussion of Q. brought out the fact that 
the complement of each doubtful vertex was a Q;. This suggests at once the 
method of proof, namely to show that in Q, the complement of each boundary 
vertex is a Qn1, and to show independently that each Q, is spherelike; then 
by induction, since we have seen Q, to be O-semiregular, we can deduce Q, to 
be (n — 2)-semiregular. 

We need to make a slight sharpening of Lemma 2: it is only necessary to 
prove that each vertex has a spherelike complement and that each vertex 
except one has an (n — 3)-semiregular complement. For the latter is enough 
to show that every o, for n — 1 > p > 0 is regular; any c, in this range must 
have at least one vertex which is not the exceptional one, and consideration 
of the complement of some other vertex will prove its regularity. 

Now in Q, the vertices not on the boundary, nor matched with the boundary, 
are clearly regular in all respects, and we need only show 

(a) that every boundary vertex except one has an (mn — 3)-semiregular 
complement, 

(b) that every boundary vertex has a spherelike complement. 

TaHEoREM 1. Every boundary vertex of Q, , except possibly B, , has a comple- 
ment which is a 

No vertex other than B, is matched with an interior vertex. Let us consider 
C, ; we can take its complement first in O, : this is an On: the complement 
inQ, , provided C, ~ B,, can be got by matching certain boundary simplexes 
of this O,_, with interior simplexes; in fact in the complement ¢, will be matched 
to an interior simplex if and only if C,o, was matched to an interior simplex in 
Q.. Now if C, = A, the demonstration is simple: on: is black in O,-1 if 
A,o,-2 is black in O, ; that is if on,-2 contains an even number of B’s. And 
o.-3 8 black in O,_, if the number of B’s previous to the missing vertex in 
A,on_s is odd; this rule will be the same in O,_;,—the q** vertex not, of course, 
being counted as missing. In fact, in the 0,1, to get the complement of A, 
we simply make the colourings or matchings prescribed for a Qn-1 . 

If C, is B,, g > 1, in order to bring out clearly that the complement is a 
rename and B,.; in the O,1 as Bj; and Aj. respectively. This 
means that the number of B’s in a sequence up to a number 2 q — 1 is changed 
from odd to even, oreven to odd. So that if B,on-2 contains an even number 
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of B’s, so does o,-2 ; and if B,on-s has an odd number previous to the 
vertex, o,,-3 also has; and the complement of B,, q > 1, is againaQ,,. This 
proves Theorem 1. 

TuHEoREM 2. Q, has the homology characters of an n-sphere. 

The essential facts about Q, that we use in the proof are:—first, that it is an 
O, with certain boundary simplexes matched with interior simplexes (coloured 
black); secondly that each black o,-, has at least one white face—the face got 
by omitting C, ; and thirdly that one and only one black o,_; has no black 
face,—namely A; An. 

To find the homology characters of Q, we observe first that those of 0, are 
the characters of a point, Rp = 69 , 6) = 0; then we consider which chains of 
O, which are not cycles become cycles in Q,. Any such chain has as its bound- 
ary a chain on the boundary of O, together with the image of this chain on the 
interior o,_1’s. But for p ¥ n this boundary cycle always bounds a chain having 
the same property; that is, a chain which becomes zero in Q, : now the original 
chain is homologous over O, to this vanishing chain, and consequently the new 
cycle in Q, is homologous to zero. So that every Betti number and torsion 
coefficient for dimensions other than n and O vanishes. For the dimension n 
we can only get a new cycle in case the boundary of some o,_; coincides with 
that of its o,_, , and the Betti number will be the number of such pairs. We 
have already said that in Q, there is one such pair. As a result we know that 
Q, has the characters of an n-sphere. 

From Theorems 1 and 2 we have all that we need for the inibedion except 
that we require one further fact,—that the complement of B, is spherelike. 
This consists of two portions: first the complement of B, in O, , which is an 
On-1 , With the appropriate matchings; and then the complement of the interior 
point with which B, is matched; this is an (n — 1)-sphere and it will be joined 
to the other part along the (n —-2)-simplex A; Ae --- An+Bn. This effect 
can be reproduced by making, in addition to the indicated colourings of the 
O,-1, the further colouring of A; Az --- An—1B, as black and the colouring of all 
its boundary as white. We then find that the figure possesses all the properties 
used in the proof of Theorem 2, and we can therefore say that B, is itself regu- 
lar in Q,. 

We now know that if Qi is (n — 3)-semiregular, Q, is (n — 2)-semiregular; 
since Q, is O-semiregular, we know that we have constructed an n-dimensional 
(n — 2)-semiregular complex, and with it a complete set of examples arising 
from our two problems. 


The independence of intercept uniformity. The last question to be discussed 


concerns the regularity of a cell complex defined in an abstract fashion. Tucker 
(loc. cit. 1) states three conditions on such a complex for it to be a manifold:- 
closure, star, and inter uniformity. 

A cell complex has (losuie uniformity if the boundary of each cell has the 
homology characters ofa sphére of one dimension less than itself. Under this 
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condition it is possible to define regular subdivision and the first derived complex, 
which will be simplicial. 

Star uniformity involves the star of each cell having the characters of an 
n-cell. With this condition added we know that all the vertices of the first 
derived complex are regular. 

The complex further has intercept uniformity if the intercept between any pair 
of cells is null-like. The intercept of HZ, and £, is the set (if any) of cells E, 
which are faces of E, and have E, as a face (or vice versa); it is the intersection 
of the star of Z, with the closure of H,. It is null-like if all the cycles bound. 
If a complex has closure and star uniformity, intercept uniformity imposes the 
further condition on the first derived that all the 1-simplexes are regular. 

This means that we can state a necessary and sufficient condition for the 
independence of intercept uniformity in terms of the concept developed pre- 
viously; namely that there exists a simplicial complex which is the first derived 
of a cell complex and which is zero-semiregular. The solution of the problem 
depends on a knowledge of O-semiregular complexes, although the final result 
is obviously best stated as a cell complex .which is in its own right an example 
to prove the independence. 


Construction of the example. If a simplicial complex is to be expressible as 
the subdivision of a cell complex, we must be able to assign to each vertex some 
cell of the complex and in this way define a one-to-one correspondence between 
the vertices and the cells. Further, two vertices will be joined by a line if and 
only if their corresponding cells are incident. Since no two cells of the same 
dimension are incident, no two vertices which are joined by a line correspond to 
cells of the same dimension. Also, since the boundary of each cell must be a 
cycle having the characters of a sphere, if a vertex is to correspond to a p-cell 
it must be possible to express its complement as the join of two subcomplexes, 
one of dimension (p — 1) and one of dimension (n — p_1). These conditions on 
the simplicial complex are certainly necessary ones. 

The simplest example which has been found to satisfy them may be described 
as follows:—Take a two-sphere and mark on it two lines AB and BC, having one 
end point in common; match BA with BC. This gives a “pinched sphere”: 
it has the characters of a two-sphere but is not regular. Now consider the 
join of this pinched sphere with a 1-sphere, or circle, S;. The irregular set of 
the pinched sphere is the line AB and both its end points; the closure of the 
irregular set of the join is the join of AB to S,, but on this S, itself is a regular 
subset. That is, the closure of the irregular set is a 3-cell; its regular subset 
is the 1-sphere S; , lying on its boundary. 

In a simplicial subdivision of this whole point set, which is to be O-semiregular, 
the irregular set must be described as the sum of simplexes, all of whose ver- 
tices lie on S,. This is by no means difficult: we can cover the boundary of 
the 3-cell in almost any way by 2-simplexes and find a simple cycle of 1-sim- 
plexes containing all the vertices of this 2-complex; then by performing the 
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subdivision so that this cycle coincides with S, , and by using these vertices to 
extend the subdivision in any arbitrary way to the 3-cell, and from that out- 
ward over the whole set, we will arrive at a O-semiregular complex. But it 
will not in general be possible to express this complex as the first derived of a 
cell complex. 

First, no vertex lying on S, can correspond to a 2-cell of the complex; for 
its complement can not be expressed as the join of two 1-dimensional sets, 
Then the vertices of S, must correspond to 0-cells, 1-cells, 3-cells and 4-cells 
of the cell complex. If A: corresponds to a 1-cell and lies on 8, , since its com- 
plement will be the join of two points on S, to a pinched sphere, those two 
points will have to correspond to vertices of the cell complex, call them 4} 
and Aj. By a dual argument, if A; corresponds to a 3-cell and is on §,, its 
neighbours on S, will be Aj and Aj, corresponding to 4-cells. This argument 
determines a minimum possible subdivision of the 3-cell to satisfy the condi- 


- tions. We may express it in this way:—the 3-cell is a 3-simplex Aj Aj AIA; 


with A}A§ subdivided at A, and A; Aj at As; by this the 3-cell is the sum of 
four 3-simplexes. 

Now the rest of the point set is completely regular and clearly we can extend 
this subdivision to cover the whole set in such a way that the final complex 
can in its entirety be expressed as the first derived of a cell complex. In order 
to present a final argument, we give a cell complex constructed to be the one 
whose first derived is such a complex as has just been described; whether or 
not this is the case is hard to test and immaterial, as elementary calculation 
verifies that it has closure and star uniformity but not intercept uniformity. 
For instance, the intercept of Ej and E; is not null-like; this corresponds to the 
fact that, in the simplicial complex described above, the 1-simplex A; A; was 
irregular. 


The required cell complex. 
F(Ei) = E;+E; — E; 
F(Ei) = E;+ E; — E; 
F(Ei) = E;— B; 


F(E;) = EB 
F(E3) = + 
F(E}) = 


= -Ei+Fi+ 
F(E:) = -Ei+ 
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F(E:) = 
F(E2) = 
F(E:) = 
F(E2) = 


F(E}) = 
F(E}) = 
F(E}) = 
F(E}) = 
F(E}) = 
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+ Ei + EF} 
Ei — Ej 
Ei — Ei 
Ei — 
+ EB 
Ej — Eo 
— 
+ 
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